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PREFACE

The solution of eigenvalue problems is an integral part of many scientific
computations. For example, the numerical solution of problems in structural
dynamics, electrical networks, macro-economics, quantum chemistry, and con-
trol theory often requires solving eigenvalue problems. The coefficient matrix
of the eigenvalue problem may be small to medium sized and dense, or large
and sparse (containing many zero elements). In the past tremendous advances
have been achieved in the solution methods for symmetric eigenvalue prob-
lems. The state of the art for nonsymmetric problems is not so advanced;
nonsymmetric eigenvalue problems can be hopelessly difficult to solve in some
situations due, for example, to poor conditioning. Good numerical algorithms
for nonsymmetric eigenvalue problems also tend to be far more complex than
their symmetric counterparts.

This book deals with methods for solving a special nonsymmetric eigen-
value problem; the symplectic eigenvalue problem. The symplectic eigenvalue
problem is helpful, e.g., in analyzing a number of different questions that arise
in linear control theory for discrete-time systems. Certain quadratic eigenvalue
problems arising, e.g., in finite element discretization in structural analysis, in
acoustic simulation of poro-elastic materials, or in the elastic deformation of
anisotropic materials can also lead to symplectic eigenvalue problems. The
problem appears in other applications as well.

The solution of the symplectic eigenvalue problem has been the topic of
numerous publications during the last decades. Even so, a numerically sound
method is still not known. The numerical computation of an invariant subspace
by a standard solver for nonsymmetric eigenvalue problems (e.g., the OR
algorithm) is not satisfactory. Due to roundoff errors unavoidable in finite-
precision arithmetic, the computed eigenvalues will in general not come in
pairs {A, A~1}, although the exact eigenvalues have this property. Even worse,
small perturbations may cause eigenvalues close to the unit circle to cross the
unit circle such that the number of true and computed eigenvalues inside the

\
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open unit disk may differ. This problem is due to the fact that the standard
solvers for nonsymmetric eigenvalue problems ignore the symplectic structure
as the coefficient matrix is treated like any other nonsymmetric matrix.

In this book fast, efficient, reliable, and structure-preserving numerical meth-
ods for the symplectic eigenproblem are developed. For this, I make use of the
rich mathematical structure of the problem as has been done successfully for
symmetric/Hermitian and orthogonal/unitary eigenproblems. Such structure-
preserving methods are desirable as important properties of the original problem
are preserved during the actual computations and are not destroyed by rounding
errors. Moreover, in general, such methods allow for faster computations than
general-purpose methods.

This monograph describes up-to-date techniques for solving small to medium-
sized as well as large and sparse symplectic eigenvalue problems. The algo-
rithms preserve and exploit the symplectic structure of the coefficient matrix;
they are reliable, faster, and more efficient than standard algorithms for non-
symmetric eigenproblems. A detailed analysis of all algorithms presented
here is given. All algorithms are presented in MATLAB-programming style.
Numerical examples are given to demonstrate their abilities.
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Chapter 1

INTRODUCTION

The advances in computing power in recent years have had a significant
impact in all areas of scientific computation. This fast development provides
a challenge to those who wish to harness the now available resources. New
fields of application for numerical techniques have been established.

"In addition to its traditional role in basic research, computational simulation is play-
ing an increasingly important role in the design and evaluation of'a wide variety of
manufactured products. Designing "virtual" products on a computer has a number of
advantages:

® [t is often faster and less expensive than building mock-ups or prototype versions
of real products.

® [t reduces the need to deal with potentially hazardous materials or processes.

w [t permits a much more thorough exploration ofthe design space,as design param-
eters can be varied at will.

This is not to say, however, that effective computational simulation is easier than
more conventional design methods. If anything, an even wider array of capabilities is
required:

B Accurate mathematical models, usually expressed in the form of equations, must
be developed to describe the components and processes involved.

® Accurate, efficient algorithms must be developed for solving these equations nu-
merically.

m Software must be developed to implement these algorithms on computers.

w  Computed results must be validated by comparison with theory or experiment in
known situations to ensure that the predictions can be trusted in new, previously
untested situations.”

'Quote from [70].



2 SYMPLECTIC METHODS FOR THE SYMPLECTIC EIGENPROBLEM

Here we will concentrate on developing accurate, efficient algorithms for
a certain special eigenvalue problem, which arises in a number of important
applications. That is, in this book we will consider the symplectic eigenvalue
problem, and we will develop structure-preserving, more efficient algorithms
for solving this eigenvalue problem than the ones previously known.

To be precise, we consider the numerical solution of the real (generalized)
symplectic eigenvalue problem. A matrix M &€ R?"*?" s called symplectic
(or J—orthogonal) if

MIMT =J

(orequivalently, MTJM = J), where

o I,
J B [ _In 0 :‘
and I, is the n x n identity matrix. The symplectic matrices form a group under
multiplication. The eigenvalues of symplectic matrices occur in reciprocal
pairs: If X is an eigenvalue of M with right eigenvector x, then A~! is an

eigenvalue of M with left eigenvector (J2)7. A symplectic matrix pencil
K — AN, K, N € R 2" jg defined by the property

KJKT = NJNT,

The symplectic eigenvalue problem is helpful, e.g., in analyzing a number of
different questions that arise in linear control theory for discrete-time systems.
Industrial production and technological processes may suffer from unwanted
behavior, e.g., losses in the start-up and change-over phases of operation, pol-
lution, emission of harmful elements and production of unwanted by-products.
Control techniques offer the possibility to analyze such processes in order to
detect the underlying causes of the unwanted behavior. Furthermore, these
techniques are very well suited for finding controllers which enable processes
to operate in such a way that:

w the resulting products have high quality and tighter tolerances;
w [ess energy and material are consumed during manufacturing;

s change-over times are drastically reduced so that smaller product series can
be made;

= processes are operated to the limits of their physical, chemical, or biological
possibilities.

In order to achieve these objectives, advanced control techniques, which are
carefully tuned to the process to be controlled, are needed.
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Progress in information technology has considerably facilitated the imple-
mentation of advanced control strategies and has been ever increasing in in-
dustrial applications during the last ten years. These applications range from
home appliances (such as the CD player) to complex production processes
(such as glass furnaces, assembly lines, or chemical plants). An essential part
of a control strategy consists of numerical calculations. However, this aspect
of the software frequently fails to satisfy the reliability criteria commonly used
in numerical mathematics.

Linear discrete-time systems are usually described by state difference equa-
tions of the form
2(i+1) = A(Dx(2) + B()u(),

where x(i) is the state and u(i) is the input at time ¢,. A(/) and B(i) are
matrices of appropriate dimensions. The output at time ¢, is given by the output
equation

y(1) = C()z(i) + D()uli).

Ifthe matrices 4, B, C, and D are independent of i, the system is time-invariant.

A very simple example for such a discrete-time system is a savings bank
account [81]: Let the scalar quantity x(n) be the balance of a savings bank
account at the beginning of the nth month and let « be the monthly interest rate.
Also, let the scalar quantity u(rn) be the total of deposits and withdrawals during
the nth month. Assuming that the interest is computed monthly on the basis of
the balance at the beginning of the month, the sequence z(n), n =0,1,2,...,
satisfies the linear difference equation

zin+1) = (1 +a)zin)+uln),
z(0) = =,

where x is the initial balance. (Here, y(n} = x(n),that is the output at time n
is equal to the state at time #). These equations describe a linear time-invariant
discrete-time system.

As mentioned above, there are a number of important problems associated
with discrete-time systems. Some of these, which will lead us to symplectic
eigenproblems, will be discussed here briefly.

EXAMPLE 1.1 Consider a system described by thefollowing linear difference
equation
x(i + 1) = Az(i), i € No,

where A is an nx n matrix and x denotes the state vectorin R™. Suppose that the
spectrum of A lies in the open unit disk C1(0); in this case, one says A is stable.
It follows from the continuity of the spectrum that this property is preserved
under sufficiently small perturbations of the entries of A. An important problem
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of robustness analysis is to determine to what extent stability is preserved when
larger perturbations are applied to A. Assume that the perturbed system matrix
has the form A + BDC where B € R"™™ C € RP*" are fixed matrices
defining the structure of the perturbations and D € K™*P is an unknown
disturbance matrix. The perturbed system may be formally interpreted as a
closed loop system with unknown static linear output feedback:

—— 2(i + 1) = Aa(i) + Bu(i),y(1) = C(i)x(i) ——

" v
(D}

Figure 1.1.  Feedback interpretation of the perturbed system

The choice of B and C determines the perturbation structures of the matrix
A to be studied. By different choices the effect of perturbations of certain
entries, rows or columns of A can be investigated. In particular, if B = C = 1,
then all the elements of A are subject to independent perturbations.

In [73], the complex (discrete-time) structured stability radius r of A with
respect to the perturbation structure (B, C), i.e.,

r =r(A, B,C) =inf{||D||; D € C™*?,0(A+ BDC) ¢ C{(0)},

is studied, where ||D|| is the operator norm of D with respect to an arbitrary
pair ofnorms ||-||ge and || - ||gm on CP resp. C™. The complex stability radius
is a lower boundfor the real stability radius (D € R™*P)and yields valuable
information about the robustness of a system with respect to wider classes of
perturbations (time-varying, non-linear and/or dynamic). The stability radius
7(A,B,C) is characterized in [73] with the help of the family of symplectic
matrix pencils

W,(\) =K,- AN, AeC p>0,

. A 0 I BBT
I‘P‘[;ﬁCTc 1]’ N‘[o AT ]
It is shown that r is that value of p for which the spectrum of W, hits the unit
circle for the first time as p increases from 0 to co. Based on this fact, the
authors propose a bisection algorithm to determine p : Suppose that in the kth
step estimates p, and p: are given such that

where

0< pp <7r(A,B,C) < pf <.

Consider p = %(p; + p;r) If W, has eigenvalues on the unit circle, then set
Pry1 = Py and pal = p- Otherwise set py_ | = p,and pZ’+1 = p;. Hence in
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every step ofthe algorithm the eigenvalues of the symplectic matrix pencil W,
have to be determined.

EXAMPLE 1.2 The standard (discrete-time) linear-quadratic optimization pro-
blem consists infinding a control trajectory {u(t),t > 0}, minimizing the cost

functional
[ee)

T(wo,u) = Y _[x(t)" Q(t) + u(t)” Ru(t)]
t=0
in terms of u subject to the dynamical constraint

z(t + 1) = Az(t) + Bu(t), z(0) := xq.
Under certain conditions there is a unique control law,
u(t) = Hz(t), H:=-(R+BTXB)"'BTXA,

minimizing J in terms of u subject to the dynamical constraint. The matrix
X is the unique symmetric stabilizing solution of the algebraic matrix Riccati
equation

X=AT"XA-ATXB(R+B"XB)"'B"XA+ Q. (1.0.1)

The last equation is usually referred to as discrete-time algebraic Riccati equa-
tion. It appears not only in the context presented, but also in numerous pro-
cedures for analysis, synthesis, and design of linear-quadratic Gaussian and
Hy control and estimation systems, as well as in other branches of applied
mathematics.

For convenience, let us assume that the matrix A is nonsingular. Consider
the symplectic matrix M
Mo | At BR'BTATQ —-BR'BTAT

- —A7TQ AT

Standard assumptions guarantee no eigenvalues on the unit circle and it is then
easily seen that M has precisely n eigenvalues in the open unit disk and n
outside. Moreover, the Riccati solution X can be computedfrom the invariant
subspace of M corresponding to the n eigenvalues in the open unit disk. This
can easily be seen from a Jordan form reduction of M: Compute a matrix of
eigenvectors and principal vectors T to perform the following reduction

Ty Tio | 7'[A+FATQ —FAT] [Ty Ta] _[A 0
Ty Tp -A7TQ AT Ty Too | |0 A7!

where F' = BR™'BT, T;j is n x n, and A is composed of Jordan blocks
corresponding to eigenvalues in the open unit disk. Finally, the Riccati solution
X isfound by solving a system of linear equations:

X =TTy
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That this is true is easily seen by manipulating the invariant subspace equation

A+FA™TQ —-FAT T | | T A
—A_TQ A_T Ty - T [ ]

There are severe numerical difficulties with this approach when the symplectic
matrix M has multiple or near-multiple eigenvalues. For a cogent discussion of
the numerical difficulties associated with the numerical determination of Jordan
forms, the reader is referred to the classic paper of Golub and Wilkinson [59].

To overcome these difficulties, Schur methods were proposed in 1978 by Laub
[85, 86]. The numerical solution of Riccati equations by invariant subspace
methods has been an extremely active area for a long time and much of the
relevant literature is included in an extensive reference section of the tutorial
paper [88]. Other solution techniques are also available for the numerical
solution of Riccati equations. For a discussion of different aspects associated
with Riccati equations (like, e.g., theory, solution techniques, applications in
which Riccati equations appear) see, e.g., [7, 8, 9, 26, 66, 77, 80, 83, 104, 119,
124, 129, 146, 148].

The symplectic eigenproblem appears in applications other than in control
theory as well. Two such examples are briefly discussed next.

EXAMPLE 1.3 The matrix equation
X = f(X), with  f(X)=Q+ LX 'LT, (1.0.2)

where Q@ = QT € R™™" is a positive definite matrix and L € R™™ is
nonsingular, arises in the analysis of stationary Gaussian reciprocal processes
over a finite interval. The problem is to find a positive definite symmetric
solution X. The steady-state distribution of the temperature along a heated
ring or beam subjected to random loads along its length can be modeled in
terms of such reciprocal processes. See [95] for references to this example as
well as other examples of reciprocal processes.

In [1] it is noted that if X solves (1.0.2), then it also obeys the iterated
equation

X=ff(X)=Q+F(R'+Xx 1) 'F? (1.0,3)
with
F=LL"", R=LTQ 'L

Using the Sherman-Morrison-Woodbury formula to derive an expression for
(R + X Y71 we obtain

X=Q+FXFT - FX(X+R)'XFT, (1.0.4)

a Riccati equation as in (1.0.1) with F = AT and B = I. Because (F,I) is
observable and (F, Q%) is controllable, (1.0.4) has a unique positive definite
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solution X*. This unique solution coincides with that solution of (1.0.2) one is
interested in. As L and hence F is nonsingular, one can follow the approach
discussed in the last example in order to compute the desired solution X*. A
slightly different approach is the following one which involves the solution of
the eigenproblem for the symplectic matrix pencil

FT' o I R!
K—/\N:[ 0 1}‘”\{0 " ]

With an argument similar to the one used in the last example, on can show that
the desired solution of the Riccati equation can be computed via a deflating
subspace of K — AN. As L is nonsingular, premultiplying K — AN with
[g L91 ] yields the equivalent symplectic matrix pencil

~ ~ [ LT 0 L QLT
K—/\N_[L_IQ L_l}—/\[o = }

where K = N7 is symplectic.
EXAMPLE 1.4 Quadratic eigenvalue problems of the form
MAz +AGx + L =0 (1.0.5)

where A = AT is positive definite, L = LT and G = —GT give rise to large,

sparse symplectic eigenproblems. Such eigenvalue problems arise for example
infinite element discretization in structural analysis [127], in acoustic simula-
tion of poro-elastic materials [101, 125, 130], and in the elastic deformation of
anisotropic materials [78, 90, 126]. In these applications, A is a mass matrix
and —L a stiffness matrix. Depending on the applications, different parts of
the spectrum are of interest, typically one is interested in the eigenvalues with
smallest real part or the eigenvalues smallest or largest in modulus.

It is well-known that the eigenvalues of (1.0.5) occur in quadruples A, X,
—\, =X or real or purely imaginary pairs \, —\ [82]; similar to eigenvalues
of symplectic matrices which occur in quadruples A, \™', X, A=Y or real or
purely imaginary pairs A\, \7L.

Ifwe make the substitution y = Ax in (1.0.5), then we obtain (see [106])

e ([ ][ SD (2] oo

The matrix T can be written in factored form as

| 1
T:legz[(l) 55}[14 QGjl.
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If T is nonsingular, then the pencil (1.0.6) is equivalent to

-1GA™' lGAT'G-1L

ZFI(H’/\T)ZQ_II 41 _la-1¢y
2

— AL

Hence the linearization (1.0.6) gives rise to a Hamiltonian operator W =
Z7'HZy L. Suppose one is interested in computing the eigenvalues of W (and
hence of (1.0.5)) that lie nearest to some target value Ag. The standard approach
for this purpose is to consider the transformation matrix (W — X\oI)™, and
to compute its eigenvalues. This new matrix is no longer Hamiltonian, its
eigenvalue no longer appear in quadruples. Each eigenvalue of W near \g is
related to eigenvalues near hg, —Xg, and —Xo. Thus in order to preserve this
structure-preserving structure, one should extract allfour eigenvalues together.
One possibility is to use a generalized Cayley transformation of the Hamiltonian
matrix W which yields the symplectic operator

M = (W =X ' W +2DW = XD) YW + AoI)
= Zo(H = NT)" (H + XT)(H + XNT)(H + \T)Z; .

The eigenvalues of M occur in quadruples A, \™*, X\, \=L; the eigenvalues of
W can easily be obtainedfrom these via an inverse Cayley transformation.

Usually in the above mentioned applications, the matrices A, L and G are
large and sparse, so that one should not build M explicitly, but use the structure
of H' T and Zy to simplify the formulae for M when applying the symplectic
operator M (see [106]).

For a discussion on other useful transformations of W and the pros and cons
of the different transformations see [106].

The symplectic eigenproblem appears in applications other than the ones men-
tioned as well. For example, H,—norm computations (see, e.g., [148]) and
discrete Sturm-Liouville equations (see, e.g., [27]) lead to the task of solving a
symplectic eigenproblem.

The solution of the (generalized) symplectic eigenvalue problem has been the
topic of numerous publications during the last decades. Even so, a numerically
sound method, i.e., a strongly backward stable method in the sense of [30], is
yet not known. The numerical computation of an invariant (deflating) subspace
is usually carried out by an iterative procedure like the QR (QZ) algorithm;
see, e.g., [104, 111]. The OR (QZ) algorithm is numerically backward stable
but it ignores the symplectic structure. Applying the QR (QZ) algorithm to
a symplectic matrix (symplectic matrix pencil) results in a general 2n x 2n
matrix (matrix pencil) in Schur form (generalized Schur form) from which the
eigenvalues and invariant (deflating) subspaces can be read off. Due to round-
off errors unavoidable in finite-precision arithmetic, the computed eigenvalues
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will in general not come in pairs {A, A~!}, although the exact eigenvalues have
this property. Even worse, small perturbations may cause eigenvalues close to
the unit circle to cross the unit circle such that the number of true and com-
puted eigenvalues inside the open unit disk may differ. Forcing the symplectic
structure by a structure-preserving method, these problems are avoided.

In order to develop fast, efficient, reliable, and structure-preserving numer-
ical methods for the symplectic eigenproblem one should make use of the
rich mathematical structure of the problem in a similar way as it has been suc-
cessfully done for symmetric/Hermitian and orthogonal/unitary eigenproblems.
E.g., for the symmetric eigenproblem, one of the nowadays standard approaches
involves first the reduction of the symmetric matrix to symmetric tridiagonal
form followed by a sequence of implicit QR steps which preserve this symmet-
ric tridiagonal form [58, 139]. Such structure preserving methods are desirable
as important properties of the original problem are preserved during the actual
computations and are not destroyed by rounding errors. Moreover, in general,
such methods allow for faster computations than general-purpose methods.
For the symmetric eigenproblem, e.g., applying implicit QR steps to the full
symmetric matrix requires O(n?) arithmetic operations per step, while apply-
ing an implicit OR step to the similar symmetric tridiagonal matrix requires
only @(n) arithmetic operations, where n is the order of the matrix. The QR
method is the method of choice when solving small to medium size dense
symmetric eigenproblems. Unfortunately, this approach is not suitable when
dealing with large and sparse symmetric matrices as an elimination process can
not make full use of the sparsity. The preparatory step of the QR algorithm
involves the initial reduction of the (large and sparse) symmetric matrix to
tridiagonal form. During this reduction process fill-in will occur such that the
original sparsity pattern is destroyed. Moreover, in practise, one often does
not have direct access to the large and sparse symmetric matrix 4 itself, one
might only have access to the matrix-vector product Ax for any vector x. In
this case, the Lanczos algorithm combined with the QR algorithm is the most
suitable algorithm for computing some of the eigenvalues of 4. It generates a
sequence of symmetric tridiagonal matrices T; € R?*7 with the property that
the eigenvalues of T} are progressively better estimates of A’s eigenvalues.

Different structure-preserving methods for solving the symplectic eigen-
problem have been proposed. Mehrmann [103] describes a symplectic QZ
algorithm. This algorithm has all desirable properties, but its applicability
is limited to a special symplectic eigenproblem arising in single input/output
optimal control problems. Unfortunately, this method can not be applied in
general due to the lacking reduction to symplectic J-Hessenberg form in the
general case [5]. In [96], Lin uses the .§ + S~!—transformation in order to
solve the symplectic eigenvalue problem. The method cannot be used to com-
pute eigenvectors and/or invariant subspaces. Lin and Wang [99] present a
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structure-preserving algorithm to compute the stable Lagrangian subspace of
a symplectic pencil. Their approach is to determine an isotropic Jordan sub-
basis corresponding to the unimodular eigenvalues by using the associated
Jordan basis of the S + S~! -transformation of the symplectic matrix pen-
cil. The algorithm is structure-preserving, but not stable due to use the use
of nonorthogonal transformations. Patel [118] shows that the S 4+ S~ !-idea
can also be used to derive a structure-preserving method for the generalized
symplectic eigenvalue problem similar to Van Loan’s square-reduced method
for the Hamiltonian eigenvalue problem [137]. Unfortunately, similar to Van
Loan’s square-reduced method, a loss of half of the possible accuracy in the
eigenvalues is possible when using this algorithm. Based on the multishift
idea presented in [5], Patel also describes a method working on a condensed
symplectic pencil using implicit QZ steps to compute the stable deflating
subspace of a symplectic pencil [117]. The algorithm is theoretically structure-
preserving, but in practical computations this can not (easily) be achieved.
Benner, Mehrmann and Xu present in [24, 23] a numerically stable, structure
preserving method for computing the eigenvalues and the stable invariant sub-
space of Hamiltonian matrices/matrix pencils. Using a Cayley transformation
the method can also be used for symplectic matrices/matrix pencils. That is,
via the Cayley transformation a symplectic matrix (or matrix pencil) is trans-
formed to a Hamiltonian matrix pencil. Eigenvalues and the stable invariant
subspace of this Hamiltonian matrix pencil are then computed with the method
proposed. As the Cayley transformation preserves invariant subspaces, the sta-
ble invariant subspace of the original symplectic problem can be read off from
the stable invariant subspace of the Hamiltonian matrix pencil. The eigenvalues
of the original symplectic problem are obtained via the inverse Cayley trans-
formation. This approach is rather expensive for solving a standard symplectic
eigenproblem, as such a problem is converted into a generalized Hamiltonian
eigenproblem.

Flaschka, Mehrmann, and Zywietz show in [53] how to construct structure-
preserving methods for the symplectic eigenproblem based on the SR method
[44, 102]. This method is a QR-like method based on the SR decomposition.
Almost every matrix A € R?™*2™ can be decomposed into a product A = SR,
where § is symplectic and R is J—triangular [47]. The SR algorithm is an
iterative algorithm that performs an SR decomposition at each iteration. If B
is the current iterate, then a spectral transformation function ¢ is chosen and
the SR decomposition of ¢(B) is formed, if possible: g(B) = SR.Now the
symplectic factor S is used to perform a similarity transformation on B to yield
the next iterate B: B = S~'BS. In an initial step, the 2n x 2n symplectic
matrix is reduced to a more condensed form, the symplectic J~Hessenberg
form, which in general contains 2n2 + 3n — 1nonzero entries. As in the
general framework of GR algorithms [142], the SR iteration preserves the
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symplectic J-Hessenberg form at each step and is supposed to converge to
a form from which eigenvalues and invariant subspaces can be read off. A
2n x 2n symplectic J-Hessenberg matrix is determined by 4n — 1 parameters.
The SR algorithm can be modified to work only with these parameters instead
of the 2n? -+ 3n — 1 nonzero matrix elements. Thus only ()(n) arithmetic
operations per SR step are needed compared to O(n?) arithmetic operations
when working on the actual J~Hessenberg matrix. The authors note that the
algorithm “...forces the symplectic structure, but it has the disadvantage that it
needs 4n—1 terms to be nonzero in each step, which makes it highly numerically
unstable. ... Thus, so far, this algorithm is mainly of theoretical value." [53,
page 186, last paragraph].

Banse and Bunse-Gerstner [15, 13, 14] presented a new condensed form for
symplectic matrices, the symplectic butterfly form. The 2n x 2n condensed
matrix is symplectic, contains 8n — 4 nonzero entries, and, similar to the
symplectic J-Hessenberg form of [53], it is determined by 4n — 1 parameters.

It can be depicted by
A
ANAN

For every symplectic matrix M, there exist numerous symplectic matrices S
such that B = S'M S is a symplectic butterfly matrix. The SR algorithm
preserves the butterfly form in its iterations. The symplectic structure, which
will be destroyed in the numerical process due to roundoff errors, can easily be
restored in each iteration for this condensed form. There is reason to believe that
an SR algorithm based on the symplectic butterfly form has better numerical
properties than one based on the symplectic J~Hessenberg form; see Section
4.1.

Here the symplectic butterfly form is discussed in detail. Structure-preserving
SR and SZ algorithms based on the symplectic butterfly form are developed
for solving small to medium size dense symplectic eigenproblems. A symplec--
tic Lanczos algorithm based on the symplectic butterfly form is presented that
is useful for solving large and sparse symplectic eigenproblems.

The notation and definitions used here are introduced in Chapter 2.1. the
basic properties of symplectic matrices and matrix pencils are discussed. More-
over, the general eigenvalue algorithms which are the basis for the structure-
preserving ones discussed here are reviewed.

In Chapter 3 the symplectic butterfly form for symplectic matrices and
symplectic matrix pencils is discussed in detail. We will show that unreduced
symplectic butterfly matrices have properties similar to those of unreduced
Hessenberg matrices in the context of the QR algorithm and unreduced J-
Hessenberg matrices in the context of the SR algorithm.
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The 4n — 1 parameters that determine a symplectic butterfly matrix B cannot
be read off of B directly. Computing the parameters can be interpreted as
factoring B into the product of two even simpler matrices K and N: B =
K~'N. The parameters can then be read off of K and N directly. Up to
now two different ways of factoring symplectic butterfly matrices have been
proposed in the literature [12, 19]. We will introduce these factorizations and
consider their drawbacks and advantages.

Chapter 4 deals with the SR and SZ algorithm based on the symplectic
butterfly form. First we will revisit the SR algorithm for symplectic butterfly
matrices. Such an algorithm was already considered in [13, 19]. In those
publications, it is proposed to use a polynomial of the form p(A) = Hle(/\ -
ji;) to drive the SR step, just as in the implicit QR (bulge-chasing) algorithm
for upper Hessenberg matrices. Here we will show that it is better to use a
Laurent polynomial to drive the SR step. This reduces the size of the bulges
that are introduced, thereby decreasing the number of computations required
per iteration. It also improves the convergence and stability properties of the
algorithm by effectively treating each reciprocal pair of eigenvalues as a unit.
Further, the choice of the shifts will be discussed. It will be shown that the
convergence rate of the butterfly SR algorithm is typically cubic. The method
still suffers from loss of the symplectic structure due to roundoff errors, but the
loss of symplecticity is normally less severe than in an implementation using a
standard polynomial or than in the implementation of the algorithm proposed by
Flaschka, Mehrmann, and Zywietz in [53] based on symplectic J-Hessenberg
matrices. Moreover, using the factors K and N of the symplectic butterfly
matrix B, one can easily and cheaply restore the symplectic structure of the
iterates whenever necessary.

To derive a method that is purely based on the 4n — 1 parameters that
determine B and that thus forces the symplectic structure, one needs to work
with the factors K and N. We will take two approaches to derive such an
algorithm. The first approach uses the ideas that lead to the development
of the unitary Hessenberg OR algorithm [61]. The butterfly SR step works
on the butterfly matrix B and transforms it into a butterfly matrix B. A
parameterized version of the algorithm will work only on the 4n — 1 parameters
that determine B to derive those of B without ever forming B or B. This is
done by making use of the factorization B = K !N, decomposing K and
N into even simpler symplectic matrices, and the observation that most of
the transformations applied during the implicit SR step commute with most
of the simple factors of K and TV. The second algorithm that works only
on the parameters is an SZ algorithm for the matrix pencil K — AN, whose
eigenvalues are the same as those of the symplectic matrix B = K~'N.

Numerical experiments for all algorithms proposed are presented. The
experiments clearly show: The methods converge, cubic convergence can be
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observed. The parameterized SR algorithm converges slightly faster than the
SR algorithm. The eigenvalues are computed to about the same accuracy. The
SZ algorithm is considerably better than the SR algorithm in computing the
eigenvalues of a parameterized symplectic matrix/matrix pencil.

Finally, at the end of Chapter 4 two interesting remarks on the butterfly
SR algorithm are given. First we prove a connection between the SR and
HR algorithm: An iteration of the SR algorithm on a 2n x 2n symplectic
butterfly matrix using shifts pi;, g, Vi=1,...,k,is equivalent to an iteration
of the HR algorithm on a certain n x n tridiagonal D-symmetric matrix using
shifts p; + p;” 'i=1,...,k Then we discuss how the problem described in
Example 1.2 can be solved using the results obtained so far.

All algorithm discussed in Chapter 4 are based on elimination schemes.
Therefore they are not suitable when dealing with large and sparse symplec-
tic eigenproblems. As pointed out before, a structure-preserving symplec-
tic Lanczos algorithm would be a better choice here. Such a symplectic
Lanczos method which creates the symplectic butterfly form if no break-
down occurs was derived in [13]. Given v; € R?" and a symplectic ma-
trix M € R?2"  the symplectic Lanczos algorithm produces a matrix
522k = [y, v, ... g, wy, wa, - .., wg] € R™*?* which satisfies a recur-
sion of the form

MS¥H = G2k pk 4 T (1.0.7)

where B2%:2% is a butterfly matrix of order 2k x 2k, and the columns of
522k are orthogonal with respect to the indefinite inner product defined by
J. The residual 741 depends on vy and wg41; hence (S226)T Jry 1 = 0.
Such a symplectic Lanczos method will suffer from the well-known numerical
difficulties inherent to any Lanczos method for unsymmetric matrices. In [13],
a symplectic look-ahead Lanczos algorithm is presented which overcomes
breakdown by giving up the strict butterfly form. Unfortunately, so far there do
not exist eigenvalue methods that can make use of that special reduced form.
Standard eigenvalue methods as QR or SR algorithms have to be employed
resulting in a full symplectic matrix after only a few iteration steps.

A different approach to deal with the numerical difficulties of the Lanczos
process is to modify the starting vectors by an implicitly restarted Lanczos
process (see the fundamental work in [41, 132]; for the unsymmetric eigen-
problem the implicitly restarted Arnoldi method has been implemented very
successfully, see [94]). The problems are addressed by fixing the number of
steps in the Lanczos process at a prescribed value k£ which depends upon the
required number of approximate eigenvalues. J—orthogonality of the £ Lanc-
zos vectors is secured by re—/—orthogonalizing these vectors when necessary.
The purpose of the implicit restart is to determine initial vectors such that the
associated residual vectors are tiny. Given (1.0.7), an implicit Lanczos restart
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computes the Lanczos factorization
M2k — G2k 2Kk el
which corresponds to the starting vector
U1 = q(M)v

(where ¢(M) € R¥"*?" is a Laurent polynomial) without having to explicitly
restart the Lanczos process with the vector @;. Such an implicit restarting
mechanism is derived here analogous to the technique introduced in [67, 132].

In Chapter 5 we first derive the symplectic Lanczos method itself. Further,
we are concerned with finding conditions for the symplectic Lanczos method
terminating prematurely such that an invariant subspace associated with certain
desired eigenvalues is obtained. We will also consider the important question
of determining stopping criteria. An error analysis of the symplectic Lanczos
algorithm in finite-precision arithmetic analogous to the analysis for the un-
symmetric Lanczos algorithm presented by Bai [11] will be given. As to be
expected, it follows that (under certain assumptions) the computed Lanczos
vectors loose J-orthogonality when some Ritz values begin to converge. Fur-
ther, an implicitly restarted symplectic Lanczos method is derived. Numerical
properties of the proposed algorithm are discussed. Finally we present some nu-
merical examples. Asexpected, they demonstrate that re—/—orthogonalizing is
necessary, as the computed symplectic Lanczos vectors loose J—orthogonality
when some Ritz values begin to converge. Moreover, the observed behavior
of the implicitly restarted symplectic Lanczos algorithm corresponds to the
reported behavior of the implicitly restarted Arnoldi method of Sorensen [132].



Chapter 2

PRELIMINARIES

2.1  NOTATIONS, DEFINITIONS, AND BASIC
PROPERTIES

We will employ Householder notational convention. Capital and lower case
letters denote matrices and vectors, respectively, while lower case Greek letters
denote scalars. By R™** we denote the real » x k matrices, by €"** the
complex n x kmatrices. We use K to denote R orC. The n x n identity matrix
will be denoted by I™", and the ith unit vector by e;; I™" = [e1,ea.. .., €]

Let
L n.n
Jnam { _;’n,n 10 } 2.1.1)

and P?™"2?" be the permutation matrix
2n,2n ,_ . 2nx2n
P = [e1,€3,. .., €2m_1,€2,€4,...,62:] € R : (2.1.2)

If the dimension of I™™, J2"»2" or P22 ig clear from the context, we leave
off the superscript. We denote by Z™* the first k columns ofa n x n matrix Z

Using the permutation matrix P, the matrix J can be permuted to the block
diagonal matrix

B T 0 1 0 1 0 1
Jp:=PJP —dldg([ 1 0},[_1 0},...,[41 0]).

We define an indefinite inner product by

(2,y)y = x' Ty, T,y € RInx2n, (2.1.3)

15
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Let A € K™*. Then we will denote
w the (i,/)th entry of 4 by a;;
s the jth row of 4 by A4, .
= the jth column of 4 by Ay.p ;
m theentries ¢,¢ + 1,...,m of the jth row of 4 by A, p.,
m theentries ¢,¢ 4+ 1,...,m of the jth column of 4 by Appy, ;
= the transpose of 4 by AT ifC = AT, then ¢;; = a,,
= the conjugate transpose of 4 by A*; if C = AH | then Cij = @y,

Corresponding notations will be used for vectors z € K".
Sometimes we partition the matrix A € K™** to obtain

Ay o A I m

A = : : : (2.1.4)
Apt -0 Apg Ty
ki kg

where ny +---+n, =n, ki +---+ky=kand A,; € K™% designates the
(7,J) block or submatrix.

Throughout this book we will use the terms eigenvalues, spectrum, and
invariant/deflating subspace as defined below.

DEFINITION 2.1 Let A,B € K" o, € C.
m X € Cis an eigenvalue of 4 ifdet :(A — AI) = 0.
n g(A) ={) € C|det(A — AI) = 0} is called the spectrum of 4.

w U C C™ determines an invariant subspace of A with respect to the eigen-
values in A = { M|\, € C,i = 1,...,k} ifthere exist U € C™**, and
K € ©% guch that U has full column rank, A is the spectrum of K,
AU = UK and the columns of U span U. Sometimes we refer to U as the
invariant subspace of A.

w The spectral radius of 4 is defined by
p(A) = max{|\| : A € o(A)}.

»  The matrix pencil A — AB is called regular if det(A — AB) does not vanish
identically for all X € C.
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» If A—\B is regular, theny, € C is an eigenvalue of A~ \B ifdet (A—pB) =
0.

» [fA — AB is regular, then (o, 3) determines aneigenvalue jt of A — AB if
det(aA — AB) =0,and 38— au =0.

w [fA- B is regular, then («, ) determines an infinite eigenvalue of A — A3
ifdet (A —p3B)=0,and 3#0,0=0.

s 0(A,B) = {(a,B) € C?|det(aAd — BB) = 0} is called the generalized
spectrum of A — AB. The spectrum of A — A3 will be denoted by a set of
complex numbers p where p = /o for (o, 8) € o{ A, B). We will use the
convention that pt = oo ifae = 0,8 # 0 (i.e., an infinite eigenvalue will be
denoted by 00).

u U C C'" determines a deflating subspace of A — AB with respect to the
eigenvalues in A = {N|A\; € C,i = 1,... k) ifthere exist U,V € C™*¥,
K\, Ky € C* such that U has full column rank, A is the spectrum of
K| — MKy, AU = VK,, BU = VKo, and the columns of U span U.
Sometimes, we refer to U or (U, V) as the deflating subspace Ao XB.

We will make frequent use of the following notations.

» The Frobenius norm for A € K™"*" will be denoted by

n n

YO layl

i=1 j=1

AllF =

s The 2-norm of a vector x € K" will be denoted by
2]l = («"'2)2.

» The corresponding matrix norm for A € K"*", the spectral norm, will be
denoted by
1
|4l = p(AT 4)2.
a The condition number of a matrix A € K™*" using the 2-norm is denoted
by
rao(A) = [|A]]2[1A7 ]2,

» The trace of amatrix A € K™*" will be denoted by

trace(A) = ia]j = zn:/\],
7=1 7=1
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where the A;’s are the eigenvalues of 4.
s The rank of a matrix A € K™*" will be denoted by
rank(A) = dim(ran(A)),
where ran(4) denotes the range of A

ran(A) = {y € K™ : y = Ax for some = € K"}.

w Given a collection of vectors aq,...,a, € K™, the set of all linear combi-
nations of these vectors is a subspace referred to as the span of {a1,...,an}

span{a|,...,ap} = Zﬁjaj 1B, €K

J=1

a The determinant of A € K"*" is given by

n

det(A) = > (=1)"*'ay, det(Ay;).

J=1

Here a); denote the entries of 4 in the first row and A;; isan (n—1) x (n—1)
matrix obtained by deleting the first row and jth column of A.

» The leading principal submatrix of order m of amatrix A € K™*" isgiven
by At 1m- 1t will be denoted by A™™. The trailing principle submatrix
of order m of a matrix A € K"*"is given by A(n_pmt1):n,(n—m+1)mn-

m Withsign(a), « € R we denote the sign of a

0 ifa=0
sign(a) = -1 ifa<0
1 ifa>0

We use the following types of matrices and matrix factorization for matrices
of size 1 x n.

DEFINITION 2.2 Let A € K"*" v € K"

® 4 is g diagonal matrix ifa,, = 0fori # j,i,j =1,...,n, that is,

A:N.
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A is an (upper) Hessenberg matrix if ajj =0 for i >j +1,i,j=1,...,n,
that is,
1= N
A is an unreduced (upper) Hessenberg matrix if4 is an upper Hessenberg

matrix with a; ;-1 # 0,4 = 2,...,n.

A is an (upper) triangular matrix if' a;; = 0 fori > j, 4,7 = 1,...,n,that

=[N

A is a strict (upper) triangular matrix if A is an upper triangular matrix
with a;; = 0,2 = 1,...,n, that is,

A= [ﬂ]

A is a quasi (upper) triangular matrix if it is a block matrix of the form
(2.1.4) with blocks of size 1 x 1or 2 x 2and A;; = 0 for ¢ > j,i =
1,...,p,7=1,...,q

A is a tridiagonal matrix if a;; = O fori > j+ 1, and i < j — 1,4,j =

1,...,n, thatis
A= [&]

A is an unreduced tridiagonal matrix if 4 is a tridiagonal matrix with
i1 #0,0=2,...,nand a; ;41 #0,i=1,...,n— L

A signature matrix is a diagonal matrix D = diag(dy, . ..,d,) where d; €
{£1}.

The matrix A is called D-symmetric if (DA)T = DA where D is a signa-
ture matrix.

The Krylov matrix K (A,v,j) € K**7 is defined by
K(A,v,j) = [v, Av,..., A7)

A is an orthogonal matrix, if K = R and ATA = I.

A is a unitary matrix, if K = Cand A" A = I.

The QR factorization of A is given by A = QR where Q@ € R"™™" is
orthogonal and R € R™™ is upper triangular if K = R. If K = C, then
Q € C**" is unitary and R € C"*™ is upper triangular.
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LEMMA 2.1 A4 tridiagonal matrix T is D-symmetric for some D ifand only
ifltiy1i) = |tugp1|fori=1,...,n — 1. Every unreduced tridiagonal matrix
is similar to a D—symmetric matrix (for some D) by a diagonal similarity with
positive main diagonal entries.

D—-symmetric tridiagonal matrices are, e.g., generated by the unsymmetric
Lanczos process [84].

Hessenberg matrices play a fundamental role for the analysis of the standard
eigenvalue algorithms considered in this book. Hence, let us review some of
their most important properties. It is well-known that for any matrix A € R**™
an orthogonal transformation matrix ¢ € R™ ™ can be computed such that
Q7T AQ = H is of Hessenberg form (see, e.g., [58, Section 7.4.3]). Such a
Hessenberg decomposition is not unique.

THEOREM 2.2 (IMPLICIT-Q-THEOREM) Suppose Q = [q1,...,qn] and
V = [v1,...,v,] are orthogonal matrices with the property that both QT AQ =
H and VT AV = G are upper Hessenberg matrices where A € R™ ™. Let k
denote the smallest positive integer for which hyy1 x = 0, with the convention
that k = n if H is unreduced. Ifq1 = v1,then ¢, = Tv,and |hii 1] = |gir~1]
Jori =2 k.Moreover, if k < n, then gx414 = 0.

PROOF: See, e.g, [58, Theorem 7.4.2]. N4

There is a useful connection between the Hessenberg reduction Q7 AQ = H
and the QR factorization of the Krylov matrix K (A4, Q(:, 1), n).

THEOREM 2.3 Suppose (Q € R™*™is an orthogonal matrix and A € R"*",
Let q1 = Qe be the first column of Q. Then QT AQ = H is an unreduced
upper Hessenberg matrix if and only if QUK (A, qi,n) = R is nonsingular
and upper triangular.

PROOF: See, e.g, [58, Theorem 7.4.3]. N4

Thus, there is a correspondence between nonsingular Krylov matrices and
orthogonal similarity reductions to unreduced upper Hessenberg form.

The last two results mentioned here concern unreduced upper Hessenberg
matrices. The left and right eigenvectors of unreduced upper Hessenberg
matrices have the following properties.

THEOREM 2.4 Suppose H € R™"*™is an unreduced upper Hessenberg ma-
trix. IfHs = \s with s € K"\{0} and HTu = i with w € K"\{0}, then
el's £ 0and et'u # 0.

PROOF: See, e.g, [92, Lemma 2.1]. Vv
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Moreover, unreduced Hessenberg matrices are nonderogatory, that is, each
eigenvalue has unit geometric multiplicity.

THEOREM 2.5 Suppose H € R™ "is an unreduced upper Hessenberg ma-
trix. If X is an eigenvalue of H, then its geometric multiplicity is one.

PROOF: See, e.g, [58, Theorem 7.4.4]. v

When there is a repeated eigenvalue, the theorem implies that H has less
then » linearly independent eigenvectors. If the eigenvectors of a matrix of
order n are not a basis for R", then the matrix is called defective or nonsimple.
Hence, if H has a repeated eigenvalue it is a defective matrix. Unreduced
Hessenberg matrices reveal even more information about the underlying eigen-
system. Parlett [112, 114] provides an abundance of results for Hessenberg
matrices.

For matrices of size 2n x 2n, we use the following types of matrices and
matrix factorization.
DEFINITION 2.3 Let A € R*™*%1 4 = [ﬂ; ﬂ;f] where A,, € R™" for
i,j =1,2. Letv € R*" Let J be as in (2.1.1).

s A4 is an (upper) J—Hessenberg matrix if Ay, Ayi, Azo are upper triangular
matrices and Ao is an upper Hessenberg matrix, that is

N
NAN

m 4 is an unreduced (upper) J-Hessenberg matrix if A is a J-Hessenberg
matrix, A;ll exists, and A1y is an unreduced upper Hessenberg matrix.

A:

m A is an (upper) J—triangular matrix if Ay, A2, Ao are upper triangular
matrices and A2 is a strict upper triangular matrix, that is,

N
A

& A is a lower J-triangular matrix if A' is an upper J-triangular matrix.

A=

s The generalized Krylov matrix L(A,v,j) € R***% js defined by

L(Av,j) =[v,A v, A™20, ... JATU Uy Ap A%, , Al

= Aisasymplecticmatrix if AT JA = J.
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® A is a trivial matrix, if 4 is symplectic and J-triangular.

» The SR factorization of A is given by A = SR where S € R*"*®" jg
symplectic and R € R*"**" is J-triangular.

Symplectic matrices can be viewed as orthogonal with respect to (-,-)j. To
emphasize this point of view, symplectic matrices are also called J—orthogonal.

The SR decomposition has been first introduced by Della-Dora [43, 44].
In contrast to the QR decomposition it does not always exist (see Theorem
2.7 below); but the set of matrices which can be factorized in this way is
dense in R?®*2" [34, 47]. While the QR decomposition is usually considered
for matrices in R and €, the SR decomposition is usually not considered for
complex matrices A € C*™*2™_ This is due to the fact that the set of matrices
A € €?*2" which have an SR decomposition A = SR, where S?JS = J
or SHJS = —J, is not dense in C*"*?™ [34].

The following facts are easy to see.

LEMMA 2.6 Lot A,B € R¥V, 4 = [40 4| where Ay € R"™ for
1,7 = 1,2. Let P be as in (2.1.2), and J be as in (2.1.1).

a) IfA is a J-triangular matrix, then PAPT is an upper triangular matrix.

b) IfA is an upper J-Hessenberg matrix or an unreduced upper J-Hessenberg
matrix, then PAPT is an upper Hessenberg matrix or an unreduced upper
Hessenberg matrix, respectively.

¢) A is trivial (that is, symplectic and J-triangular) if and only ifit has the

Jform
c F
A= { 0 C-! ] , (2.1.5)
where C = diag(cy, ..., cp), F = diag(fi,..., fa)
d) If A is a regular J-triangular matrix, then A=Y is a J-triangular matrix.

e) If A and B are J—triangular matrices, then AB is a J-triangular matrix.

P If A is a J-Hessenberg matrix and B a J-triangular matrix, then AB and
BA are J-Hessenberg matrices.

Almost every matrix 4 can be decomposed into the product of a symplectic
matrix S and a J-triangular matrix R.

THEOREM 2.7 Let A € R*™ ?"be nonsingular. There exists a symplectic
matrix S and a J-triangular matrix R such that A = SR if and only if all
leading principal minors of even dimension of PAT JAPT are nonzero where
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Pasin (2.1.2), and J as in (2.1.1). The set of 2n x 2n SR decomposable
matrices is dense in R*™*?",

PROOF: See [47, Theorem 11] or [34, Theorem 3.8] for a proof. Vv

Bunse-Gerstner and Mehrmann [38] present an algorithm for computing
the SR decomposition of an arbitrary 2n x 2n matrix 4 (see also Section
2.2.1). First-order componentwise and normwise perturbation bounds for the
SR decomposition can be found in [42, 25].

The following observation will be useful later on.

COROLLARY 2.8 Let A € R?"¥®™ Let J be as in (2.1.1).

a) IfAT = SR is an SR decomposition of AT, then there exists a symplectic
matrix W and a lower J-triangular matrix L such that A = LW.

b) Let ~

-~

l = J
J= c Rnxn’ J= " e RZHXQH.
/] ]

If] AJ = SR is an SR decomposition of J JAJ, then there exists a | Sym--
plectic matrix S and a lower J- —triangular matrix L such that A = SL.

¢) IfAT = SL as in 2. exists, then there exists a symplectic matrix W and an
upper J—triangular matrix R such that A = RW.

PROOF:

a) If AT = SR is an SR decomposition of AT, then L = R” is a lower
J-triangular matrix and W = ST is a symplectic matrix, and we have
A=LW.

b) If JAJ = SR is an SR decomposition of JAJ, then A = (JSJ)(fRf).
Let S = JSJ, Sis a symplectic matrix. Let L = JRJ, L is a lower
J—triangular matrix.

c) If AT = SL as in 2., then we have A = LTST = RW. R=LT isan
upper J—triangular matr1x and W = ST isa symplectic matrix. This will
be called the RS decomposition of A. Vv

LetX = JAJ. The SR decomposition of X exists if and only if the leading
principal minors of even dimension of PX7T JX PT are nonzero. We have

PxXTyxpPT = pjAT AT PT

and _
PJ = [—eon, —€m-2,.. ., —€2,2—_1,€m_3,...,€1].
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LetY = ATJA = [Y“ Y”] € R where Y,; € R"™". Then the leading

Ya1 Y2
principal minors of even dimension of PXTJX PT are given by
dot [ (Yin)oktron2ker2n (Y12)oke120.264 120
(Yor)okr1onok+12n (Yo2)2k 4 1:2n 2641520
Hence, the leading principal minors of even dimension of P(JAJ)! J(JAJ)PT
are just the trailing principal minors of even dimension of PAT JAPT.
Statements similar to the above have been shown for the QR decomposition;
see, e.g., [31, Korollar 2.5.2].
Symplectic matrices may serve to transform a 2n X 2n matrix 4 to J-
Hessenberg form. The relation between this transformation to J-Hessenberg
form and the SR factorization is completely analogous to the relation between

the unitary similarity reduction to Hessenberg form and the QR factorization,
as the following theorem shows.

THEOREM 2.9 (IMPLICIT-S-THEOREM) Let A € R¥"**™,

a) Let A= SR and A = S R;be SR factorizations of A. Then there exists a
trivial matrix D such that S = SD~' and R = DR.

b) Suppose S € R 2" s a symplectic matrix. Let sy = Sey be the first
column of S. Then S~'AS is an unreduced J-Hessenberg matrix if and
only ifS*II\'(A, s$y,2n) = R is nonsingular and J-triangular.

PROOF:
a) See, e.g., [38, Proposition 3.3].
b) See, e.g., [38, Theorem 3.4]. N4

The essential uniqueness of the factorization A (A, Sey, 1) = SR tells us
that the transforming matrix S for the similarity transformation S~!4S is
essentially uniquely determined by its first column. This Implicit-S-Thebrem
can serve as the basis for the construction of an implicit SR algorithm for J-
Hessenberg matrices, just as the Implicit-Q-Theorem (Theorem 2.2) provides
a basis for the implicit QR algorithm on upper Hessenberg matrices. In both
cases uniqueness depends on the unreduced character of the matrix. While the
OR decomposition of a matrix always exists, the SR factorization may not
exist. Hence, the reduction to J-Hessenberg form may not exist.

Unreduced J-Hessenberg matrices have the similar properties as unreduced
Hessenberg matrices.
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THEOREM 2.10 Suppose H € R*is an unreduced J-Hessenberg ma-
trix.

a) IfHs = \s with s € K*\{0} and H"u = \u with u € K*"\{0}, then
el's # 0 and eTu # 0.

b) If A is an eigenvalue of H, then its geometric multiplicity is one.
PROOF:

a) As PHPT is an unreduced Hessenberg matrix (Lemma 2.6), we have from
Theorem 2.4:

IfPHPTS = A5 and PHT PT4 = )i, then ef 5 # 0 and ef'@ # 0.

With s = P78 and u = P74, we obtain the assertion as el s = e PTs =
el 5#0and eTu=el' PTG =elu #0.

b) As PHPT is an unreduced Hessenberg matrix (Lemma 2.6), the assertion
follows from Theorem 2.10. Vv

2.1.1 SYMPLECTIC MATRICES AND MATRIX
PENCILS

Symplectic matrices will be the main topic of this book. Let us recall the
definition (see Definition 2.3): A matrix M € R?"*?" is called symplectic (or
J—orthogonal) if

MIMT =7 (2.1.6)

(orequivalently, MTJM = J). A symplectic matrix pencil K — AN, K, N €
R?"*2 js defined by the property

KJKT = NJNT, (2.1.7)

where J is as in (2.1.1). In other words, the set S of all symplectic matrices
is the set of all matrices that preserve the bilinear form defined by J. It is
well-known and easy to show from this definition that & forms a multiplicative
group (even more, S is a Lie group). While symplectic matrices are nonsingular
(M=t = JM"TJT), a symplectic matrix pencil & — AN is not necessarily
regular, i.e., there is no guarantee that det(&X — AN) does not vanish identically
for all A € C. K and N may be nonsingular or singular. Hence (2.1.7) is in
general not equivalent to K7 JK = NTJN.

The spectrum of a symplectic matrix pencil/matrix is symmetric with respect
to the unit circle. Or, in other words, the eigenvalues of symplectic matrix
pencils occur in reciprocal pairs: if A # 0 is a (generalized finite) eigenvalue,
then so is A=!. Furthermore, if A = 0 is an eigenvalue of a symplectic pencil,
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then sois co. Lety? € R?™\{0} be a left eigenvector of K — AN corresponding
to the eigenvalue X, then z = JK7yis a right eigenvector corresponding to
A1, Hence, for symplectic matrices we have: If \is an eigenvalue of M
with right eigenvector x, then A~ !is an eigenvalue of M with left eigenvector
(Jx)T. Further, if A € Cis an eigenvalue of M (or & — AN), then so are
2ATE AL

By definition of the symplectic matrix pencil, we obtain the following result.

LEMMA 2.11 If K — AN is a symplectic matrix pencil, then Q(K — AN)S
is a symplectic matrix pencil for all nonsingular matrices Q and all symplectic
matrices S.

In most applications, conditions are satisfied which guarantee the existence
of an n—dimensional deflating (or invariant) subspace corresponding to the
eigenvalues of X' — AN (or M) inside the open unit disk. This is the subspace
one usually wishes to compute. The numerical computation of such a deflating
(or invariant) subspace is typically carried out by an iterative procedure like the
OZ (or QR) algorithm which transforms /& — AN into a generalized Schur
form (M into Schur form), from which the deflating (invariant) subspace can
be read off. See, e.g., [103, 111, 136]. For symplectic matrix pencils/matrices
a special generalized Schur form is known.

THEOREM 2.12
a) Let M be a 2n x 2n real symplectic matrix. Then there exists a real
orthogonal and symplectic matrix Z such that

T A 2
Z ]WZ—{ 0 Tl_T}’
where T\ is an n x n real quasi upper triangular matrix, if and only if
every unimodular eigenvalue A of M has even algebraic multiplicity, say
2k, and any matrix Xy, € C**% with the property that its columns span
a basis of the maximal M—invariant subspace corresponding to A satisfies
that kal .]2“’2"Xk is congruent to J2k2E Moreover, Z can be chosen such
that T has only eigenvalues inside the closed unit disk.

b) Let I{ — AN be a 2n x 2n real regular symplectic matrix pencil. Then there
exists a real orthogonal matrix Q and a real orthogonal and symplectic
matrix Z such that

T | T 1o T I )
QI\Z_[O T;] QNZ_[O o |

where T, S:{ are quasi-upper triangular matrices, and Sl,T;;F are upper
triangular matrices, if and only if every unimodular eigenvalue )\ of K —~ AN
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has even algebraic multiplicity, say 2k, and any matrix X € C™*2 with
the property that its columns span a basis of the maximal deflating subspace
for K — AN corresponding to X satisfies that X} J*2" Xy is congruent
to J*2k Moreover, O and Z can be chosen such that Ty — \S) has only
eigenvalues inside the closed unit disk.

PrROOF: This result was first stated and proved in [97]. A simpler proof is
given in [98]. Weaker versions of the theorem assuming that M (or A’ — AN)
has no eigenvalues of modulus one can be found, e.g., in [87] or [103]. Vv

The first n columns of the right transformation matrix Z then span an
invariant/deflating subspace corresponding to the eigenvalues inside the closed
unit disk. This subspace is unique if no eigenvalues are on the unit circle. The
construction of numerical methods to compute these Schur forms using only
symplectic and orthogonal transformations is still an open problem. Mehrmann
[103] describes a QZ-like algorithm for a special symplectic matrix pencil that
arises in the single input or single output discrete time optimal linear quadratic
control problem. Patel [117] describes a method working on a condensed
symplectic pencil using implicit QZ steps to compute the stable deflating
subspace of a symplectic pencil. While the algorithm proposed by Mehrmann
works only for a very special case, the more general method proposed by Patel
suffers from numerical problems due to the difficulty to preserve the symplectic
structure of the problem throughout the iteration.

For a discussion of other symplectic canonical forms (e.g., symplectic Jordan
or Kronecker canonical forms) see, e.g., [98, 89, 145].

2.1.2 ELEMENTARY SYMPLECTIC MATRICES

During the course of the discussion of the various algorithms considered
here we will use the following elementary symplectic transformations:

» Symplectic Gauss transformations L = L(k, ¢, d)

r Ilc~2,k72

I‘nfk,,n—k

&~
£
I
P~y
-
e
kS
AJ

L

where ¢, d € R.
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s Symplectic Gauss transformations type Il Ly = z(k, ¢, d)

r Ik—l,k—l 7

In—k,n—k

=
!

Ik-T,k—T )

C
L [n—k,n—k

where ¢,d € R.

s Symplectic Householder transformations Hy, = H(k,v)

[k~1,k~1
P
Hy = TF-TF-1 )
P
3 n— vt _
where PP = [n—k+ln—k+l _ 24—, veR" k+1
a Symplectic Givens transformations Gy, = Gk, ¢, s)
r Ik-l,lc—l h
¢ 8
In-k,n—k
G = JE-TE-T )
-5 ¢
Infk,n—k

where 2 +s2 =1, ¢,5s € R.

The symplectic Givens and Householder transformations are orthogonal,
while the symplectic Gauss transformations are nonorthogonal. It is crucial
that the simple structure of these elementary symplectic transformations is
exploited when computing matrix products of the form Gy A, AGy, HiA,
AH;, LA, ALy, ZkA, and Azk. Note that only rows k£ and n + k are
affected by thepremultiplication G A , and columns k and n + k by the
postmultiplication AGy. Similar, pre- and postmultiplication by Ly affects
only the rows (resp., the columns) & — 1,k,n + &k — 1 and n + k, while pre-
and postmultiplication by L affects only the rows (resp., the columns) & and
n + k. Premultiplication by .Hy, affects only the rows k to n and n + & to 2n,
while postmultiplication affects the corresponding columns. Further, note that
for the symplectic Householder transformations we have, e.g., PAgxn 1.0n =
Agon 1o + vw? where w = /3A;€:n’l:2nv,/3 = —2/UTU. Thus a symplectic
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Householder update involves only matrix-vector multiplications followed by
an outer product update. Failure to recognize these points and to treat the
elementary symplectic transformations as general matrices increases work by
an order of magnitude. The updates never entail the explicit formation of the
transformation matrix, only the relevant parameters are computed. Algorithms
to compute these parameters of the abovementioned transformations are given
here for the sake of completeness (see Table 2.1 — 2.4 (in MATLAB'-like
notation), see also, e.g., [110, 39]).

REMARK 2.13 a) An efficient implementation of an update of a 2n X 21 ma-
trix by a symplectic Givens transformation Gy, (pre- or postmultiplication)
requires 6 - 2nﬁops2 (see, e.g., [58]).

b) An efficient implementation ofan update of a 2n X 2n matrix by a symplec-
tic Householder transformation Hj (pre- or postmultiplication) requires
2(4m — 2) - 2nflops. Here we assume that v € R™ m =n — k + 1 with
vy = 1. Theflop count can then be seen as follows: The update, e.g., Hi A
requires, as noted above, the computation of P Ay, y, 1.2, and P Ap g9y, 120,
Let A = Akt:n,]:Zn or A= An+k:2n,l:2n- Then

the computation of  requires

2T =0TA 2(m — 1) - 2n flops,
yl =T 2n flops,

B =uwy" (m — 1) - 2n flops,
A+B="PA m - 2n flops.

Hence, the computation of PA requires (4m — 2) - 2n flops. Asfor a sym-
plectic Householder update two such computations are needed, it requires
2(4m — 2) - 2nflops.

¢) An efficient implementation of an update of a 2n X 2n matrix by a symplectic
Gauss transformation Ly, (pre- or postmultiplication) requires 8 - 2n flops.

d) An efficient implementation of an update of a 2n x 2n matrix by a symplectic
Gauss transformation type Il Ly (pre- or postmultiplication) requires 4 - 2n

flops.

"MATLAB is a trademark of The Math Works, Inc.
Following [58], we define each floating point arithmetic operation together with the associated integer
indexing as a flop.
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Algorithm: Generate Symplectic Givens Matrix

Given scalars @ and b compute ¢ and s such that ¢2 + s> = 1 and

¢ slla _|r
-0
function [, s| = givens(«, b)
ifo =0
thenc=1,5s =10
else if |b] > |a|
thent = a/b

s=-=1/V1+¢2
¢ = st

elset =b/a
c=1/V1+#2
§=ct

end

end

Table 2.1.  Symplectic Givens Matrix

Algorithm: Generate Symplectic Householder Matrix

Given a column vector &+ € R"™ compute v such that v(1) = 1, and
y(2:n)=0fory = (I ~ 2007 /(vTv))x.

function v = house(r)

m = ||zl

U=

ifin#0

thenif (1) > 0
then b = z(1) +m
else b = 2:(1) —m
end
v={(1/b)v

end

v(l) =1

Table 2.2.  Symplectic Householder Matrix
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Algorithm: Generate Symplectic Gauss Matrix

Given scalars a and b, where b = 0 only if @ = 0, compute ¢ and d such
that

c d * *
c d af |0
! bl | r

¢! 0 0

Further the condition number « of the elimination matrix is computed.

function [¢, d, k] = gauss1(a, b)

ifa=0

thent =0
elset = —a/b
end
c=1/v1+t2
d=ct
k=V1+t>+|t

Table 2.3.  Symplectic Gauss Matrix

Algorithm: Generate Symplectic Gauss Matrix Type I

Given scalars « and b, where b = 0 only if @ = 0, compute ¢ and d such
that
c d al |0
¢t bl | |’
Further the condition number ~ of the elimination matrix is computed.

function [c, d, k] = gauss2(a, b)
[c,d, k] = gaussl(a,b)

Table 2.4.  Symplectic Gauss Matrix Type Il
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The Gauss transformations are computed such that among all possible trans-
formations of that form, the one with the minimal condition number is chosen.
The following lemma is easy to see.

LEMMA 2.14 Let M € R¥™?and j ok € N, 1< j<2n 1<k <n given
indices.

a) Let [c,s] = givens(M (k, j), M(k + n,j)) and Gy, = G(k,c, s), then
(GkM)giny = 0.
Further Gy, is symplectic and orthogonal.
b) Let|[c,s] = givens(M (5, k + n), M(3,k)) and Gy = Gy(k, ¢, s), then
(MG),x =0.
Further Gy, is symplectic and orthogonal.
¢) Let v =house(M(k :n,j)) and Hy, = H(k,v), then
(HiM )y 10,y = 0.
Further Hy, is symplectic and orthogonal.
d) Let v =house(M (j,k +n :2n)) and H;, = H(k,v), then
(MHg); k414n20 = 0.
Further Hy. is symplectic and orthogonal.

e) Letk> 1 and M(k—1+n,j)=0onlyif M(k,j) =0.Let L, = L(k,c,d)
where [c,d, k] = gauss1(M (k, j), M(k — 1 4+ n, j)), then

(LpM)y; = 0.

Further Ly, is symplectic with the condition number k. k is minimal, that
is, there is no corresponding elimination matrix with smaller condition
number.

) Letk > 1 and M(j,k —1) = Qonly if M(j,k + n) =

0, [e,d, k] =
gaussl (M (j,k +n),M(j,k — 1)) and Ly, = L(k,c™',d), then

(MLk>7.k+n = 0.
Further Ly is symplectic with condition number k. k is minimal, that

is, there is no corresponding symplectic elimination matrix with smaller
condition number.
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g Let M(j,k) = 0 only if M(j,k +n) =0, [c,d, k] = gauss2(M (5, k +
n), M(j,k)) and Ly = L(k,c™1,d), then

(MLg), kin = 0.

Further Ek is symplectic with condition number k. k is minimal, that
is, there is no corresponding symplectic elimination matrix with smaller
condition number.

REMARK 2.15 Any orthogonal symplectic matrix Q can be expressed as the
product ofsymplectic Givens and symplectic Householder transformations, see
[110, Corollary 2.2].

2.2 EIGENVALUE ALGORITHMS

In order to develop fast and efficient numerical methods for the symplec--
tic eigenproblem one should make use of the rich mathematical structure of
the problem in a similar way as it has been successfully done for symmet-
ric/Hermitian and orthogonal/unitary eigenproblems. E.g., for the symmetric
eigenproblem, one of the nowadays standard approaches involves first the re-
duction of the symmetric matrix to symmetric tridiagonal form followed by a
sequence of implicit QR steps which preserve this symmetric tridiagonal form,
see, €.2., [58]. Such structure-preserving methods are desirable as important
properties of the original problem are preserved during the actual computations
and are not destroyed by rounding errors. Moreover, in general, such methods
allow for faster computations than general-purpose methods. For the symmet-
ric eigenproblem, e.g., applying implicit QR steps to the full symmetric matrix
requires O(n>) arithmetic operations per step, while applying an implicit OR
step to a similar symmetric tridiagonal matrix requires only O(n) arithmetic
operations, where # is the order of the matrix. Ifthe matrix under consideration
is large and sparse, the OR method might not be a suitable tool for computing
the eigeninformation. In that case, usually the Lanczos method, a technique
especially tuned to solve large, sparse eigenproblems should be used.

The eigenvalues and invariant subspaces of symplectic matrices S may be
computed by the OR algorithm. But the QR method cannot take advantage of
the symplectic structure of S, it will treat S like any arbitrary 2n x 2n matrix.
The computed eigenvalues will in general not come in reciprocal pairs, although
the exact eigenvalues have this property. Even worse, small perturbations may
cause eigenvalues close to the unit circle to cross the unit circle such that the
number of true and computed eigenvalues inside the open unit disk may differ.

To preserve the symplectic structure of S, we have to employ similarity
transformations with symplectic matrices instead of the transformations with
the usual unitary matrices in the QR algorithm. (Recall: The symplectic
matrices form a group under multiplication.) In order to ensure numerical
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stability, it would be best to employ symplectic and orthogonal transformations.
Under certain conditions a symplectic matrix M may be reduced to symplectic

Hessenberg form
N [
of []

using a symplectic and orthogonal transformation matrix U. This form stays
invariant under a QR like iteration which uses only symplectic and orthogonal
transformations. However, the computation of the initial unreduced symplectic
Hessenberg form is not always possible. As shown in [5] the components
of the first column of U must satisfy a system of n quadratic equations in 2n
unknowns. Consequently, such areduction is not always possible. Hence, more
general QR like methods have to be considered in order to derive a structure-
preserving QR like eigenvalue method for the symplectic eigenproblem.

General QR like methods, in which the QR decompositions are replaced by
other decompositions have been studied by several authors, see, e.g., [43, 142].
The factorizations have to satisfy several conditions to lead to a reasonable
computational process. The one that meets most of these requirements for the
symplectic eigenproblem is the SR decomposition. This decomposition can
serve as a basis for a QR like method, the SR algorithm, which works for
arbitrary matrices of even dimensions. It preserves the symplectic structure
and, as will be seen, allows to develop fast and efficient implementations.

The SR algorithm [43, 44, 38] is a member of the family of GR algorithms
[142] for calculating eigenvalues and invariant subspaces of matrices. The old-
est member of the family is Rutishauser’s LU algorithm [120,121] and the most
widely used is the OR algorithm [54,79,144,138,58,139]. The GR algorithm
is an iterative procedure that begins with a matrix 4 whose eigenvalues and
invariant subspaces are sought. It produces a sequence of similar matrices ( A;)
that (hopefully) converge to a form exposing the eigenvalues. The transforming
matrices for the similarity transformations.4; = G} 1 A,_G; are obtained from
a "GR" decomposition p;{A;_1) = G;R; in which p;is a polynomial and R; is
upper triangular. The degree of p; is called the multiplicity of the ith step. If p;
has degree 1, it is a single step. Ifthe degree is 2, it is a double step, and so on.
Writing p; in factored form p;(A4) = o, (A — pll)l)(A - ug)l) (A ugﬁ)il)
we call the roots ,ugl), /1(21), Ce NSJ, the shifts for the ith step. Each step of
multiplicity m, has m; shifts. A procedure for choosing the p; is called a shift
strategy because the choice of p; implies a certain choice of shifts,ugl), ceey p,(fl),
In [142] it is shown that every GR algorithm is a form of a nested subspace
iteration in which a change of coordinate system is made at each step. Con-
vergence theorems for the GR algorithm are proved. The theorems guarantee
convergence only if the condition numbers of the accumulated transforming

UTMU =
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matrices é, = (1 Gy - - - GG; remain bounded throughout the iterations. The
global convergence theorem holds for shift strategies that converge — unfor-
tunately, no one has yet been able to devise a practical shift strategy that is
guaranteed to converge for all matrices and can be shown to converge rapidly.
The local convergence rate for the generalized Rayleigh-quotient strategy is
typically quadratic. For matrices having certain types of special structure, it
is cubic. In the gemeralized Rayleigh-quotient strategy p; is chosen to be the
characteristic polynomial of the trailing m; x m; principal submatrix of A4,_,.

Algorithms in the GR family are usually implemented implicitly, as chasing
algorithms. The matrix whose eigenvalues are sought is first reduced to some
upper Hessenberg-like form. Then the chasing algorithm is set in motion
by a similarity transformation that introduces a bulge in the Hessenberg-like
form near the upper left-hand corner of the matrix. A sequence of similarity
transformations then chases the bulge downward and to the right, until the
Hessenberg-like form is restored. Chasing steps like this are repeated until
(hopefully) the matrix converges to a form from which the eigenvalues can be
read off. A GR step consists ofa similarity transformation X = G~ AG where
p(A) = GR. One can show that G is more or less uniquely determined by its
first column (e.g., in the QR step this follows from the Implicit-Q-Theorem).
The implicit GR algorithm performs a different similarity transformation X =
G~YAG,but G is constructed in such a way that its first column is proportional
to the first column of G. It follows from the Implicit-G-Theorem that G and G
are essentially the same, and consequently X and X are essentially the same.
Watkins and Elsner analyze general GR chasing algorithms in [141].

A SZ algorithm is the analogue of the SR algorithm for the generalized
eigenproblem, just as the QZ algorithm is the analogue of the QR algorithm
for the generalized eigenproblem. Both are instances of the GZ algorithm
[143]. The GZ algorithm is an iterative procedure that begins with a regu-
lar matrix pencil A — AB, where B is nonsingular. It produces a sequence
of equivalent matrix pencils (A; — AB;) that (hopefully) converge to a form
exposing the eigenvalues. The transforming matrices for the equivalence trans-
formations A; = G, YA;_1Z; andB; = G;lBi_lZi are obtained from the GR
decompositions p;(A;_1B;Y) = GiR; and p;(B; ', A;_1) = Z;S; in which p,
is apolynomial, I;, S; are upper triangular, and G;, Z; are nonsingular. In the
special case B;_1 = I wehave Z, = G; and S, = R;. That s, the algorithm
reduces to the generic GR algorithm for the standard eigenvalue problem.

In Section 2.2.1 we will review the SR algorithm for general, real 2n x 2n
matrices, while in Section 2.2.2 the SZ algorithm for general, real 2n x 2n
matrix pencils is reviewed. Any successful implementation of the SR/SZ
(or, a general GR/GZ) algorithm will make use of some elimination scheme to
reduce the matrix/matrix pencil under consideration to some upper Hessenberg-
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like form in each of the iteration steps. In case the matrix under consideration is
very large and sparse, such an elimination scheme is often not suitable. Fill-in
would increase the memory space needed to store the matrix; sometimes the
matrix is even too large to be stored online at all. In Section 2.2.4 we will review
the unsymmetric Lanczos method, a well known technique that can be used
to solve large, sparse eigenproblems Az = Az. The method involves partial
tridiagonalizations of the given matrix. Only matrix-vector multiplications 4y
and A"’y are required, the matrix A itself is never altered. Information about
A’s (extremal) eigenvalues tends to emerge long before the tridiagonalization
is complete. This makes the Lanczos algorithm particularly useful in situations
where a few of 4’s (largest) eigenvalues are desired. Finally, in Section 2.2.3
we will briefly review the HR algorithm. The HR algorithm is, like the SR
algorithm, a member of the family of GR algorithms. It is useful as it preserves
sign-symmetric structure, like the one that arises in the unsymmetric Lanczos
algorithm.

221 SR ALGORITHM

The SR algorithm is based on the SR decomposition. Recall that the SR
factorization ofa real 21 x 2 matrix 4 is given by A = SR where S € R?">2n
is symplectic and R € R?"*2"is Jtriangular. Almost every matrix 4 can be
decomposed into such a product, see Theorem 2.7.

If the SR decomposition exists, then other SR decompositions of 4 can be
built from it by passing trivial factors (2.1.5) back and forth between S and R.
That is, if D is a trivial matrix, S=SD'and R = DR, then A = SR is
another SR decomposition of 4 (see Theorem 2.9). If 4 is nonsingular, then
this is the only way to create other SR decompositions. In other words, the
SR decomposition is unique up to trivial factors.

In Section 2.1 we have already seen that the relation between the symplectic
transformation ofa 2n x 2n matrix to J~Hessenberg form and the SR decom-
position is completely analogous to the relation between the unitary reduction
to upper Hessenberg form and the QR decomposition, see Theorem 2.9.

The SR decomposition A = SR and, therefore, also the reduction to J-
Hessenberg form can, in general, not be performed with a symplectic orthogonal
matrix S. A necessary and sufficient condition for the existence of such an
orthogonal SR decomposition is that A is of the form

X Y
NERL

where X,Y € R™ ", and R is a J-triangular matrix [34]. Hence, for the
computation of the SR decomposition (or the reduction to J~Hessenberg form)
one has to employ nonorthogonal symplectic transformations.



2.2. EIGENVALUE ALGORITHMS 37

Bunse-Gerstner and Mehrmann [38] present an algorithm for computing
the SR decomposition of an arbitrary 2n x 2n matrix 4. The algorithm
uses the symplectic Givens transformations Gy, the symplectic Householder
transformations Hj, andthe symplectic Gauss transformation Ly introduced
in Section 2.1.2. Symplectic elimination matrices .S, are determined such
that R = So, -+ S525,A4 is of Jriangular form. Then A = SR with § =
S8yt 85 s an SR decomposition of 4. The basic idea of the algorithm
can be summarized as follows:

letS=1

let R=A

forj=1ton

determine a symplectic matrix Sa;—1 such that the jth column of Sy, Ris of the
desired form

set S =SS5, |, R="531R

determine a symplectic matrix Sz, such that the (n + j)th column of So,; R is of the

desired form
set § =85, R= S5 R

The entries n + i to 2n of the ith column and the entries n + i + 1 to 2z of the
(n 4+ 1) th column are eliminated using symplectic Givens matrices. The entries
1 + 1 to n of the ith column and the entries ¢ + 2 to n of the (n + ¢)th column
are eliminated using symplectic Householder matrices. The entry (n + ¢+ 1)
of the (n + ¢)th column is eliminated using a symplectic Gauss matrix. This
algorithm for computing the SR decomposition of an arbitrary matrix (as given
in [38]) can be summarized as given in Table 2.5 (in MATLAB-like notation).

Ifat any stage j € {1,...,n— 1} the algorithm ends because of the stopping
condition, then the 2ith leading principal minor of PATJAPT is zero and 4
has no SR decomposition (see Theorem 2.7).

All but (n — 1) transformations are orthogonal, which are known to be nu-
merically stable transformations. Applying symplectic Gauss transformations
for elimination, problems can arise not only because the algorithm may break
down but also in those cases where we are near to such a breakdown. If we
eliminate the jth nonzero entry of a vector  with a symplectic Gauss matrix
L, and x,_;_ is very small relative to z;, then the condition number x2(L;),
here essentially given by

ILjll2 = (1 + 0312 + ],

where v = —x;/x,_;_1, will be very large. A transformation with L; will
then cause dramatic growth of the rounding errors in the result. Here we
will always choose the symplectic Gauss matrix among all possible ones with
optimal (smallest possible) condition number.
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Algorithm: SR Decomposition

Given a 2n x 2n matrix A compute a 2n X 2n symplectic matrix .S, and
a 2n x 2n J-triangular matrix R such that A = SR.

S = 1271.,211
forj=1:n
fork=n:-1:j
compute Gy, such that (G A)g4n, =0
A=GipA
S =SG{
end
ifj<n
then compute H; such that (H,A4); 1., = 0.
A=H,A
S=SH!
fork=n:-1:5+1
compute Gy, such that (G A)gqn,y4n = 0.
A=GRA
S =SGT
end
ifj<n-1
then compute H,, such that (H; 1 A)j 0.0 4n = 0.

end
ifA(j+n,j+n)=0andA(j+1,7+n)#0
then stop, SR decomposition does not exist
end
compute L, such that (L; 11 A);41 40 = 0.
A = L]'+1A
S=SL}
end
end

Table 2.5. S R Decomposition
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Using the SR decomposition the SR algorithm for an arbitrary 2n x 2n
matrix A4 is given as
let Ag = A
fork=1,2,...
choose a shift polynomial py
compute the SR decomposition px{Ax_1) = Sk R
compute A = Sk_lAk_ISk

The SR decomposition of py(Ax—;) might not exist. As the set of the
matrices, for which the SR decomposition does not exist, is of measure zero
(Theorem 2.7), the polynomial py is discarded and an implicit SR step with a
random shift is performed as proposed in [38] in context of the Hamiltonian SR
algorithm. For an actual implementation this might be realized by checking
the condition number of the Gauss transformation Ly needed in each step and
performing an exceptional step if it exceeds a given tolerance.

REMARK 2.16 How does a small perturbation of A influence the SR step?
Will the SR step on A+ E, where E is an error matrix with small norm, yield a
transformed matrix S(A+ E)S~! close to SAS™'? How does finite-precision
arithmetic influence the SR step? As in the SR algorithm nonorthogonal
symplectic similarity transformations are employed, a backward error analysis
would yield

S(A+E)S ' =SA48"'+ G

where ||G|l2 = ||SES™ |2 < #o(S)||E||2- The condition number k2(S) can
be arbitrarily large. The QR algorithm does not have this problem. As in the
OR algorithm only unitary similarity transformation are employed, an error
analysis yields

QA+ E)QT = QAQT + F

where ||F||2 = ||QEQ" |2 = ||E||2. First-order componentwise and norm-
wise perturbation bounds for the SR decomposition can be found in [42, 25].

The shiftpolynomials p, are usually chosen according to the generalized
Rayleigh-quotient strategy modified for the situation given here, that is py is
chosen to be the characteristic polynomial of the trailing »n; x 1, submatrix of
PA; | PT where P as in (2.1.2). A convergence proof can be deduced from
the corresponding proof of convergence for general GR algorithms in [142].

THEOREM 2.17 Let Ay € R and let p be a polynomial. Let )\,
..., Agp denote the eigenvalues of Ag, ordered so that |p(A)| > [p(X2)] >
.. > |p(A2n)|. Suppose k is a positive integer less than 2n such that |p(Ag)| >
[POAk+1)], let p = [p(eq )1/ |1p(Ak)1, and let (p;) be a sequence of polynomials
such that p; — p and pi(\,)) # 0 for j = 1,... k and all i. Let U be the
invariant subspace of PAyPT associated with Abtly -y Aop, and suppose
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spaniey,...,ex} NU = {0} (P as in (2.1.2)). Let (A;) be the sequence of
iterates of the SR algorithm using these p;, starting from Ao. Ifthere exists a
constant K such that the cumulative transformation matrices S; = S152---S;

all satisfy k2(S,) < &, then (PA; PT) tends to block upper triangular form, in
the following sense. Write

PA;PT =

1 1 ’
X21 X22

where X I(L]) € R¥¥E. Then for every p satisfying p < p < 1there exists a
constant C such thatHXéll)Hz < Cplfor all i.

PROOF: See Theorem 6.2 in [142]. Vv

The condition p,(A,) # 0 for j = 1,...,k may occasionally be violated.
If p;(A;) = 0,then p,(A;) is singular. It can be shown that in this case, the
eigenvalue A; can be deflated from the problem after the ith iteration. The
theorem further implies that the eigenvalues of X {21) and XQ(;) converge to
Aty A and Ag g, ..., Aoy, Tespectively.

REMARK 2.18 The condition span{ey,...,ex} N U = {0} is automat-
ically satisfied for all unreduced J-Hessenberg matrices.  Suppose = €
span{el, C ,ek} is nonzero. Let its last nonzero component be x,,r < k.
If Ag has unreduced J-Hessenberg form, then P AgPT is an unreduced upper
Hessenberg matrix. The last nonzero component of PAgPT xisits (r+1)st, the
last nonzero component ofPAgPT:v isits (r+ 2)d, and so on. Itfollows that
x, Aox, Az, ..., Atz are linearly independent, where m = 2n — k. There-
fore the smallest invariant subspace of PAgPT that contains = has dimension
at least m + 1. Since U is invariant under PAOPT and has dimension m, it
Jollows that & & U. Thus span{ey,...,e;} NU = {0}.

The following theorem indicates quadratic and cubic converge under certain
circumstances.

THEOREM 2.19 Let Ag € R**Zhave distinct eigenvalues. Let (A,) be the
sequence generated by the SR algorithm starting from Ay, using the general-
ized Rayleigh-quotient shifi strategy with polynomials of degree m. Suppose
there is a constant & such that k9(S,) < Ffor all i, and the PA;PT con-
verge to block triangular form, in the sense described in Theorem 2.17, with
k = 2n —m. Then the convergence is quadratic. Moreover, suppose that each
of the iterates

PAPT =

o]
(3 1
X21 ‘XQZ
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satisfies || X @H = ||X£I'I)Hfor some fixed norm ||-||. Then the iterates converge
cubically ifthey converge.
PROOF: See Theorems 6.3 and 6.5 in [142]. Vv

The most glaring shortcoming associated with the above algorithm is that
each step requires a full SR decomposition costing O((2n)*) flops. Fortu-
nately, the amount of work per iteration can be reduced by an order of mag-
nitude if we first reduce the full matrix A to JHessenberg form as the SR
algorithm preserves the J-Hessenberg form: If py(A;_)is nonsingular and
pr{Ak_1) = Sk Ry, then Ry is nonsingular as Sy is symplectic. Therefore,

A = S Ao 1Sk
= Rypp(Ap—1) " Apipr(Ax- 1) Ry
= Rk,Ak,lR;l

because pi(Ax_1)and Ag_ | commute. If A;_,is of JHessenberg form, then
sois Ay as Ay is a product of a JS~Hessenberg matrix A;_; and Jtriangular
matrices Ry, and R, '. Forsingular py(Ax_1) one has to check the special
form of Sy, to see that Ay, is of desired form if Ay_;is of JHessenberg form.
In this case the problem can be split into two problems of smaller dimensions:
If rank (py (A 1)) = 2n — 2v = 27, then the problem splits into a problem of
size 25 x 2j with J-Hessenberg form and a problem of size 2 x 2v whose
eigenvalues are exactly the shifts that are eigenvalues of Aj_, (that is, that
are eigenvalues of 4), see, e.g., [141, Section 41. The SR decomposition of a
J-Hessenberg matrix requires only O((2n)?)flops to calculate as compared to
O((2n)?) flops for the SR decomposition of a full 2n x 2n matrix. Hence, as
the initial reduction to J-Hessenberg form isam O((2n)3) process, a reasonable
implementation of the SR algorithm should first reduce A to J~Hessenberg
form.

Because of the essential uniqueness of the reduction to J/~Hessenberg form,
the SR algorithm can be performed without explicitly computing the decom-
positions py(Ax_1) = Sk Ry. In complete analogy to the GR algorithm, we
can perform the SR step implicitly:

compute a symplectic matrix Sy such that §;1pk(Ak, 1)e1 = wey forsome o € R

set //fk = §;1Ak71§k

compute a symplectic matrix Sy such that §k'l/Tk Seisof J—Hessenberg form

The resulting J~Hessenberg matrix

-~

S;l,;l\kgk

is essentially the same as
5. Ag_1Sk,
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since §k = DS, for some trivial matrix D (2.1.5).

Applying the first transformation S; to the JHessenberg matrix Ag_q
yields a matrix with almost J~Hessenberg form having a small bulge, that
is there will be some additional entries in the upper left hand corner of each
n x n block of S . YAy _1Sk. The remaining implicit transformations (that is,
the computation of Sk) perform a bulge chasing sweep down the diagonal to
restore the J~Hessenberg form.

Bunse-Gerstner and Mehrmann present in [38] an algorithm for reducing an
arbltrary matrix to J~Hessenberg form. Depending on the size of the bulge in
5' ' Ax_1 Sk, the algorithm can be greatly simplified to reduce S YA _1Skto
J- Hessenberg form. The algorithm uses the symplectic Givens transformatlons
G, the symplectic Householder transformations Hy,and the symplectic Gauss
transformations L introduced in Section 2.1.2. The basic idea of the algorithm
can be summarized as follows:

forj=1ton
determine a symplectic matrix § such that the jth column of S™' A is of the desired
form
set A= S"'AS

determine a symplectic matrix S such that the (n + j)th column of S~ A is of the
desired form
set A=S"'AS

In order to compute a symplectic matrix S such that the jth column of S~'A
is of the desired form the following actions are taken. The entries n+ j to 2n of
the jth column are eliminated using symplectic Givens matrices. The entries
j + 2 to n of the jth column are eliminated using symplectic Householder
matrices. The entry (j + 1) of the jth column is eliminated using a symplectic
Gauss matrix. Similar, in order to compute a symplectic matrix S such that
the (n + j)th column of S~! A is of the desired form the following actions are
taken. The entries n + j to 2n of the (n + j)th column are eliminated using
symplectic Givens matrices. The entries j + 2 to n of the (n + j)th column
are eliminated using symplectic Householder matrices. This algorithm for
computing the reduction of an arbitrary matrix to /~Hessenberg form (as given
in [38]) can be summarized as given in Table 2.6 (in MATLAB-like notation).

REMARK 2.20 The algorithm for reducing a 2n x 2n arbitrary matrix to
J-Hessenberg form as given in Table 2.6 requires about 47n3 flops. If the
transformation matrix S is required, then 28n3 flops have to be added. This
flop count is based on thefact thatn? — n symplectic Givens transformations,
n — 1 symplectic Gauss transformations and 2 symplectic Householder trans-
formation withv € R? for eachj = 2,...,n — 1 are used. The successively
generated zeros in A are taken into account.
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Algorithm: Reduction to J-Hessenberg Form

Given a 2n x 2n arbitrary matrix A compute its reduction to J—
Hessenberg form. A will be overwritten by its J-Hessenberg form.

for;=1:n-1

fork=n:-1:5+1
compute Gy, such that (G A)kypn; =0
A = GAGT

end

ifj<n-1

then compute ; such that (HjA)j 9. ; =0

A= H]AH]T

end

itA(j+1,5) #0and A(n+j,n+35)=0

then stop, reduction not possibie

end

compute L such that (L;114);11; =0

A=L;jn ALY,

fork=n:-1:j+1
compute G, such that (G A)yykny; =0
A = GxAGT

end

ifj<n-—-1

then compute H; such that (H;A) 10004y =0

A= H;AHT
end
end

Table 2.6.  Reduction to J-Hessenberg Form

As in the reduction to J-Hessenberg form and in the SR algorithm only
symplectic similarity transformations are employed, the J/~Hessenberg form
based SR algorithm preserves the symplectic structure. That is, if 4 is of
symplectic J~Hessenberg form, then all iterates 4; of the SR algorithm are of
symplectic J-Hessenberg form.
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222 SZ ALGORITHM

The SZ algorithm is the analogue of the SR algorithm for the generalized
eigenproblem, just as the QZ algorithm is the analogue of the QR algorithm
for the generalized eigenproblem. Both are instances of the GZ algorithm
[143].

The SZ algorithm is an iterative procedure that begins with a regular matrix
pencil A — AB, where B is nonsingular. It produces a sequence of equivalent
matrix pencils (A, — AB;) that (hopefully) converge to a form exposing the
eigenvalues. The transforming matrices for the equivalence transformations
A, = SflAzngi and B; = Si_lBZ_lZi are obtained from the SR decom-
positions pl-(Al_lB,;ll) = S;R; and p,'(Bi'_llAi-l) = Z,T, in which p;is a
polynomial, I%;,7T; are J-triangular, and S;, Z; are symplectic. In the special
case B; | = I wehave Z, = S; and T; = R;. That is, the algorithm reduces
to the generic SR algorithm for the standard eigenvalue problem.

If the given pencil is singular, the staircase algorithm of Van Dooren [135]
can be used to remove the singular part (see also [45]). This algorithm also
removes the infinite eigenvalue and its associated structure (which may be
present if B is singular) and the zero eigenvalue and its associated structure
(which may be present if 4 is singular). What is left is a regular pencil for
which both 4 and B are nonsingular. Hence, for the discussion of the generic
GZ algorithm Watkins and Elsner in [143] assume that the pencil is regular
with a nonsingular B.

Using the results given in the last section, it follows immediately that both of
the sequences P(B; " A,_1)P" and P(A;_,B;",) PT generated by the above
described algorithm converge to (block) upper triangular form in the sense
of Theorem 2.17, provided that the condition numbers of the accumulated
transforming matrices S, = S;---5, and Z, = Z;--- Z;remain bounded
and the shifts converge as | — co. More relevant is a statement about the
convergence of the sequences (4;) and (B,) separately, since these are the
matrices with which one actually works.

THEOREM 2.21 Let Ag, By € R™", and let p be a polynomial.  Let A,
..., An denote the eigenvalues of Ao — ABy, ordered so that \p{A\)] >
(X)) > ... > |p(Au)l|. Suppose k is a positive integer less than n such
that [p(Ax)l > |p(Ak+1)l. let p = Ip(Aes )|/ (M|, and let (p,) be a se-
quence of polynomials such that p, — p and p;(A;) # Oforj = 1,...k
and all i. Let (Uy,U,) be the deflating subspace of Aq — A\DByg associ-
ated with Agy1,...,A\n. Suppose span{ey, ..., e;} Nran(Uy) = {0} and
span{ey,...,ext Nran(U;) = {0}. Let (A; — AB,) be the sequence ofiterates
of the SZ algorithm using these pi, starting from Ao - ABo. If there exists a con-
sAtantT{ such that the cumulative transformation_matrices S; = 5152 - -+ S; and
Z, =2y Z, dll satisfy ko(S,) < R and ka(Z;) < R, then P(A, — A\B,)PT
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tends to block upper triangular form, in the following sense. Let C; denote
either A; or B; and write C; as

pPC;P" =

)
X21 X22

where Xﬁ) € R¥*%. Then for every p satisfying p < p < 1there exists a
constant M such that
peom ,
M < Mp'foralli.
1Cill2

PROOF: See Theorem 3.2 in [143]. Vv

Comments similar to those given after Theorem 2.17 apply here. The

condition p;(A;) # 0 may occasionally be violated. In this case the eigenvalue

A; can be deflated from the problem. The eigenvalues of Agll) - /\BY]) and

A(ZLQ) - /\Bég) converge to Ay, ..., Ag and Mgy, ..., Ao, respectively (here Agl])

denotes the (3, 7) block of P A; PT and B](-;) denotes the (7, /) block of PB; PT).

If Ay is an unreduced upper Hessenberg matrix and By an upper triangular
matrix, then the subspace conditions span{e,...,ex} Nran(Uy) = {0} and
span{ey,...,ex} Nran(U;) = {0} are satisfied for all k. The argument is
similar to that of Remark 2.18.

A natural way to choose the shift polynomials is to let p, be the characteristic
polynomial ofthe m; xm; lower right-hand corner pencil A(zQ) —/\B:EZ). This will
be called the generalized Rayleigh-quotient shift strategy. 1f the GZ algorithm
converges under the conditions of Theorem 2.21, and generalized Rayleigh-
quotient shifts with m; = n — k are used, the asymptotic convergence rate will
be quadratic, provided that Ag By !'is simple (or nondefective).

Algorithms in the GZ family are usually implemented implicitly similar
to the implicit implementation of a GR algorithm. Watkins and Elsner [143]
analyze the implementation of GZ algorithms assuming that 4, is upper Hes-
senberg and By upper triangular. This implies that all iterates are of these
forms as well. Their approach is much more involved than the usual approach
used for deriving the QZ algorithm which invokes the Implicit-Q-Theorem
(Theorem 2.2), but it gives a much clearer picture of the relationship between
the explicit and implicit versions of the algorithm. In the following we only
briefly review their results in the context of the SZ algorithm.

Using the SR decomposition the explicit SZ algorithm for an arbitrary
21 X 2n matrix pencil A — AB is given as

let Ao = A, Bo=D8
fork=1,2,...
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choose a shift polynomial py

compute the SR decomposition px(Ak—18;",) = Sk Rk
compute the S R decomposition pk(B;_l,Ak_l) =TVi
compute Ax = S,:lAk_lTk and By = S,:lBk_lTk

The shift polynomials py are usually chosen according to the generalized
Rayleigh-quotient strategy modified for the situation given here, that is pgis
chosen to be the characteristic polynomial of the trailing m; x m; submatrix
of P(A;_1 — AB;_1)PT'where P as in (2.1.2).

The SR decomposition ofpk(Ak_lBk__ll) orpk(Bk"_llAk_l) might not exist.
As the set of matrices, for which the SR decomposition does not exist, is of
measure zero (Theorem 2.7), the polynomial p; is discarded and an implicit
SR shift with a random shift is performed as proposed in [38] in context of
the Hamiltonian SR algorithm. For an actual implementation this might be
realized by checking the condition number of the Gauss transformations needed
to compute the SR decomposition.

The most glaring shortcoming associated with the above algorithm is that
each step requires two full SR decomposition costing O((2n)3) flops. As
seen in the last section, the SR algorithm preserves the J~-Hessenberg form.
Hence it seems to be desirable to reduce 4 and B to forms such that AB!
and B~ A are of J-Hessenberg form. Such a reduction has to be carried out
using only symplectic transformations. As will be shown next, it is possible to
simultaneously reduce 4 to JHessenberg form and B to J-triangular form
using symplectic transformations. Then AB~!and B! A4 are of J-Hessenberg
form and the amount of work per iteration of the SZ algorithm is reduced by
an order of magnitude.

It is well-known (see, e.g., [58, Section 7.74]) that a matrix pencil can be
reduced in a finite number of steps, using only orthogonal transformations, to
a matrix pencil of the form

N-N

Consider Ap = PAPT and Bp = PBPT (P as in (2.1.2)) and assume that
we have transformed Ap — ABp to the above form

QL(Ap — ABp)Vp = H — AR

where H is of Hessenberg form, R is upper triangular and Qp and Vp are
orthogonal. Let Q = PTQpP,V = PTVpP, Hp = PHPT, and Rp =
PRPT. Then

QT(A-AB)V =Hp - ARp

where Hp is of /~Hessenberg form and Rp of J~triangular form. Assume that
the SR decomposition V = Sy Ry and the RS decomposition Q7 = RgSg
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exist. Then from RpSg(A — AB)Sy Ry = Hp — ARp we obtain
Sq(A - AB)Sy = Ry'HpRy' — ARG'RpRy' =: H — AR.

As Ry, Rg and Rp are of J-triangular form, and Hpis of J-Hessenberg form,
using Lemma 2.6 yields that H is of J/~Hessenberg form and R of J-triangular
form. Hence almost all matrix pencils A — ABcan be reduced to a pencil of

the form

NN (NN

NN) [N
using symplectic transformations. Moreover, HR'and R 'H are of -
Hessenberg form. Therefore, the amount of work per iteration in the SZ
algorithm can be reduced by an order of magnitude if we first reduce the full
matrix 4 to J-Hessenberg form and the full matrix B to J-triangular form.
Then AB~! and B4 are of /~Hessenberg form.

As in the SR algorithm we would like to avoid the actual forming of the

matrices p(AB~!) and p(B~' A). The basic idea of an implicit SZ algorithm
can be given as follows:

(2.2.8)

simultaneously reduce 4 to J-Hessenberg form 4, and B to J-triangular form By
using symplectic transformations
fork=1,2,...
choose a shift polynomial py
compute a symplectic matrix Sy such that S’f"pk(Ak_lB,:l)el = e, for some
a€R S
set Ax = Sk_lAkvl, By = Sk_lBk_l
compute symplectic matrices Sy and T such that Ay = Sk_lAka is of J—Hessen-
berg form and B), = S,:]Bka is of J-triangular form
Although we have not presented an explicit algorithm for reducing A — AB
to the form (2.2.8), it follows from the previous discussion that Sy = SiSk
has the same first column as Sx. By the way the initial transformation is
determined, we ¢ can apply the Implicit-S-Theorem (Theorem 2.9) and assert
that AkB_ = S,c Ap 1B ISk is essentially the same matrix that we would
obtain by applying the SR iteration to Ag_1B,_ 1d1rectly Hence there exists
a J-triangular matrix Rk such that pp(As_ 1Bk 1) = SkRk Define Vk =

T,C pk(Bk_lAk_l), then pk(Bk_lAk,l) = Tka. We conclude
BiVi = BT 'pe(Bil Ak-1)
= S, 'Bioipk(Bi ' Ak-1)
= S, 'pe(Ako1Byt ) Be-a
— R.By...
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As EA,, By, and By, are J-triangular, I7k is J-triangular and py (B,:lek_l) =
ﬁ,f/k is an SR decomposition ofpk(Bk_llAk;]).

Applying the first transformation §k to A and B yields matrices of almost
J-Hessenberg (Jtriangular, resp.) form having a small bulge, that is there will
be some additional entries in the upper left hand corner of each n x n block of
§,:1A (§;'B, resp.). The remaining implicit transformations perform a bulge
chasing sweep to restore the J~Hessenberg and J-triangular forms.

We refrain from presenting an algorithm for reducing an arbitrary matrix
pencil to a pencil of the form (2.2.8) as such an algorithm will not be used for
our further discussion.

223 HR ALGORITHM

The HR algorithm [29, 33] is just like the SR algorithm a member of
the family of GR algorithms [142] for calculating eigenvalues and invariant
subspaces of matrices. Unlike the SR algorithm, the HR algorithm deals
with matrices in R"*". Before we briefly introduce the HR algorithm, we
recall some definitions from Definition 2.2. A signature matrix is a diagonal
matrix D = diag(d,,...,dy) such that each d, € {1, —1}. Given a signature
matrix D, we say that a matrix A € R™"is D-symmetric if (DA)T =
D A. Moreover, from Lemma 2.1 we know that a tridiagonal matrix T is D-
symmetric for some D if and only if |t,41 ] = Jts,41|for i =1,...,n - L
Every unreduced tridiagonal matrix is similar to a D-symmetric matrix (for
some D) by a diagonal similarity with positive main diagonal entries. D-
symmetric tridiagonal matrices are generated by the unsymmetric Lanczos
process (see Section 2.2.4), for example.

Almostevery A € R"*" has an HR decomposition

A=HU,
in which U is upper triangular, and H satisfies the hyperbolic property
H'DH =D,

where D is another signature matrix [33]. For nonsingular 4 the HR decom-
position is unique up to a signature matrix. We can make it unique by insisting
that the upper triangular factor U satisfies u,; > 0,¢ = 1,...,n. The HR
algorithm [29, 33] is an iterative process based on the HR decomposition.
Choose a spectral transformation function p for which p(4) is nonsingular, and
form the HR decomposition of p(A), if possible:

p(A) = HU.
Then use H to perform a similarity transformation on A to get the next iterate:

A=H'AH.
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The HR algorithm has the followmg structure preservatlon property: If 4
is D—symmetric and H TDH = D, then Ais D- -symmetric. If 4 is also
tridiagonal, then so is A. For a detailed discussion see [33, 29]. See also

[32, 100].

224  LANCZOS ALGORITHM

In 1950, Lanczos [84] proposed a method for the successive reduction
of a given, in general non-Hermitian, n X n matrix 4 to tridiagonal form.
The Lanczos process generates a sequence of m x m tridiagonal matrices
™™ m = 1,2,..., which, in a certain sense, approximate 4. Furthermore,
in exact arithmetic and if no breakdown occurs, the Lanczos method termi-
nates after at most [ < n steps with 7% a tridiagonal matrix that represents
the restriction of 4 or A7 to an A—invariant or A”-invariant subspace of C",
respectively. In particular, all the eigenvalues of T%! are also eigenvalues of
A and, in addition, the method produces basis vectors for the A—invariant or
AT —invariant subspace found.

The Lanczos tridiagonalization is essentially the Gram-Schmidt bi-ortho-
gonalization method for generating bi-orthogonal bases for a pair of Krylov
subspaces

{q,Aq, A%, A%q, ..} and  {p",p" A,pT A% p" A%, .}

(p,q € R™ arbitrary). Applying the two-sided Gram-Schmidt process to the
vectors {A¥q}g>0 and {pT A¥}>¢, one arrives at a three term recurrence
relation which, when & = n, represents a similarity transformation of the
matrix A to tridiagonal form. The three term recurrence relation produces a
sequence of vectors which can be viewed as forming the rows and columns,
respectively, of rectangular matrices, P™* and Q™*, such that after nsteps,
P™™ and Q™™ are n X n matrices with Q™™ = (P™") " land P""AQ™"is
tridiagonal. At each step, an orthogonalization is performed, which requires
a division by the inner product of (multiples of) the vectors produced at the
previous step. Thus the algorithm suffers from breakdown and instability if
any of these inner products is zero or nearly zero.

Let us be more precise. Given p;,q; € R™ and an unsymmetric matrix
A € R™ " the standard unsymmetric Lanczos algorithm produces matrices
Pk = [py, ... pk] € RPF and Q™* = [q1,...,q] € R™™* which satisfy
the recursive identities

APMY = PRRTRE 4 B kel (22.9)
Al Qn,k — Qn,k(Tk,k)T + 'Yk+1q1c+le}{' , (2.2.10)
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where
a2

TRk _ | P2

Yk
Br ok

is a truncated reduction of 4. Generally, the elements 3, and +, are chosen
so that |8, = |;| and (Q™F)T P™* = I®F (bi-orthogonality). One pleasing
result of this bi-orthogonality condition is that multiplying (2.2.9) on the left
by (Q™*)T yields the relationship (Q™*)T AP™k = Tkk,

Encountering a zero Sx41Pk+1 OF Ye+1qgk+1 in the Lanczos iteration is a
welcome event in that it signals the computation of an exact invariant subspace.

If Bg+1Pk+1 = O, then the iteration terminates and span{pi,...,pg} is an
invariant subspace for 4. If v441q9k4+1 = 0, then the iteration also terminates
and span{qi,...,qx} is an invariant subspace for A, If neither condition is

true and qu +1Pk+1 = 0, then the tridiagonalization process ends without any

invariant subspace information. This is called a serious breakdown. However,

an exact zero or even a small SBgy1Pk+1 OF Yk41qr+1 1S @ rarity in practice.

Nevertheless, the extremal eigenvalues of T%* turn out to be surprisingly good
approximations to 4’s extremal eigenvalues. Hence, the successive tridiag-
onalization by the Lanczos algorithm combined with a suitable method for

computing the eigenvalues of the resulting tridiagonal matrices is an appropri-
ate iterative method for solving large and sparse eigenproblem, if only some

of the eigenvalues are sought. As the resulting tridiagonal matrices are sign-
symmetric, the HR or the LU algorithm are appropriate QR like methods for
computing the eigenvalues and invariant subspaces, as they preserve the special
structure.

Yet, in practice, there are a number of difficulties associated with the Lanczos
algorithm. At each step of the unsymmetric Lanczos tridiagonalization, an
orthogonalization is performed, which requires a division by the inner product
of (multiples of) the vectors produced at the previous step. Thus the algorithm
suffers from breakdown and instability if any of these inner products is zero or
close to zero. It is known [74] that vectors g;and pexist so that the Lanczos
process with these as starting vectors does not encounter breakdown. However,
determining these vectors requires knowledge of the minimal polynomial of
A. Further, there are no theoretical results showing that p; and ¢; can be
chosen such that small inner products can be avoided. Thus, no algorithm for
successfully choosing p; and ¢, at the start of the computation yet exists.

In theory, the three-term recurrences in (2.2.9) and (2.2.10) are sufficient to
guarantee (Q™F)TP™* = %k 1t is known [108] that bi-orthogonality will
in fact be lost when at least one of the eigenvalues of T** converges to an
eigenvalue of A. In order to overcome this problem, re-bi-orthogonalization of
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the vectors g; and p; is necessary. Different strategies have been proposed for
this, e.g., complete or selective re-bi-orthogonalization. For a more detailed
discussion on the various aspects of the difficulties of the Lanczos method in
the context of computing some eigenvalues of large and sparse matrices see,
e.g., [123] and the references therein.

It is possible to modify the Lanczos process so that it skips over exact
breakdowns. A complete treatment of the modified Lanczos algorithm and its
intimate connection with orthogonal polynomials and Padé approximation was
presented by Gutknecht [68, 69]. Taylor [134] and Parlett, Taylor, and Liu
[116] were the first to propose a look-ahead Lanczos algorithm that skips over
breakdowns and near-breakdowns. The price paid is that the resulting matrix
is no longer tridiagonal, but has a small bulge in the tridiagonal form to mark
each occurrence of a (near) breakdown. Freund, Gutknecht, and Nachtigal
presented in [57] a look-ahead Lanczos code that can handle look-ahead steps
of any length.

A different approach to deal with the inherent difficulties of the Lanczos pro-
cess is to modify the starting vectors by an implicitly restarted Lanczos process
(see the fundamental work in [41, 132]; for the unsymmetric eigenproblem the
implicitly restarted Arnoldi method has been implemented very successfully,
see [94]). The problems are addressed by fixing the number of steps in the
Lanczos process at a prescribed value £ which is dependent on the required
number of approximate eigenvalues. J-orthogonality of the £ Lanczos vectors
is secured by re-J-orthogonalizing these vectors when necessary. The pur-
pose of the implicit restart is to determine initial vectors such that the associated
residual vectors are tiny. Given that P™* and Q™* from (2.2.9) and (2.2.10)
are known, an implicit Lanczos restart computes the Lanczos factorization

AP = prkThk Ll T (2.2.11)
ATQME = QUMTRT + Giel, (2.2.12)

which corresponds to the starting vectors
Pr=pp(A~ulp, G =pg(A" — pul)q, (2.2.13)

without explicitly restarting the Lanczos process with the vectors in (2.2.13).
For a detailed derivation see [67] and the related work in [41, 132].
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Chapter 3

THE BUTTERFLY FORM FOR SYMPLECTIC
MATRICES AND MATRIX PENCILS

The SR algorithm preserves the symplectic structure of a matrix during its
iterations. Applying an implicit SR step to a full symplectic matrix requires
O(n?) arithmetic operations implying a computational cost of O(n*) for the
SR algorithm. Here we will consider reduced symplectic matrix forms which
are preserved by the SR algorithm and allow for a faster implementation of
the implicit SR step. As already explained in Section 2.2.1, the amount of
work per iteration can be reduced by an order of magnitude if first the full
matrix is reduced to J~Hessenberg form since the SR algorithm preserves the
J-Hessenberg form. This approach has been considered in [53]. There it
is also noted that symplectic /~Hessenberg matrices can be characterized by
4n — I parameters. The SR algorithm can be rewritten to work only with these
parameters instead ofthe 2n? 4 3n — 1 nonzero matrix elements ofa symplectic
J-Hessenberg matrix. This resultsin (O(n) arithmetic operations per implicit
SR step. Here we will consider a different condensed form, the symplectic
butterfly form, introduced by Banse and Bunse-Gerstner in [15, 13, 12, 14]. This
form is preserved under the SR iteration and also allows the implementation
of an implicit SR step in O(n) arithmetic operations. Numerical experiments
show that the SR algorithm based on the symplectic butterfly form has better
numerical properties than one based on the symplectic J~Hessenberg form.

The reduced symplectic forms considered here can be motivated analogously
to the Schur parameter form of a unitary matrix [3, 61]. Any unitary matrix
H can be transformed to a unitary upper Hessenberg matrix H by a unitary
similarity transformation. Then premultiplying H successively by suitable
unitary matrices

G,{.l - diag(Ik—l,kfl’ [-’Yk 0_k:| ’In—lc—l,nfk~l)7

Ok Yk

53
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|vx]? + 0 = 1, for k = 1,...,n, the subdiagonal elements of H can be
eliminated such that G ... GYf H is an upper triangular matrix with 1’s on
the diagonal. Since G/ -.-GH H is still unitary, it has to be the identity,
thatis, H = G, -~ G,,. Hence, H is uniquely determined by the ncomplex
parameters ;. This can be exploited to derive fast algorithms for the unitary
eigenproblem: a QR algorithm for unitary Hessenberg matrices [61, 64, 65], a
divide and conquer algorithm [6, 62, 63], a bisection algorithm [37], an Arnoldi
algorithm [60, 75, 36]. See also [2, 4, 28, 35, 48, 122].

Recalling that symplectic matrices are J-orthogonal, one is lead to try to
factorize a symplectic matrix having a J~Hessenberg form into the product of
J-orthogonal elementary matrices. Motivated by this idea, Banse and Bunse-
Gerstner [15, 13, 12, 14] present a new condensed form for symplectic matrices
which can be depicted as a symplectic matrix of the following form:

A
A

The 27 x 2n condensed matrix is symplectic, contains 8n — 4 nonzero entries,
and is determined by 4n— 1 parameters. This condensed form, called symplectic
butterfly form, is no longer of /~Hessenberg form. But as observed in [13], the
SR iteration preserves the symplectic butterfly form. The symplectic structure,
which will be destroyed in the numerical process due to roundoff errors, can
easily be restored in each iteration for this condensed form. There is reason to
believe that an SR algorithm based on the symplectic butterfly form has better
numerical properties than one based on the symplectic J~Hessenberg form;
see Section 4.1.

Section 3.1 briefly summarizes the results on parameterized symplectic J
Hessenberg matrices presented in [53]. In Section 3.2 we will introduce sym-
plectic butterfly matrices. Further, we will show that unreduced symplectic
butterfly matrices have properties similar to those of unreduced J~Hessenberg
matrices in the context of the SR algorithm. The 4n — 1parameters that
determine a symplectic butterfly matrix B cannot be read off of B directly.
Computing the parameters can be interpreted as factoring B into the product of
two even simpler matrices K and N: B = K~'N. The parameters can then be
read off of K and N directly. Up to now two different ways of factoring sym-
plectic butterfly matrices have been proposed in the literature [12, 19]. We will
introduce these factorizations and consider their drawbacks and advantages.

The reduction of a symplectic matrix to butterfly form is unique up to
a trivial factor. Making use of this fact, in Section 3.3 a canonical form
for symplectic butterfly matrices is introduced which is helpful for certain
theoretical discussions. Finally, in Section 3.4 condensed forms for symplectic
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matrix pencils are presented which are closely related to the symplectic butterfly
form of a symplectic matrix.
Some of the results discussed in this chapter appeared in [19, 20, 21].

3.1 PARAMETERIZED SYMPLECTIC J-HESSEN-
BERG FORM

In [53], Flaschka, Mehrmann and Zywietz consider symplectic J~Hessen-
berg matrices. These are symplectic matrices of the form

M= NN [ My M”} 3.1
A ﬂ My My |7

where M1y, May, M2y € R™*™ are upper triangular matrices and M, € R™*"
is an upper Hessenberg matrix. As discussed in Section 2.2.1, the SR iteration

preserves this form at each step and is supposed to converge to a form from
which the eigenvalues can be read off. In the context of the SR algorithm,
unreduced J~Hessenberg matrices have properties similar to those of unreduced

Hessenberg matrices in the context of the OR algorithm. Like the OR step, an
efficient implementation of the SR step for J~Hessenberg matrices requires

O(n?) arithmetic operations; hence no gain in efficiency is obtained compared
to the standard Hessenberg QR algorithm. Further, the authors report the loss
of the symplectic structure due to roundoff errors after only a few SR steps. As
a symplectic J-Hessenberg matrix looks like a general J-Hessenberg matrix,

it is not easy to check and to guarantee that the structure is kept invariant in the
presence of roundoff errors.

In [53] it is also shown that any symplectic J-Hessenberg matrix is de-
termined uniquely by 4n — 1 parameters: the diagonal elements of M7, the
diagonal and subdiagonal elements of M7, and the diagonal elements of Ma;
(assuming that Ml_l1 exists). In order to find such a parameterization of sym-
plectic J~Hessenberg matrices the authors need the following proposition.

PROPOSITION 3.1 Let M = [i;;: ;ﬁ;] € R be a symplectic matrix

a) If My, is invertible, then M has the decomposition
I OHM11 0 [1 M;JMIQ]

M= { My M I o MiT|lo I

where ]\/Iglell and Ml_llMlg are symmetric. All three factors are sym-
plectic.

b) If Moy is invertible, then M has the decomposition

a1 MMy | [ MyT 0 I 0
0 I 0 My || My My [
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where M 12]\42_21 and M2'21 Mgy are symmetric. All three factors are sym-
plectic.

Proor: See [103]. v

Making use of this three factor decomposition of symplectic matrices, the
authors show that a symplectic J-Hessenberg matrix depends uniquely on
4n — 1 parameters.

THEOREM 3.2 Let M = [i;l: ;ﬁ;] € R be g symplectic matrix. Let
M, or M5, be invertible. Then M depends uniquely on 4n — 1 parameters.

PROOF: See [53, Theorem 2.7]. N4

One possible parameterization of a symplectic J-Hessenberg matrix (as-
suming that My, is regular) is given by the diagonal elements of My, the
diagonal and subdiagonal elements of M9 and the diagonal elements of Ma;.

Further, the following important result is proved in [53].

THEOREM 3.3 Let M = M,I/l; %gl € R be g symplectic J-Hessen-
berg matrix. Then for 1 <i < j < n,

{ (Mi)giy  (Mi2)ega ]
(MQI)i:j,i:] (M22)i:],i:]

is also a symplectic J-Hessenberg matrix, where (M,,q)Z 4,i:j 1S the submatrix
ofM o consisting of the rows and columns i, i + 1,...,].

PROOF: See [53, Theorem 2.10]. Vv

The SR algorithm can be modified to work only with the 4n — 1 parameters
instead ofthe 212+ 3n— 1 nonzero matrix elements. Thus only O(n) arithmetic
operations per SR step are needed compared to ()(n?) arithmetic operations
when working on the actual JHessenberg matrix. In [53], the authors give
the details of such an SR step for the single shift case. They note that the
algorithm “...forces the symplectic structure, but it has the disadvantage that it
needs 4n — 1 terms to be nonzero in each step, which makes it highly numerically
unstable. ... Thus, so far, this algorithm is mainly of theoretical value." [53,
page 186, last paragraph].

3.2 THE SYMPLECTIC BUTTERFLY FORM

Recently, Bunse and Bunse-Gerstner [15, 13, 12, 14] presented a new con-
densed form for symplectic matrices. The 2n x 2n condensed matrix is sym-
plectic, contains 8n — 4 nonzero entries, and is determined by 47— 1 parameters.
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This condensed form, called symplectic butterflyform, is defined as a symplec-
tic matrix of the following form:

{18311 18312 J _ \ \\\ ’ (3.2.2)
21 22 \ \\\

where B,; € R™", By and By, are diagonal, and B, and By are tridiagonal.

The symplectic butterfly form can be motivated analogously to the Schur
parameter form of a unitary matrix. Let us assume that the symplectic matrix
M can be reduced to J~Hessenberg form

3} § , (3.2.3)

and further that we can successively eliminate the element 774, x and the
elements my jyn and mg 1 g4 fork = 1,...,n The (k + n, k)th element is
eliminated by premultiplying a suitable symplectic elimination matrix Uy that
in addition normalizes the (k, k)th element to 1. The elements (k, k + n) and
(k+ 1, k + n) are eliminated by premultiplying a suitable symplectic matrix
V!, that is

S;'MS, =

N
AN

Since M, Uy, V,~ ! are symplectic, their product is symplectic and hence the
above matrix has to be the identity. Thus

v, '\U, - VTiUM =

n

M=U"Vy- U;'V,. (3.2.4)

One possible choice of suitable symplectic U and Vi, k = 1,...,n,is
r Ik*l,k—] ]
Qg
]n—k,‘nfk
Uy = TFTE=T :
b (l,/:I
) InAk,,n\k,
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I(l
1 e drr
1 ) A1
1
Vk = IG ’
1
1
Ib
where 1¢ = [F=Lh=1 and b = n—k-Ln—k-1 apd

In—l,nfl

1 c

Vn = Infl,n—l =

1

Because of their special structure most of the U and V; commute:
Uolugt = URULY forall kym,
ViV, = V. Vi for all k, m, (3.2.5)
Uq’lV,, VpUq’1 forallg<p org>p+ 2.

Similar to the rearrangement of the factors of the Schur parameter form of a
unitary upper Hessenberg matrix H = G1Gy--- G, to obtain a Schur para-
meter pencil G, — AG, with G, = G{G3G5- -+, Ge = GoGy -+ in [35], the
commuting properties (3.2.5) can be used to rearrange the factors in (3.2.4) to
obtain a symplectic matrix Sy such that

S;IMS, = U UMW

- Li\: {1 \I\] (3.2.6)
A
RN

Thus, 52—11\/[52 is in butterfly form. Combining (3.2.3) and (3.2.6), we have
found a symplectic matrix S = §.S, € R?"*?" that transforms a symplectic
matrix M into butterfly form.

Instead of Uy, e.g., a symplectic Givens rotation G, can be used (see [15])
yielding a slightly different form of the factorization

NN NN
NN NS TN

l
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In order to state existence and uniqueness theorems for the reduction of

a symplectic matrix to butterfly form, let us introduce unreduced butterfly
matrices. An unreduced butterfly matrix is a butterfly matrix B = [g; g;;]

in which the tridiagonal matrix Bg is unreduced. Unreduced butterfly matrices
play a role analogous to that of unreduced Hessenberg//~Hessenberg matrices
in the standard QR/SR theory. They have the following property.

LEMMA 3.4 IfB is an unreduced butterfly matrix, then By, is nonsingular
and B can be factored as

[ B B }

By Bn ] {0 "y ]
3.2.7
By By [ (327

0 Ba || By'Bx
NN o T
0\ [1 \\]

This factorization is unique. Note that B{llBQQ is symmetric.

PROOF: The factthat 3 is symplectic implies By, Bz — By Bio = [. Assume
that By is singular, that is (Bg;);; = 0 forsome j. Then the jth row of
B“BQQ - B21312 =1 giVCS

(B11);;(B22)y;-1 =0, (Bu)j;(Ba2)j; =1, (Bu)j;(B22)jj+1 =0.

This can only happen for (Biy1)j; # 0, (Bo2)j; # 0, and (By)jj-1 =
(Ba2)j,j+1 = 0, but Byy is unreduced. Hence, Bs; has to be nonsingular if
By, is unreduced. Thus, for an unreduced butterfly matrix we obtain

[ By =By } [ By B ]

0 -I
0 By By By —{1 B;IIBB]'

As both matrices on the left are symplectic, their product is symplectic and
hence B5;' By has to be a symmetric tridiagonal matrix. Thus

Bll BIQ — BQ_II By 0 -1 ]
Boy1 By 0 By I By!'Ba

DN

The uniqueness of this factorization follows from the choice of signs of the
identities. v
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We will frequently make use of this decomposition and will denote it by

(1;1 bl
1 [ B! B =1 b
K= i= 21 N = n L
B 0 By } ay
L an -
0 ~I
Ny o= &
¢ [I 3211522}
i -1 %
- i}
1 C1 dg
dz #
&
L 1 dn cp |
Hence B = K 'N, isgivenby
[ b1 b1(!1 —'\(],1_1 b]d‘g i
bgdz
B bn—ldn
bﬂ bndn bncn e a;l
ay a1cy aldg
agdz
ap—1dy
L ap andy AnCn J

From (3.2.8) - (3.2.10) we obtain the following corollary.

,(3.2.8)

(3.2.9)

(3.2.10)

COROLLARY 3.5 Any unreduced butterfly matrix B € R**™  cqn be repre-

sented by 4n — 1 parameters ay, . ..

sanydy, ... dy € R\ {0}, by,

..., ¢n € R. Ofthese, 2n — 1 parameters have to be nonzero.

~1bn7 C1,

REMARK 3.6 We will have deflation if d; = 0 for some j. Then the eigen-
problem can be split into two smaller ones with symplectic butterfly matrices.
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Moreover, any submatrix of B (3.2.10) of the form

[ by by — (1,]:1 brdi 1
bk+1dk+1
- be_1dy
bp bg(l( bg('g - (L[;l
By.e:=
ax g C agdy 41
g1
ap_1dy
L iy apdy QeCy 4

is a symplectic butterfly matrix. If B is unreduced, then so is DBy.e.
Recall the definition of a generalized Krylov matrix (Definition 2.3)
L(Av,5) =[v,A o, A2, . . CATUY A A% Alw)

for A € R¥"*?" y ¢ R?". Now we can state the uniqueness and existence
theorem for the reduction to butterfly form.

THEOREM 3.7 (IMPLICIT-S-THEOREM) Let M and S be 2n x 2n sym-
plectic matrices and denote by s, thefirst column of S.

a) Let L(M,sy,n) be nonsingular. IfL(M,s;,n) =SR is an SR decompo-
sition, then S~VM S is an unreduced butterfly matrix.

b) IfS™'MS = B is a symplectic butterfly matrix, then L(M,sy,n) has
an SR decomposition L(M,s\,n) = SR. If B is unreduced, then R is
nonsingular.

c) Let S, S € 132’”(2” be symplectic matrices such that S~'MS = B and
STIMS = B are butterfly matrices. Then there exists a trivial matrix D
(2.1.5) such that S = SD and B = DBD™!.

PROOF:

a) Since L(M,sy,n)isnonsingularand L(M, s1,n} = SR, Ris nonsingular
as S is symplectic. Furthermore, as L(M, s1,n) is nonsingular, its columns
span a basis of R%”. Hence, there exist ¢1, ..., con, d1, ..., d2n € R such
that

Mn+1.‘§1 = 181+ (52]\{7181 + -+ (“”]\/]7(”*1)81
tenptMsy+ o+ o M" sy
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and
M™si = disi+daM lsy 4+ +d, M " Dg
tdpiMsy + -+ doy, M™s1.
Let
ro 1 er ]
1 :
_ 0 o
c = i 0 et |
1 :
0
- 1 CQn J
" 0 d; ) A
) .
0
_ 1 d,
b h dn+l 0 1
: |
L d2n 0 1
Then

le(M,S[,n) =
=[Msy, 81, M sy, ..., M~ M2y, ... Mg
= L{M,s1,n)C.
Using L(M,s;,n) = SR, we obtain MSR = SRC, that is ST'MS =

RCR™!. Due to the special form of R and C, RCR™! and therefore
S~1MS must have the form
NN

NN

Similar, we can show that M ~'L(M,s;,n) = L(M,sy,n)D, hence
M7'SR=SRDand M~' = SRDR™'S~!, As M and 5 are symplectic,

STIpMs =
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we have MT = J-'M~1Jand STJ"1S = —STJS = —J and therefore

STMTS T = 8T J-'SRDR™151Js T
= —JRDRY(-J)'=—-JRDR'J

(57'm8)T

Due to the special form of J, R and D we obtain

NN
NAV

Comparing the two forms for S~!M S, it follows that .S~ M Sis a butterfly
matrix. Taking a closer look at RC' R~! shows that the subdiagonal elements
of the (2, 2) block are given by quotients of diagonal entries of R

(S7'MS) =

1 Tntitl,n+itl
(RCR )n+i+1,n+i =
Tn+n+i

The subdiagonal elements of the (2, 2) block of —JRD R~ Jare also given
by quotients of diagonal entries of R

-1 Tit1i+1
(*JRDR J)71+i+1‘n+i = T—
1%

Hence the (2,2) block of the butterfly matrix S~'AMS is an unreduced
tridiagonal matrix.

From S™'MS = B weobtain M = SBS~!and M~!' = SB"lS_l.
Hence, for i = 1,...,nand j = 1,...,n — 1 we have S~ 'M's; =
S~18B'S~1s; = Bleyand S™'M7s; = (B~ ')e;. As the inverse of

_ I Buy Bia | i 5 BL —Bg 1
B = [1321 B;Q] is given by [;32%2 Bi, }, B~ is of the form
XY
Using induction, it is easy to see that in B'e;, the components i + 1 1 n and

i+ 1+nto2nandin (B )¢, the componentsj +2tonmandj + 1 +n
to 2n are zero. Hence for R := S”L(M, s1,n) we have

B~—1

R=1[S"",8 "M 'sy,...,S M Dg 18 'Msy, ..., 8 ' M)
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is a J-triangular matrix. Furthermore fori = 1,...,n
Py = (S‘IM_(i’l)sl)L
(B~ er)in
= _bl,n+1bn+1,n+2bn+2,n+3 T bn+z—1,n+i>
ndin+i — (Silﬁ{lsl)n+i
(B'e1)n+in

= bl,n+lbn+2,n+1bn+3,n+‘2 T bn+i,n+i71'

i

Hence, if B is unreduced, then R is nonsingular.

¢) IfS~'MS = Band S"'MS = B are butterfly matrices, then using b) we
have the SR factorizations L(M, si,n) = SR and L(M,\s;,n) = SR.
But L{M,As(,n) = AL(M,s1,n),hence SR = :S'V(%E) Using Theorem
2.7 there is a trivial matrix D (2.1.5) such that § = SDand B = S~'MS =
D 'S~'MSD = D"'BD. v

REMARK 3.8 A weaker version of Theorem 3.7 not involving unreduced but-
terfly matrices was first stated and proved as Theorem 3.6 in [13].

REMARK 3.9 In the SR decomposition (and correspondingly in the symplec-

tic similarity transformation to butterfly form) we still have a certain degree of

freedom. E.g., any unreduced butterfly matrix is similar to an unreduced but-
terfly matrix withb, = 1 and |a;| =1 for i = 1,..., nand sign(a;) = sign (d,)
fori =2,. .., n (thisfollowsfrom Theorem 3.7 c)).

Given M, the matrix L(M, s, n) is determined by the first column of 5.
The essential uniqueness of the factorization L(M,s;,n) = SR tells us that
the transforming matrix § for the similarity transformation B = S~ 'MSis
essentially uniquely determined by its first column. This Implicit-S-Theorem
can serve as the basis for the construction of an implicit SR algorithm for
butterfly matrices, just as the Implicit-Q-Theorem (Theorem 2.2) provides a
basis for the implicit QR algorithm on upper Hessenberg matrices. In both
cases uniqueness depends on the unreduced character of the matrix.

The next result is well-known for Hessenberg matrices (see Theorem 2.5)
and J~Hessenberg matrices (see Theorem 2.10) and will turn out to be essential
when examining the properties of the SR algorithm based on the butterfly form.

LEMMA 3.10 If is\an eigenvalue ofan unreduced symplectic butterfly matrix
B € R*™**" then its geometric multiplicity is one.

PrROOF: Since D is symplectic, B is nonsingular and its eigenvalues are
nonzero. For any A € € we have rank(B — AJ) > 2n — 1 because the first
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2n - 1 columns of B — Al are linear independent. This can be seen by looking
at the permuted expression Bp — \I = PBPT — \I =

bl blcl—al_l 0 b](lg

ay aycy 0 a1d2
0 body
0 a2d2
- Al
0 bn—ldn
- 0 an-1dy
0 buydy [ by bpe, —a!
0 and, |ay UnCn

where P as in (2.1.2). Obviously, the first two columns of the above matrix are
linear independent as B is unreduced. We can not express the third column as
a linear combination of the first two columns:

0 by — A bier —ap!

0 . ay ajec; — A
by | =P o | T bydo

a9 0 (lng

From the fourth row we obtain 8y = d; ! With this the third row yields
by — A =bo.

As A is an eigenvalue of B and is therefore nonzero, this equation can not hold.
Hence the first three columns are linear independent. Similarly, we can see that
the first 22 — 1 columns are linear independent.

Hence, the eigenspace are one-dimensional. v

Analogous to the unreduced Hessenberg//~Hessenberg case (Theorems 2.4
and 2.10), the right eigenvectors of unreduced butterfly matrices have the
following property.

LEMMA 311 Suppose that B € R* ™ is an unreduced butterfly matrix as
in (3.2.10). If Bx = Az with x # 0 then el x # 0.

PROOF: The proof is by induction on the size of B. As usual, the entries of
the eigenvector z will be denoted by z;; x = [z1,29,...,T2,]".
Suppose that n = 2. The second and fourth row of Bz = Az yield

boxy + badazs + (bacy — (12_1)1‘4 = Axo, (3.2.11)
2Ty + aodoxy + agcoxry = Axg4. 3.2.12)
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Since B is unreduced, we know that ap # 0 and dy # 0. If 4 = O then from
(3.2.12) we obtain
zo + daxz =0, (3.2.13)

while (3.2.11) gives ba(x2 + doxs) = Azp. Using (3.2.13) we obtain zp = 0,
and further &3 = 0. The third row of Bx = Ax gives

a1r1 + ajc1x3 + aydory = Axg.

As B is unreduced, a; # 0. Usingxy = z3 = 24 = 0, we obtain z; = 0.
Thus x = 0 which is a contradiction since x # 0 by assumption.

Assume that the lemma is true for matrices of order 2(n — 1). Let B*»?" ¢
R¥*2% be an unreduced butterfly matrix. For simplicity we will consider
the permuted equation BE"*"zp = Azp where BZ"?" = PR PT gng

I 2n,2n
axp = Px.Partition Bp"" ", xp as

r BZ(n—l).2(n71)$ 0

P dn{bn—1€2n—3 + an_1€20-2)

2n2n T T
By = budnes, _» | bn bocn — a; ;
L andnegn_g [¢29) anCp
Yy
rp = Tap-1 )
L2n

where Bf;("‘”’z("‘l) € Rn=2x(2n=2) 5 an unreduced butterfly matrix and

y € R¥™~2. Suppose xgy, = Tz, = 0. This implies
dnyon—2 + Top—1 =0 (3.2.149)
since a,, # 0 as B?™?" is unreduced. Further we have

bn(dnyan—2 + Tan-1) = AT2n 1.
Hence, using (3.2.14) T2,—1 = 0. This implies Bff”_l)’z(n_l)y = Ay. Using
Ton—1 = Tan, = 0 we further obtain from (3.2.14) yp,—2 = 0. This is a contra-
diction, because by induction hypothesis e _,y # 0. Vv

REMARK 3.12 If Bz = Az, then (Jz)¥ is the left eigenvector of B corre-
sponding to A\=': (J2)TB = \=1(Jx)T. Let y be the right eigenvector of B
corresponding to A™': By = Ay, then (Jy)TB = A(Jy)T. From Lemma
3.11 itfallows that el y # 0, hence the nth component of the left eigenvector
of B corresponding to X is # Q.

As mentioned before, the symplectic butterfly form was introduced by Banse
and Bunse-Gerstner in [15, 13, 12, 14]. They took a slightly different point
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of view in order to argue that a butterfly matrix can be represented by 4n — 1
parameters. A strict butterfly form is introduced in which the upper left diagonal
matrix By of the butterfly form is nonsingular. Then, using similar arguments

as above, since
B! o0 By Bu|_[1 v]
—Bayy DBy By By 0 I

and since V = B1_11B12 is a symmetric tridiagonal matrix (same argument as
used above), one obtains

Bu B | _ [Bj' 0 IV
By B Bar Bn U

_ \\\\0\ “§} (3.2.15)

Hence 4n — 1 parameters that determine the symplectic matrix can be read off
directly. Obviously, n of these parameters have to be nonzero (the diagonal
elements of By;). Ifany ofthe n—1 subdiagonal elements of V' is zero, deflation
can take place; that is, the problem can be split into at least two problems of
smaller dimension, but with the same symplectic butterfly structure.

This decomposition was introduced because of its close resemblance to
symplectic matrix pencils that appear naturally in control problems. These
pencils are typically of the form
F 0 ] _ { I -G

I‘_AN:[HI 0 FT

] , F.G=G" H=HT e RV,

(Note: For F' # I, K and N are not symplectic.) Assuming that K and N are
nonsingular (that is, F' is nonsingular), we can rewrite the above equation

[1 0 ](K—/\N) = K -AN

0o 7T
B F 0 . I -G
- FTp F-T 0o I |-

(Note: K and N are symplectic matrices.) Solving this generalized eigenprob-
lem is equivalent to solving the eigenproblem for the symplectic matrix

- ~ F1 0 I -G
—y-la
M=K N_[_HF,1 FTHO / }

Obviously, not every unreduced butterfly matrix B is a strict butterfly matrix,
but B can be turned into a strict one by a similarity transformation with a trivial
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matrix D (2.1.5). Numerous choices of D will work. Thus, it is practically true
that every unreduced butterfly matrix is strict. The converse is false. There are
strict butterfly matrices that are not similar to any unreduced butterfly matrix.
In particular, Lemma 3.10 and Lemma 3.11 do not hold for strict butterfly
matrices as can be seen by the next example.

ExAaMPLE 3.13 Let

Then B is a strict symplectic butterfly matrix that it is not unreduced. It is easy
to see that the spectrum of B is given by {1,1} with geometric multiplicities
two. The vector ey is an eigenvector of B to the eigenvalue 1; obviously
(erl =0.

Because not every strict butterfly matrix is unreduced, the class of strict butterfly
matrices lacks the theoretical basis for an implicit SR algorithm. If one
wishes to build an algorithm based on the decomposition (3.2.15), one is
obliged to restrict oneself to unreduced, strict butterfly matrices. The following
considerations show that this is not a serious restriction.

REMARK 3.14 If both By, and By, are nonsingular, then the matrices V. =
Bl_ILBm and T = B2_11B22 are related by V =T — BfllB{ll. Thus, the
off-diagonal entries of V and T are the same. It follows that corresponding
off-diagonal entries of By, and Bay are either zero or nonzero together. In
connection with the decomposition (3.2.15), this implies that whenever B is not
unreduced, V will also be reducible, and we can split the eigenvalue problem
into smaller ones.

This relationship breaks down, however, if By, is singular. Consider, for
example, the class ofmatrices

1 0\ a g
101 q c
b= 1 0f{l4a ¢
00 0 1

with g # 0. These are strict butterfly matrices for which Bis is unreduced but
By is not. Notice that the (2, 2) and (4, 4) entries are eigenvalues and can be
deflated from the problem.

In general, if Bay is singular, a deflation (and usually a splitting) is possible.
If (Ba1)yi = 0, then (B11).: must be nonzero, since B is nonsingular. This
Jorces (Bas) -1 = (B22)iir1t = 0, because BlTlng—Bngm = L. It follows
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that (B11)i,i and (Bag),; are a reciprocal pair of eigenvalues, which can be
deflatedfrom the problem. Unless i = 1 or i = n, the remaining problem can
be split into two smaller problems.

Banse presents in [13] an algorithm to reduce an arbitrary symplectic matrix
to butterfly form. The algorithm uses the symplectic Givens transformations
G, the symplectic Householdertransformations Hy, and the symplectic Gauss
transformation L, introduced in Section 2.1.2. Zeros in the rows of M will be
introduced by applying one of the above mentioned transformations from the
right, while zeros in the columns will be introduced by applying the transforma-
tions from the left. Of course, in order to perform a similarity transformation,
the inverse of each transformation applied from the right/left has to be applied
from the left/right as well. The basic idea of the algorithm can be summarized
as follows

forj=1ton
bring the jth column of M into the desired form
bring the (n + j)th row of M into the desired form

The remaining rows and columns in M that are not explicitly touched during
the process will be in the desired form due to the symplectic structure. For an
8 x 8 symplectic matrix, the elimination process can be summarized as in the
scheme given in Table 3.1.

[ * O f)7 0Os * 0g Os
5, LP" * 014 015 * * * 016
4, HP" 13,LP" * 019 013  « * *
4, HP" 12, HP" 18, LP" * 012 Ous * *

* 6,G¥*  T,GP°  8,GP° * * 9, HP® 9 HP®
3,GPT * 14,GP? 15,GP? | % * x 16, HP°
2,GP" 11,GP * 19,G* | 0 * *

L ,GPT 10,GP" 17, GPT * 010 017 * *

Table 3.1.  Elimination Scheme for a Symplectic Matrix

In Table 3.1, the capital letter indicates the type of elimination matrix used to
eliminate the entry (G used for a symplectic Givens, H for a symplectic House-
holder, and L for a symplectic Gauss transformation). The upper index indicates
whether the elimination is done by pre- or postmultiplication. The numbers
indicate the order in which the entries are annihilated. A zero that is not created
by explicit elimination but because of the symplectic structure, is denoted by
0. Its index indicates which transformation causes this zero. E.g., if after step
6 the first column of M is denoted bym; = [my; 000 my; 000]7, my; #0,
and the second column by my = [myy * * % 0 % x |7, then as M is
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symplectic throughout the whole reduction process, from MTJM = Jwe
have 0 = m?1'Jmy = —mgymy9 and therefore myo = 0.

As can be seen from this scheme, pivoting can be incorporated in the reduc-
tion process in order to increase numerical stability of the process. Instead of
bringing the (n + j)th row into the desired form, one can just as well bring the
Jjth row into the desired form.

The algorithm for reducing an arbitrary symplectic matrix to butterfly form
as given in [13] can be summarized as given in Table 3.2 (in MATLAB-like
notation). Note that pivoting is incorporated in order to increase numerical
stability.

REMARK 3.15 @) The algorithm for reducing a 2n x 2n symplectic matrix,
M to butterfly form as given in Table 3.2 requires about %ng — 14n?
flops. If the transformation matrix S is required, then28n® flops have to be
added. This flop count is based on the fact that n® — n symplectic Givens
transformations, n — 1 symplectic Gauss transformations and 2 symplectic
Householder transformation with v € R for eachj = 2,...,.n — lare
used. Moreover, when updating M only during the first iteration step
the transformations have to be applied to all columns and rows. During
the second iteration step, the transformations have to be applied only to
columns 2 ,...,2nandrows2,... ,nandn +2, ... ,2n Similar, during the
third iteration step, the transformations have to be applied only to columns
2,...,nandn + 1,...,2n and rows 3, ... ,nand n + 3, ... ,2n; and so
on.

b) The reduction ofa symplectic matrix to butterfly form is cheaper than the
reduction to J—-Hessenberg form (see Table 2.6, and Remark 2.20), although
more zeros are generated here. It is also slightly cheaper than the reduction
to Hessenberg form (used as a preparatory step in the QR algorithm),
which requires about %Ona flops, see [58]. But the accumulation of the
transformation matrix requires only about 11n3 flops in that case.

¢) All transformation matrices used in the algorithm for reducing a symplectic
matrix to butterfly form have as first column a multiple of'e;. Hence, the
algorithm as given in Table 3.2 determines a symplectic matrix S with first

column Ae| which transforms the symplectic matrix M to butterfly form if
such a reduction exists.

3.3 A CANONICAL FORM FOR SYMPLECTIC
BUTTERFLY MATRICES
We have noted that the reduction to symplectic butterfly form is not quite

uniquely determined; it is determined up to a similarity transformation by a
trivial (i.e., symplectic and J-triangular) matrix. For some of the following
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Algorithm: Reduction to Butterfly Form

Given a 2n x 2n symplectic matrix M compute its reduction to butterfly
form. M will be overwritten by its butterfly form.

forj=1:n-1

fork=n:-1:57+1
compute G, such that (G M) g1 ; =0
M =GyMGT

end

ifj<n-1

then compute H; such that (H;M);40.0; =0

M = H;MH]

end

if Mj+1']‘ 75 0 and Mn+j,n+j =0

then stop, reduction not possible

end

compute L, suchthat (Lj11M);41, =0

M=L, 1ML/

j+1
if M ;] > | Mjinl
thenp=j+n
elsep =
end

fork=mn:-1:j+1
compute G, such that (M Gy )px =0
M = GI MG
end
ifj<n-1
then compute H; such that (M Hj)p j124n2n =0
M = H]MH;
end
end

Table 3.2.  Reduction to Butterfly Form

discussions it is of interest to develop a canonical form for butterfly matrices
under similarity transformations by trivial matrices. We restrict our attention
to unreduced symplectic butterfly matrices, since every butterfly matrix can be
decomposed into two or more smaller unreduced ones.
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In Remark 3.9, it was already observed that any unreduced symplectic but-
terfly matrix is similar to an unreduced butterfly matrix with

b = 1 fori=1,...,n,
la,] = 1 for i =1,...,n,
sign(a,) = sign(d,) for i=2,...,n.

This canonical form is unique. In the following we will define a different
canonical form that is only of theoretical interest, while the one mentioned
above may be used in actual computations.

THEOREM 3.16 Let B be an unreduced symplectic butterfly matrix._ Then
there exists a symplectic J-triangular matrix X such that B = X ' BX has
the canonical form

D T

where D is a signature matrix, and T is a D—symmetric, unreduced tridiagonal
matrix. D is uniquely determined, T is determined up to a similarity trans-
formation by a signature matrix, and X is unique up to multiplication by a
signature matrix of the form diag(C, C). The eigenvalues of T are \; + /\l_l,
i=1,...,n where X, )\;1, i =1,...,n are the eigenvalues of D.

B:[ 0 -D J (3.3.16)

PROOF: We are motivated by the decomposition (3.2.7), in which the nonsin-
gular matrix Bj| is used as a pivot to eliminate By;. We now seek a similarity
transformation that achieves a similar end. Let

[yt —F
X _{ 0 v :' (3.3.17)

be a trivial matrix. We shall determine conditions on Y and F under which the
desired canonical form is realized. Focusing on the first block column of the
similarity transformation B = X "' BX, we have

[31\}: Yy F én vl = Y§11+~Ff~321 y-!
By 0 Yy-! Bsy Y71B21 '

We see that By = 0 if and only if Y By + FBy = 0, which implies
F = -YB\B,'. Thus F is uniquely determined, once ¥ has been chosen.
We have Ba; = Y !By Y !, which shows that By and Bo must have the
same inertia. Thus the best we can do is to take By = D = sign(Ba;), which
is achieved by choosing Y = |§21 [1/2,

In summary, we should take X as in (3.3.17), where

Y = 152111/2 and F = —yréllﬁz_ll.
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The resulting B has the desired form. The only aspect of the computation that
is not completely straightforward is showing that B;s = —D. However, this
becomes easy when one applies the following fact: If B is a symplectic matrix
with By = 0, then By = —Bz‘ll. The D-symmetry of T is also an easy
consequence of the symplectic structure of B.

The uniqueness statements are easily verified.

If [ ”; ] is an eigenvector of B with eigenvalue A, then y # 0, and

Ty=(A+A"1y. v

REMARK 3.17 a) The canonicalform could be made unique by insisting that
T’s subdiagonal entries be positive: t,.; > 0,i=1,...,n— L

b) The decomposition (3.2.7) of the canonical form B is
B = 0 -D| {D 0 0 -7
| D T| |0 D 1 DT |-
¢) Theorem 3.16 is a theoretical result. From the standpoint of numerical
stability, it might not be advisable to transform a symplectic butterfly matrix
into canonical form. In the process, the spectral information A\, A\~' is

condensed into T as A\ + \~L. The original information can be recovered
via the inverse transformation

v AN
S (9 + ( =) -1
g (2) 2
However, eigenvalues near 1 will be resolved poorly because this map is
not Lipschitz continuous at v = £2.

The behavior is similar to that of Van Loan’s method for the Hamiltonian
eigenvalue problem [137]. One may lose up to halfofthe significant digits
as compared to the standard QR algorithm. For instance, try to compute
the eigenvalues ofthe symplectic matrix

1+46 0
149

where G is a randomly generated Givens rotation and d is less than the
square root of the machine precision, once by applying the QR algorithm to
S and once to S+ S~! followed by the inverse transformation given above.
d) Since
-D 0

Bl =JgB"JT = { ™ D ]
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we have B + B! = diag(TT, T). Thus, forming T is equivalent to adding
B~ to B. The transformation S — S + S~ was used in similar fashion
in [96, 118] to compute the eigenvalues ofa symplectic pencil.

e) In the proof we have shown that the eigenvectors of T can obtained from
those of B. It is also possible to recover the eigenvectors of B from those
of T: If Ty = (A+ A"y (y #0), then

_)! _
[ A7 Dy ] and [ ADy ]
Yy Yy

are eigenvectors of B associated with X and A™', respectively.

34 REDUCED SYMPLECTIC MATRIX PENCILS

Based on the results given in Section 3.2, one can easily derive condensed
forms for symplectic matrix pencils. For this consider the factorization B =
K~'N (3.2.15) or (3.2.7) of an unreduced symplectic butterfly matrix B. The
eigenvalue problem K~'Nx = Az is equivalent to (AK — N)z = 0 and
(K —~ AN)xz = 0 because of the symmetry of the spectrum. In the latter
equations the 4n — 1 parameters are given directly. For the decomposition
(3.2.15) we obtain

v _ | B 0] [TV
K, — AN, = [ "B By } A [ o 1 (3.4.18)
while for (3.2.7) we obtain
. [ B —-Bu 0 -1
Ky — AN, = [ 0 B } Y [ I ] . (3.4.19)

Here, the symmetric tridiagonal matrix B2_11B22 is denoted by T, while V
denotes Bl'llBlg as before. As noted in Remark 3.14, if By, and B»; are both
nonsingular, ¥ and T are related by V =T — B1_11 B{ll.

It is well-known (Lemma 2.11) that if K — AN is a symplectic matrix
pencil, @ € R 2" is nonsingular, and S € R®*?" is symplectic, then
Q(K — AN)S is a symplectic matrix pencil and the eigenproblems K — AN
and QK S—AQN S areequivalent. Obviously the eigenproblems Ky — AN, and
Ky — ANy are equivalent if By, and By are both nonsingular: Q(K;—AN;) =

K, — AN, where
0 ~I
=7 s )

Hence, if =4 is a right eigenvector of K; — ANj, then z,, = g is a right
eigenvector of i, — AN,. If y, is a left eigenvector of K, — AN, then
ys = QT yy is a left eigenvector of Ky — AN;.
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Which of these two equivalent eigenproblems should be preferred in terms
of accuracy of the computed eigenvalues? As a measure of the sensitivity
of a simple eigenvalue of the generalized eigenproblem A — AC, one usually
considers the reciprocal of

V7 Az)? + (yH Cx)?
l1z]l2 [lyll2

(3.4.20)

as the condition number, where x is the right eigenvector, y the left eigenvector
corresponding to the same eigenvaluey. Ifthe expression (3.4.20) is small, one
says that the eigenvalue u is ill conditioned. Let A be an eigenvalue of B, z,
and y,, the corresponding right and left eigenvectors of K, — AN, and x; = xy,
and y; = Q"'y, the corresponding right and left eigenvectors of Ky — AN;.
Simple algebraic manipulations show

llzslla = lleull2,
lysfll\,sxs| = ly{;{K’uqu
lysHNs‘T.s| = |Z/{/Nqu|,
while ||ys||a = ||@ yul|2- Therefore, the expressions for the eigenvalue con-

dition number differs only in the 2-norm of the respective left eigenvector.

Tests in MATLAB indicate that the pencil K, — AN resolves eigenvalues near
1 better then the pencil K,, — AN, while K, — AN, resolves eigenvalues
near +/—1 better. For other eigenvalues both pencils show the same behavior.

Hence, from this short analysis there is no indication whether to prefer one of
the pencils because of better numerical behavior.

In [13] an elimination process for computing the reduced matrix pencil form
(3.4.18) of a symplectic matrix pencil (in which both matrices are symplectic)
is given. Based on this reduction process, an SZ algorithm for computing the
eigenvalues of symplectic matrix pencils of the form (3.4.18) can be developed.
The SZ algorithm is the analogue of the SR algorithm for the generalized
eigenproblem, see Section 2.2.2. As the algorithm works on the factors of the
butterfly matrix, it works directly on the 4n — 1 parameters that determine a
symplectic butterfly matrix.

An elimination process for computing the reduced matrix pencil of the form
(3.4.19) of a symplectic matrix pencil (in which both matrices are symplectic) is
given below. Based on this reduction process, an SZ algorithm for computing
the eigenvalues of symplectic matrix pencils of the form (3.4.19) is developed in
Section 4.3. It turns out that the SZ algorithm for the pencil (3.4.19) requires
slightly fewer operations than the SZ algorithm for the pencil (3.4.18); see
Section 4.3 for details.

The algorithm to reduce a symplectic matrix pencil K — AV, where K and N
are symplectic, to the reduced matrix pencil form (3.4.19), uses the symplectic
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Givens transformations G, the symplectic Hoilseholder transformations Hy,
and the symplectic Gauss transformations Ly, Ly introduced in Section 2.1.2.
In this elimination process, zeros in the rows of K and N will be introduced
by applying one of the above mentioned transformations from the right, while

zeros in the columns will be introduced by applying the transformations from

the left.
The basic idea of the algorithm can be summarized as follows:

bring the first column of N into the desired form
forj=1ton
bring the jth row of K into the desired form
bring the jth column of K into the desired form
bring the (n + j)th column of N into the desired form
bring the jth row of N into the desired form

The remaining rows and columns in K and N that are not explicitly touched
during the process will be in the desired form due to the symplectic struc-
ture. For an 8 x 8 symplectic matrix pencil, the elimination process can be
summarized as in the scheme given in Table 3.3.

[ B.GY T,GR 6,67 | w1017 9 HP 9, [P
13,7 * 26, (/" 25,G7° | 014 * 98, [P 27, [[7°
12, GPT 30,077 * 10,67 | 012 Oa0 x 41, Lpe
1L, GP7 29GP 42,GPT * 01, Ouo 04z *
16, L*" 015 015 015 * 015 015 015
15, L7 33, L7 Os 032 | Os * 032 032
14, HP" 32, LP" 44, LP"  Oss | 010 Os2 * 043
L 14, H¥" 31, HP™ 43,LF" 47,17 | 01y Ox Oaa *
[ /1, arer ()5 05 05 * 05 65 05 ]
3,697 23,GP 22,670 21,GP° | 19, GPT * 24, HP® 94, HP®
2,67 Oy 38,GP° 37,670 | 18,GPT 35,GPT * 39, HP°
_\ LGP Qg 0s0  46,GP° | 17,G*"  34,G7" 45 QP *
* 023 022 021 * * 024 024
5, HP" * ()38 ()37 * * * 039
5 HP" (s * 046 | 20, H?" * * *
LS, HPT 0w 030 « 120 HP" 36, HPT * «

lable 3.3.  Elimination Scheme for a Symplectic Matrix Pencil

As before, the capital letter indicates the type of elimination matrix used
to eliminate the entry (G used for a symplectic Givens, H for a symplectic
Householder, and L, L for the symplectic Gauss transformation). The upper
index indicates whether the elimination is done by pre- or postmultiplication.
The numbers indicate the order in which the entries are annihilated. A zero that
is not created by explicit elimination but because of the symplectic structure, is
denoted by 0. Its index indicates which transformation causes this zero. E.g., if
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after step 5 the first column of N is denoted by [000 075, 000)7, ns; # 0,and
the first row by [0  * % ny5 * = *|,then as N is symplectic throughout the whole
reduction process, from N7 JN = J we have el (NTJIN) = el'J = epy1, or
in other words,

nsi[0 —nyy —ny3 —ng —nis —nie —nig —ng ] =[00001000].

Hence, the entries of the first row of N have to be zero, only the (n + 1,1)
entry is nonzero.

As can be seen from this scheme, similar to the reduction of a symplectic
matrix to butterfly form, pivoting can be incorporated in the reduction process
in order to make it more stable. E.g., in the process as described above the jth
column of K will be brought into the desired form. Due to symplecticity, the
(n + j)th column of K will then be of desired form as well. One could just as
well attack the (n + j)th column of K, the jth column will then be of desired
form due to symplecticity. Or, instead of bringing the jth row of N into the
desired form, one can just as well bring its (7 + j)th row into the desired form.

In Table 3.4 an algorithm for reducing a symplectic matrix pencil K — AN,
where K and N are both symplectic, to a reduced pencil of the form (3.4.19)
is given. The process will be called reduction to butterfly pencil. In order to
keep the presentation as simple as possible, no pivoting is introduced here, but
should be used in an actual implementation. This algorithm can be used to
derive a bulge chasing process for an SZ step.

REMARK 3.18 a) A careful Implementation ofthis process as a bulge chasing
process in an implicit SZ step will just work with the 4n — 1 parameters
and some additional variables instead of with the matrices K and N. See
Section 4.3 for some details.

b) As discussed before, pivoting can be incorporated in the reduction process
in order to make it more stable.

¢) The algorithm for reducing a 2n x 2n symplectic matrix pencil K — AN
to butterfly form as given in Table 3.4 requires about %n?’ — 16nflops.
If the transformation matrices S and Z are required, then 28n3 + 8n?
flops and 28n® — 28n2 flops, respectively, have to be added. This flop
count is based on thefact that n* symplectic Givens transformations, n — 1
symplectic Gauss transformations, n symplectic Gauss transformations type
II and 2 symplectic Householder transformation with v € R for each
j=2,...,n—1 are used. Moreover, the successively generated zeros in

K and N are taken into account.



Algorithm: Reduction to Butterfly Pencil

Given a symplectic matrix pencil K — AN, where K, N € R?"*2" are both symplectic matrices,
the following algorithm computes symplectic matrices S and Z such that S(K — AN)Z is a
symplectic pencil of the form (3.4.19). K is overwritten by SKZ and N by SN Z.

Z = !2n,2n; §= 12“'2";
fork=n:-1:1
compute G such that (GN )z, = 0.
N=GN;, K=GK; S=GS;
end
compute H such that (HN)n42:2n,1 = 0.
N=HN; K=HK; S=HS;
fory=1:n
ifj>1
fork=n:-1:j
compute G such that (NG); ; = 0.
N=NG, K=KG, Z=2ZG;
end
end
ifj<n
ifj>1
compute H such that (NH); j4n41:2n = 0.
N=NH; K=KH; Z=2ZH;
end
fork=n:-1:5+1
compute G such that (K G); x
N=NG, K=KG;, Z= ZG
end
end
fi<n-1
compute H such that fKH)j.j.pgq.an =0.
N=NH; K=KH; Z=2ZH;
end
ifj<n
compute L such that (K L); j+n+1 = 0. Transformation might not exist!!
N=NL; K=KL; Z2=2L;
fork=n:-1:7+1
compute G such that (GK ) ; = 0.
N=GN; K=GK; S5=GS;
end
end
ifj<n-1
compute H such that (HK); 24n:2n,; =0.
N=HN; K=HK; S=HS;
end
ifi<n
compute L such that (LK );414n,; = 0. Transformation might not exist!!
N=LN; K=LK; S=LS,
end N N
compute L such that (LK );n,; = 0. Transformation might not exist!!
N=LN; K=LK; S=LS;
ifj<n
fork=n:—1:j+1
compute G such that (GN)g j4+n = 0.
N=GN; K=GK; S=GS;
end
end
ifj<n-1
compute H such that (HN)J+‘2+11 2nj4n = 0.
N=HN; K=HK; S=HS,
end
end

1

Table 3.4. Reduction to Butterfly Pencil
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The reduction ofa 2n x 2n symplectic matrix pencil to butterfly form is
slightly more expensive than the reduction of such a pencil to Hessenberg-
triangular form used as a preparatory step for the QZ algorithm, the flop
count for that reduction is given in [58] as 64n? for the matrix pencil
plus 32n? flops for the transformation matrix Q and 24n3flops for the
transformation matrix Z.

d) The use of symplectic transformations throughout the reduction process
assures that the factors K and N remain symplectic separately. If the
objective is only to preserve the symplectic property ofthe pencil (KJKT =
NJNT), one has greater latitude in the choice of transformations. Only
the right-hand (Z) transformations need to be symplectic; the left (S)
transforms can be more general as long as they are regular.

34.1 ARBITRARY SYMPLECTIC MATRIX PENCILS

We would like to stress once more that the presented algorithm for reducing
a symplectic matrix pencil to a butterfly pencil works only on symplectic matrix
pencils K — AN where K and N are symplectic. Hence, the algorithm can
not be applied to general symplectic matrix pencils K — AN, where KJKT =
NJNT # J. But, as will be seen in the subsequent sections, the given
algorithm is very useful as the building block of a bulge chasing process for an
implicit SZ step. Ifa symplectic matrix/matrix pencil is given in parameterized
form, then one should not form the corresponding butterfly matrix, but compute
the eigenvalues via an SZ algorithm based on the above reduction process.

But how should one treat a general symplectic matrix pencil A — AN ,where
KJKT = NJNT # J? What is a good reduced form for such a pencil and
how can it be computed efficiently?

If K is nonsingular, then & ~!N is a symplectic matrix. Hence, the results
of Section 3.2 can be applied to K ~'N. Assume that the symplectic matrix
5 transforms K ~'N to unreduced butterfly form: S™'K~-!NS = B. The
symplectic butterfly matrix B can be decomposed into the product K !N, as
in (3.2.15) or into the product K, !N, as in (3.2.7). Instead of considering the
symplectic eigenproblem Bz = Az, the generalized symplectic eigenproblem
(MK, — Ny)x = 0, or,equivalently, (K, — AN, )z = 0 can be considered, for
v € {s,u}. Hence, one can reduce a general symplectic matrix pencil either to
the form (3.4.18) or to the form (3.4.19). An algorithm similar to the one above
could be devised to compute these reductions. That is, one could develop an
algorithm to compute a symplectic matrix Z and a regular matrix S such that
S(K — AN)Z is of the desired form.

But what if K is singular? Then the just given derivation will fail. Can we
still reduce ' — ANV to the form K, — AN,, v = s or v = u? Moreover, at
least for symplectic matrix pencils that appear naturally in control problems



80 SYMPLECTIC METHODS FOR THE SYMPLECTIC EIGENPROBLEM

the reduced form K, — AN, does not seem to be the appropriate one. These
matrix pencils are typically of the form

. [ F o I G
Ix—/\N—[_H I}—A[O FT} (3.4.21)

with G, H symmetric. K and N themselves are not symplectic, just the pencil
is symplectic: KJKT = NJNT # J. A reduction to the form K, — AN,
implies that at one point during the reduction the nonsymplectic matrices K and
N have to be transformed into symplectic ones as K, and .V, are symplectic.
This implies the implicit inversion of the matrix F. Or in other words, we first
have to transform K — AN into a symplectic pencil with symplectic matrices,

e.g.,

Ftol, .. 1o F-! -F-l@

[ 0 } (K —AN) = [ H I } - A [ 0 P ] (3.4.22)
1 0 . F 0 I 0

I: 0 FﬁT } (I\ - /\N) = |: FATH F_T j! - A { —G I }(3423)

then we can apply the discussed derivation. If F is singular, then the above
transformation is not possible. The pencil A — AV has at least one zero and
one infinite eigenvalue.

Mehrmann proposes in [104, Algorithm 15.16] the following algorithm to
deflate zero and infinite eigenvalues of A" — A/N: Assume that rank(F) = £
First, use the QR decomposition with column pivoting [58] to determine an
orthogonal matrix V' € R™ ", an upper triangular matrix U/ € R™*" and a
permutation matrix P € R™" such that

PF=UV =0 UQ][VlJ,

where U, € R "% and V5 € R***" have full rank. Then form

B I ~ V(I +GH)! 0
r= { —-HVT VT } o ad T [ UTPH(I+GH)™" VvV |’

Now as FV! = PTU = PT[0 U,), we obtain

T(K —AN)T =K — AN
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where
7 o~ | vU+ceH)y'PTU 0
- | UTPHI+GH)'PTU 1
Filo o
Fl0 0
017 0
H|0 I
-V +GH)"'GvT
UTP(-H(I + GH)'G+NVT
0 Cju é~12
I|Gy G
0] 0 0
FrFT

?
T
oclo~ O~ oo oo

N T

<

and Fy, Gy € ROk F H G € R* %7~k The first k columns of T span
the right deflating subspace of ' — AN corresponding to k zero eigenvalues

and the rows n + LLn + 2,..., n + k of T span the left deflating subspace
corresponding to k infinity eigenvalues. We may therefore delete rows and
columns 1,2,...,k,n+ 1,n+ 2,...,n + k and proceed with the reduced

pencil [ 1% (1)] - A [é (F:] . There is no guarantee that F is nonsingular. Hence,
the procedure described above has to be repeated until the resulting symplectic
matrix pencil has no more zero and infinity eigenvalues and Fis nonsingular.
Note that neither the rank of F' nor the number of zero eigenvalues of F
determine the number of zero and infinity eigenvalues of the symplectic pencil.
For instance, in Example 10 of [22], n = 6, rank(F) = 5, F has three zero
eigenvalues and K — AN as in (3.4.21) has two zero and infinite eigenvalues
each.

All the computation in this algorithm can be carried out in a numerically re-
liable way. The solution of the linear systems with / + GH is well-conditioned,
since H and G are symmetric positive semidefinite. If after the first iteration,
Fis nonsingular, then this process requires (11n? + 6rn + 2r?)n ﬂops the
initial QR decomposition in order to check the rank of F costs § 3 flops.
Note that this initial decomposition is always computed Hence, in case F has
full rank, when forming the symplectic pencils in (3.4.22) or (3.4.23), the OR
decomposition of the F matrix should be used when computing F~7'Q and
F-T (F~'and F~'G) instead of computing an LU decomposition of F.

Assume that ' — AN has £ zero and ¢ infinite eigenvalues. In the resulting
symplectic pencil K’ — AN’ of dimension 2(n—#¢) x 2(n—¢), K’ isnonsingular.
Hence we can build the symplectic matrix pencil (3.4.22) or (3.4.23) and
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transform it to a butterfly pencil K, — AN,. Thus, K’ — AN'is similar to
the symplectic butterfly pencil K/ — AN,. Adding k rows and columns of
zeros to each block of K/, and N, and appropriate entries on the diagonals, we
can expand the symplectlc butterﬂy pencil K — AN/ to a symplectic butterfly
pencil K. — AN, of dimension 2n x 2n that is equivalent to K — AN.

But even if F is invertible, from a numerically point of view it might not be
a good idea to invert F as F' can be close to a singular matrix. Hence, the above
described approach does not seem to be necessarily a numerically reasonable
one.

Just from inspection, one would like to reduce the pencil (3.4.21) to a pencil

of the form
e I TR Qj - g§

Dy I 0 Dy
where 12, Do are diagonal matrices and W is a symmetric tridiagonal. Such
a reduction exists, at least if F' is invertible. This follows from the fact that in
that case A" — ANV can be reduced to the form Ky — AN,. The above form can

be obtained from K, — AN, by premultiplication with [0 B!

It would be nice to preserve the special structure of K and N during such
a reduction process. In particular, it would be desirable to keep the zero and
identity blocks unchanged during the reduction process and to treat the (1,1)
block of K and the (2,2) block of N (that is, F and F}" alike. Treating F and
FT alike implies that only transformations of the form

X 0 > U 0
SCRIE NS
can be applied, as otherwise the F' and H block in K and the F and G block

in N are mixed. It is easily seen that such a transformation guarantees that the
zeros blocks stay zero. Further, we have

XU=1 = X=U7!,
YU T=1 = Y=UT,

XFU=D, = U7'FU= [\J € RV,
xgut=w = v'lcuT= [&}
-YHU =D, = -UTHU-= {\] :

A matrix A € R™*" is diagonalizable by a matrix X € C™*" if and only if
A is not defective. Hence not every matrix A4 is diagonalizable. Here we ask
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for even more: F' € R™*™ should be diagonalized by a real n x n matrix U
and that same matrix U should transform the G and the H block to the desired
form. This will only be possible for certain special cases, but not in general.
Therefore, more general transformation matrices S and Z have to be used,
the blocks in K and N have to be mixed in the course of the reduction. We
have to allow some fill-in in the zero and identity blocks in the intermediate
transformed matrices. The special structure of K and N can not be kept during
the reduction process. While in the beginning one can make use of the fact that

0 FT}

-T _nNT —
KTJK =N JN—{_F 0

as soon as fill-in in the zero and identity blocks occur, there are no zero blocks in
KTJK = NTJN anymore. There seems to be no advantage in concentrating
our attention on symplectic matrix pencils arising in control problems. One
can just as well derive an algorithm for reducing a general symplectic matrix
pencil to the form K, — AN,. It is clear from the above that such a reduction
is possible if K and N are nonsingular. What can be done if K and N are
singular, is still an open research problem.
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Chapter 4

BUTTERFLY SR AND SZ ALGORITHMS

Once the reduction of a symplectic matrix to butterfly form is achieved,
the SR algorithm (see Section 2.2.1) is a suitable tool for computing the
eigenvalues/eigenvectors of a symplectic matrix. As will be seen in this chapter,
the SR algorithm preserves the symplectic butterfly form in its iterations and
can be rewritten in a parameterized form that works with 4n — 1 parameters
instead of the (2n)? matrix elements in each iteration. Such an algorithm was
already considered in [13, 19]. In those publications, it is proposed to use a
polynomial of the form p(A\) = Hle(/\ — ;) to drive the SR step, just as
in the implicit OR (bulge-chasing) algorithm for upper Hessenberg matrices.
Here we will show that it is better to use a Laurent polynomial to drive the SR
step. A natural way to choose the spectral transformation function p; in the
butterfly SR algorithm is

s single shift: py(B) = B — uf for i € R;

® double shift: po(B) = (B — ul)(B — ul) for u € C, or
p2(B) = (B — pl)(B - 1) for p € R;
» quadruple shift: p4(B) = (B—pI)(B—ul)(B - }71)(3_}1), forp € C.

In particular the double shift for € R, or u € iR, and the quadruple shift
for ¢4 € € make use of the symmetries of the spectrum of symplectic matrices.
But, as will be seen in Section 4.1.1, a better choice is a Laurent polynomial
@2(N) = pa(M)A 1 or qq(X) = ps(M)A72. Each of these is a function in
A+ AL For example,

() = A+A) = (u+p T +E+p DO+

+(p+p HE+p"") -2
85
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This reduces the size of the bulges that are introduced, thereby decreasing
the number of computations required per iteration. It also improves the con-
vergence and stability properties of the algorithm by effectively treating each
reciprocal pair of eigenvalues as a unit. The method still suffers from loss of
the symplectic structure due to roundoff errors, but the loss of symplecticity is
normally less severe than in an implementation using a standard polynomial,
because less arithmetic is done and the similarity transformations are generally
better conditioned. Moreover, using the factors K and N of the symplectic
butterfly matrix B, one can easily and cheaply restore the symplectic structure
of the iterates whenever necessary.

The butterfly SR algorithm works on the butterfly matrix B and transforms it
into a butterfly matrix B which decouples into simple 2 x 2 or 4 x 4 symplectic
eigenproblems. Making use of the factorization of B into & ~! N as in (3.2.15)
or (3.2.7), we will develop a parameterized SR algorithm for computing the
eigeninformation of a parameterized symplectic butterfly matrix. The algorithm
will work only on the 4n — 1 parameters that determine the symplectic butterfly
matrix B similar to the approach used for the development of the unitary
Hessenberg OR algorithm [61]. It computes the parameters which determine
the matrix B without ever forming B or B. This is done by decomposing
K and N into even simpler symplectic matrices, and by making use of the
observation that most of the transformations applied to B = K ~'N during the
implicit SR step commute with most of the simple factors of K and N.

Finally we will develop a second algorithm that works only on the pa-
rameters. We have seen that B can be factored into B = K !N as in
(3.2.15) or (3.2.7). The eigenvalue problem K ~!Na = Az is equivalent
to (A — N)x = 0and (I — AN )z = 0 because of the symmetry of the spec-
trum. In the latter equations the 4n — 1 parameters are given directly. The idea
here is that instead of considering the eigenproblem for B, we can just as well
consider the generalized eigenproblem (K — AN)x = 0. An SZ algorithm
will be developed to solve these generalized eigenproblems. The SZ algorithm
is the analogue of the SR algorithm for the generalized eigenproblem, just as
the OZ algorithm is the analogue of the QR algorithm for the generalized
eigenproblem, see Section 2.2.2.

The butterfly SR algorithm is discussed in Section 4.1. In particular, the use
of Laurent polynomials as shift polynomials, and the choice of the shifts will
be discussed. It will be shown that the convergence rate of the butterfly SR
algorithm is typically cubic. Section 4.2 deals with the parameterized butterfly
SR algorithm. The butterfly SZ algorithm is presented in Section 4.3. Nu-
merical experiments with the proposed algorithms are described in Section 4.4.
The experiments clearly show: The methods did always converge, cubic con-
vergence can be observed. The parameterized SR algorithm converges slightly
faster than the SR algorithm. The eigenvalues are computed to about the same
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accuracy. The SZ algorithm is considerably better than the SR algorithm in
computing the eigenvalues of a parameterized symplectic matrix/matrix pencil.
The number of (quadruple-shift) iterations needed for convergence for each
eigenvalue is about 2/3.

Finally, two interesting comments on the butterfly algorithm are given in
Section 4.5. The first comment is on a connection between the butterfly SR
algorithm and the HR algorithm. The second comment is on how one of the
problems that motivated us to study the symplectic SR algorithm, the problem
of solving a discrete-time algebraic Riccati equation, can be solved using the
results obtained.

Some of the results discussed in this chapter appeared in [19, 21, 49, 52].

4.1 THE BUTTERFLY SR ALGORITHM

In Section 2.2.1, the SR algorithm for general 2n x 2n real matrices was
reviewed. The SR algorithm is a symplectic QR-like method for solving
eigenvalue problems based on the SR decomposition. The QR decomposition
and the orthogonal similarity transformation to upper Hessenberg form in the
OR process are replaced by the SR decomposition and the symplectic simi-
larity reduction to J-Hessenberg form. Unfortunately, a symplectic matrix in
butterfly form is not a J-Hessenberg matrix so that we can not simply use the
results given in Section 2.2.1 for computing the eigenvalues of a symplectic
butterfly matrix. But, as we will see in this section, an SR step preserves
the butterfly form. If B is an unreduced symplectic butterfly matrix, p(B) a
polynomial such that p(B) € R**?" p(B) = SR,and R is invertible, then
S~1BS is a symplectic butterfly matrix again. This was already noted and
proved in [13], but no results for singular p(B) are given there. Here we will
show that, as to be expected, singular p(B) are desirable (that is at least one
shift is an eigenvalue of B), as they allow the problem to be deflated after one
step.

First, we need to introduce some notation. Letp (B ) be a polynomial such
that p(B) € R*™*2", Write p(B) in factored form

p(B) := (B = M I (B — M I*™2M) . (B — N\ TP, (4.1])

From p(B) € R?"2" it follows that if & € C,and u € {A,..., Ax}, then
€ {A1,..., A} p(B) is singular if and only if at least one of the shifts A,is
an eigenvalue of B. Such a shift will be called perfect shift. Let v denote the
number of shifts that are equal to eigenvalues of B. Here we count a repeated
shift according to its multiplicity as a zero of p, except that the number of times
we count it must not exceed its algebraic multiplicity as an eigenvalue of B.

LEMMA 4.1 Let B € R*™ ™ be an unreduced symplectic butterfly matrix.
The rank of p(B) in (4.1.1) is 2n — v with v as defined above.
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PROOF: Since B is an unreduced butterfly matrix, its eigenspaces are one-
dimensional by Lemma 3.10. Hence, we can use the same arguments as in the
proof of Lemma 4.4 in [141] in order to prove the statement of this lemma. /

In the following we will consider only the case that rank(p(B)) is even. In a
real implementation, one would choose a polynomial p such that each perfect
shift is accompanied by its reciprocal, since the eigenvalues of a symplectic
matrix always appear in reciprocal pairs. If ¢ € R is a perfect shift, then we
choose 4! as a shift as well. If y € € is a perfect shift, then we choose
pt, 1t 7 and g1 as shifts. Because of this, rank(p(B)) will always be even.

THEOREM 4.2 Let B € R**" be an unreduced symplectic butterfly matrix.
Let p(B) be a polynomial with p(B) € R?™ and rank(p(B)) = 2n — v =:
2k. Ifp(B) = SR exists, then B = S™1BS is a symplectic matrix of the form

[ N\ B, N Bis N Kk
\D\DW By By | tn—k
B = = | Bn _ | B _ Hk ’
\ \\\ By By | fn—k
I Tk Tk
where

[13” [3”] is a symplectic butterfly matrix and
B3 Bag

® the eigenvalues of[ g” g“] are just the v shifts that are eigenvalues of B.
42 44

In order to simplify the notation for the proof of this theorem and the
subsequent derivations, we use in the following permuted versions of B, R,

and S. Let
Bp =PBPT, Rp=PRPT, Sp=PSPT, Jp=PJPT,

with P as ir} (2.1.2).
From ST JS = J we obtain

Sg'][)SP:JP: -1 0 s
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while the permuted butterfly matrix Bp is given by
[ b1 by — al'l 0 bidy ]

ay ajc 0 aj d2
0 body
0 a;gdg (4 1 2)
0 bn—ldn
- 0 y1dy
0 bndn bn bncn - a’v;r
L 0 apdy | an GpCn

Recall the definition of a generalized Krylov matrix (Definition 2.3)
L(A,v,7) =[v,A"w, A %0, ... A"U" Ny Ay, A0, ..., Alv]
for A ¢ R2nX2n,U c R2n‘

PROOF of Theorem 4.2: Bp is an upper triangular matrix with two additional

subdiagonals, where the second additional subdiagonal has a nonzero entry

only in every other position (see (4.1.2)). Since R is a J-triangular matrix, Rp

is an upper triangular matrix. In the following, we denote by Z%™2* the first 2k

columns of a 2n x 2n matrix Z while Z"¢!denotes its last 2n — 2kcolumns,

Z252k denotes the leading 2k x 2k principal submatrix of a 2n x 2n matrix Z.
Now partition the permuted matrices Bp, Sp, Jp, and Rp as

BP — [Bi)n,Qk | B;;e“, SP — [512)n,2k, | S;)ESt],
2k,2k
21 ,Qk res 1?,)Y X
o= UL R = [T

where the matrix blocks are defined as before: X € R#*x2n—k) y ¢
RQ(nfk)x2(n—k)'

First we will show that the first 2k columns and rows of §p are in the
desired form. We will need the following observations. The first 2k columns
of p(Bp) are linear independent, since B is unreduced. To see this, consider
the following identity:
p(B)L(B,e1,n) =

= [p(B)er,p(B)B er,...,p(B)B™ " Vey,p(B)Bey, ..., p(B)B" ]
= [p(B)er, B p(B)ey...., B~ Ip(B)ey, Bp(B)ey, ..., B"p(B)e)]
= L(B,p(B)ey,n),

where we have used the property p(B)B" = B"p(B) for r = +1,...,%n.
From Theorem 3.7 b) we know that, since B is unreduced, L(B,e;,n) is a
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nonsingular upper Jtriangular matrix. Asrank (p(B)) = 2k, L{B,p(B)e;,n)
has rank 2k. If a matrix of the form

L(X,v,n) =[v, X t,... J XDy X , X"
has rank 2k, then the columns
U,X_lv,...,X_(k_l)v,Xv,... Xk
are linear independent. Further we obtain

p(B) = L(B,p(B)el,n)(L(B,el,n))_l = [plaPQ»---7p2n]'

Due to the special form of L(B,e;,n) (J-triangular!) and the fact that the
columns 1 to kand n + 1 to n + k of L{B, p(B)e;,n) are linear independent,
the columns

PLiP2s - s Py Pt s Put2, - -y Ptk
of p(B) are linear independent. Hence the first 2k columns of

p(Bp) = Pp(B)PT

are linear independent.
The columns of 52" 2k
follows that the matrix Ry

are linear independent, since Spis nonsingular. It

2k,2k .
is nonsingular, since

(BP)IQn 2k SZn ZkRQk 2k
Therefore, we have
Sy = p(Bp) P2 (RIH)~L, (4.1.3)

Moreover, since rank(p(B)) = 2k, we have that rank(Rp) = 2k. Since
rank(R?)k’zk) = 2k, we obtain rank (Y) = Oand therefore ¥ = 0. From this

W€ S€e 2k 2k
sz[RO i)(] (4.1.4)

Further we need the following identities

Bpp(Bp) = p(Bp)Bp, 4.1.5)
By'p(Bp) = p(Bp)Bp', (4.1.6)
Brist = Jp'BgY, (4.1.7)
B;! = Jz'BLJp, (4.1.8)
StIRt = Jpist, (4.1.9)
Spt = Jp'S%Jp, (4.1.10)
SpJat = ghuk pEk2k 4.1.11)
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Equations (4.1.7) — (4.1.11) follow from the fact that B and S are symplectic
while (4.1.5) — (4.1.6) result from the fact that Z and p(Z) commute for any
matrix Z and any polynomial p.

The first 2k columns of Bp are given by the expression

LN?,%"’Q"’ = Bpk
_ S}—)lBPSPIQn,%
— S;lBPS?)n’%
= S;'Bpp(Bp) I (RHH) by (4.1.3)
_ S}—jlp(BP)B?Jn,%(R?)k,?k)_l by

— RPBIZJH,Qk(Rfjk,Qk)—I.

Using (4.1.4), that (R?,’“’%)_1 isan 2k x 2k upper triangular matrix, and that
Bp is of the form given in (4.1.2), we obtain that

0 zlz «x

0 |z =

A
§2n,2k

P - r z

0 r |z =z

0 r |z =z

0 0

0 0

0 0

L O 0

Hence

[z z| 2z = r zlz =z z z ]
r x| =z z r z|lzxr r x
0 z| =z z T oz z T
0 z| =z T r T z I
r |z x z oz
Bp = z |z =z z z
0 z |z z|lz x r z
0 z |z x|z x r
0 0]z =« T
0 0|z =z T z
T r =z
| T T Lo r T |
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and thus,
NON ] 3+
N 0 D 0 D tn—k
B = . (4.1.12)
NON L] pe
Lo Olo O va-s
~ S e
E n—k k n-—k
The first 2k columns of (§ p)7 are given by the expression
([}P)'I'[‘Zn,'.?k — S;:B}:S;TIEIL'ZIC
= StBLJ, SpJp Itk by (4.1.10)
— S;I:B'gjglsp’]‘lz)n,'zk
= ShBLISLSHk g2k by (4.1.3)
- B 2k 2k 1 Cow
= SEBL IS p(Bp) [_(_%)_} e by (4.1.11)
. 2k,2ky —1 oo
= S35\ 85 p(Bp) [Lo)’] JEE by (4.17)
. 2k,2k\ —1 -
= $5.7,'p(Bp) Byt [_(ﬁob)f} Sk by (4.1.6)
= J5'S51p(Bp) B! RPN gk b g
— Jdp P P P) P O P y ( i )
_ [ (REHY U ook
= J,'RpB5! [(_PO—)_ JY

N (Rzk,zk),l ok .
( P Rp P )BP(JP —P—“—O Jp ) by (4-1' ).
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Therefore
[z z|xz =z T T |
r z{zx = r =z
0 0} x T
T x|z =
x X
n T 12n,2k __ .
(Bp) 1 = Ll oz
0 0 |z =z
T r |z =z
0 O
0 0
0 0
L 0 0

For the last equation we used (4.1.4), that (R?)k’%)’1 a 2k x 2k is an upper

triangular matrix, and that Bp is of the form (4.1.2). Hence, we can conclude
that

BT = , (4.1.13)

where the blocks have the same size as before. Comparing (4.1.12) and (4.1.13)

we obta _\0\0_

. o [Jlo []
N0 N 0
Lo Lo L)

This proves the first part of the theorem. The result about the eigenvalues now
follows with the arguments as in the proof of Theorem 4.5 in [141]. There, a
similar statement for a generic chasing algorithm is proved. N4

Assuming its existence, the SR decomposition and the SR step based on
unreduced symplectic butterfly matrices possess many of the desirable proper-
ties of the OR step. An SR algorithm can thus be formulated similarly to the
OR algorithm as already discuss in Section 2.2.1.

let Bo = B be a symplectic butterfly matrix
for k =1,2,...
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choose a shift polynomial ps such that p(Bjy_,) € R*" %2,
compute the SR decomposition px(Br—1) = Sk Ry
compute By = Sy ' Br—15k

An algorithm for computing S and R explicitly is presented in Section 2.2.1.
As with explicit OR steps, the expense of explicit SR steps comes from the
fact that p(B) has to be computed explicitly. A preferred alternative is the
implicit SR step, an analogue to the Francis QR step [54, 58, 79]. The first
implicit transformation Sy is selected so that the first columns of the implicit
and the explicit S are equivalent. That is, a symplectic matrix S; is determined
such that

Sflp(B)el = ey, a € R,

Applying this first transformation to the butterfly matrix yields a symplectic
matrix S| ' BS| with almost butterfly form having a small bulge. The remaining
implicit transformations perform a bulge-chasing sweep down the subdiagonals
to restore the butterfly form. That is, a symplectic matrix S, is determined such
that SEISFLBSPS'Q is of butterfly form again. As the implicit SR step is
analogous to the implicit QR step, this technique will not be discussed here
in great detail. The algorithm for reducing a symplectic matrix to butterfly
form as given in Section 3.2 can be used as a building block for the implicit
SR step. An efficient implementation of the SR step for symplectic butterfly
matrices involves (J(n) arithmetic operations. Hence a gain in efficiency is
obtained compared to the (non-parameterized) SR algorithm on symplectic J-
Hessenberg matrices proposed by Flaschka, Mehrmann and Zywietz in [53].
There each SR step involves O(n?) arithmetic operations.

4.1.1 LAURENT POLYNOMIALS AS SHIFT
POLYNOMIALS

Shift polynomials p for the SR step have to be chosen such that p(B) €
R?"*2" " For the standard Hessenberg QR step any polynomial of the form
p(\) = l_[le()\ — p;) can be chosen. Usually, single or double shift steps are
performed in a way to keep all iterates real, although the OR factorization of a
complex matrix does exist. For the SR step it is necessary to keep all iterates
real, as the set of matrices A € C?"*?" which have an SR decomposition
A = SR, where S#JS = J or SHJS = —J, is not dense in €2"*2". A
natural way to choose the spectral transformation function p, in the butterfly
SR algorithm is

m singleshift: p(B) = B — ul for 4 € R;

= double shift: p2(B) = (B — uI){(B — ul) for p € C, or
p2(B) = (B — pI)(B - ,51) for 1 € R;
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= quadruple shift: ps(B) = (B—~uI)(B~RI)(B~L1)(B-11),forp € C.

In particular the double shift for 4+ € R, or p € iR, and the quadruple shift
for 1 € C make use of the symmetries of the spectrum of symplectic matrices.
But, as explained in the following, a better choice is a Laurent polynomial

g2(A) = pa(A)A~! or qa(A) = pa(A)A2
Each of these is a function of A + A~!. For example,

@) = A+X) —(u+p Tt +E+pHA+ATH
+p+p HE+p) -2

At first it would appear not to matter whether p4 or g4 is used to drive the SR
step; the outcome should be essentially the same: An SR iteration driven by
p4 has the form N

B=S"!BS,

where S comes from an SR decomposition:
p4(B) = SR.
On the other hand,
01(B) = B™’pa(B) = (B*S)R,

which is an SR decomposition of ¢4(B). Thus an SR iteration driven by g4
gives R
(B~%28)"'B(B~%S) = S7'BS = B,

the same as for p4. This equation ignores the fact that the SR decomposition
is not uniquely defined. § is at best unique up to right multiplication by a
trivial matrix (3.3.17). Consequently Bis only unique up to a trivial similarity
transformation. The B that is obtained in practice will depend upon whether
P4 or qq is used to drive the step. In principle any undesirable discrepancy that
arises can be corrected by application of a similarity transformation by a trivial
matrix. Note, however, that a trivial matrix can be arbitrarily ill conditioned.
Thus one transformation could be much better conditioned than the other.

The convergence theory of GR algorithms [ 142] suggests that Laurent poly-
nomials will be more satisfactory than ordinary polynomials from this stand-
point. If symplectic structure is to be preserved throughout the computation,
eigenvalues must be deflated in pairs: when X is removed, A~! must also be
removed. Thus we wanteigenvalues A and A~} to converge at the same rate.
The convergence of GR algorithms is driven by convergence of iterations on
a nested sequence of subspaces of dimensions 1, 2, ..., 2n — 1, [115, 142].
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If iterations are driven by a function f, the rate of convergence of the sub-
spaces of dimension k& is determined by the ratio | f(Ag+1)|/] f(Ak)|, where
the eigenvalues of f{B) are numbered in the order

SO 2 [fA2)] 2 2 [ f(Aan) |- (4.1.14)

If f is a Laurent polynomial ¢ of the type we have proposed to use, then
q(A) = q(A™!) for every A, so each eigenvalue appears side-by-side with its
inverse in the ordering (4.1.14). The odd ratios | f(Xa;) (/| f(A2;-1)] are all
equal to one; only the even-dimensional subspaces converge. Reciprocal pairs
of eigenvalues converge at the same rate and are deflated at the same time.

In contrast, if f is a regular polynomial p(\) = A*g(\), then for any
eigenvalue X satisfying [A| > 1, we will have p(A) = A%6p(A~1), whence
|p(A)| > |p(A~")|. Thus the underlying subspace iterations will tend to force
Aand A\~! to converge at different rates. Suppose, for example, B has a
single real eigenvalue A; such that p(\;) dominates all the other eigenvalues.
Then the odd ratio |p(Ag)|/|p(A1)] is less than one, and the sequence of one-
dimensional subspaces will converge. This tends to force «,the first entry of
By, toward zero. If, after some iterations, a; becomes effectively zero, then
by, the first entry of B, will have converged to A,. As we already noted in
Remark 3.14, the symplectic structure then forces the (1,1) entry of Bapto
be A, and allows a deflation. According to the GR convergence theory, the
eigenvalue that should emerge in the (1,1) position of Bagis Ag,where p(Ap)is
the second largest eigenvalue of p(B). If, as may happen, Ag # /\fl,we have
a conflict between the symplectic structure and the convergence theory. This
apparent contradiction is resolved as follows. The convergence of the matrix
iterates depends not only on the underlying subspace iterations, but also on the
condition numbers of the transforming matrices 5 [142]. Convergence of the
subspace iterations may fail to result in convergence of the matrix iterations if
and only if the transforming matrices are ill conditioned. The tension between
the symplectic structure and the convergence of the subspace iterations is
inevitably resolved in favor of the symplectic structure through the production
of ill-conditioned transforming matrices. This is clearly something we wish to
avoid. Example 4.14 in Section 4.4 demonstrates that situations like this do
arise and can have undesirable consequences.

Apart from these considerations, the Laurent polynomial is superior because
it allows a more economical implementation than the standard polynomial does.
For symplectic butterfly matrices B,

4
p4(B)61 = Z(ﬂ]e] + ’Yjen+])
1=1
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has (generically) eight nonzero entries, whereas
qa(B)e; = ae) + ages + ases

has only three nonzero entries. N

For the implicit SR step driven byps orgs, a symplectic matrix.S (5) has
to be determined such that Sps(B)e; = ae; (Sqs(B)e; = aey). In order to
compute S we eliminate the entries n + 1 to n + 4 of p4(B)e; by symplectic
Givens transformations and the entries 2 to 4 by a symplectic Householder
transformation. Hence SBS~! is of the form

[ r + + + r r + + + ]
+ z + + r T z + +
+ + z + + * x  +
+ + + =2 + + z oz oz
+ + + + + + + z z =z
2 T T
r + + + r r + + +
+ z + + x ¢ T + +
+ 4+ T + + =z = r +
+ + + 2 + + z T x
+ + + + 2 + + + * T
£I T @€ a

where the undesired elements are denoted by +. In order to compute S
we eliminate the entries 3 and 2 of g4(B)e; by a symplectic Householder
transformation. Applying Sto B yields

r -

r + + T z + +
+ x + r x T +
+ + =z + x T =z
x + 4+ z =z =z
T T z 2
T r x
x + + z T + +
+ T + xr x T +
+ + + T T
T + + z T =z
T r T T
x T T
L J

If we use p4 instead of q4, the bulge is one column and at least one row
larger in each quadrant of the matrix. We prefer g4 over p4, because it is
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cheaper to chase the smaller bulge. Similarly, we use ¢2 instead of p2. To be
precise, each step of chasing the bulge one row and one block further down in
the matrix requires 8 symplectic Givens transformations, 1 symplectic Gauss
transformation, and 2 symplectic Householder transformations (each of the
Householder transformations are used to zero 3 matrix elements) when pq4is
used. Using g4, only 4 symplectic Givens transformations, 1 symplectic Gauss
transformation, and 2 symplectic Householder transformations are required.
One of the symplectic Householder transformations is used to zero 2 matrix
elements, the other one is used to eliminate only 1 matrix element. Moreover,
as the bulge created when using g4 is smaller than when using p4, applying the
transformations is cheaper when g4 is used to drive the SR step.

As mentioned before, the algorithm for reducing a symplectic matrix to
butterfly form as given in Table 3.2 can be used to chase the bulge. For the
quadruple shift case the algorithm can be simplified significantly. First the 4
undesired elements in the first column of the above given matrix are annihilated,
yielding

= + + oz o+ 4+ 1
0 =z + r T x +
0 + =z + z x =z
+ + =z + + = =z =z
z T oz x
p— FPE-Er— 4.1.15)
0 x + r x T ++
¢ 4+ = + T T =
+ + =z + + z z
T T T T
L i
Next we obtain
[z 0 o0 r x 0 0 W
r + + z T T + +
+ z + + T =z +
+ + + + T x =
x + + T =z T
x x x z
x 0 O zxr x 0 O
r + + r T + +
+  + + * T T +
+ + x + + T x x
T + + T z
xr x x x
L |

by eliminating the 4 undesired elements in the (n + 1)st row (or in the Ist
row, depending on the pivoting choice). Bringing the second column into the
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desired form results in

- -

xr x x
x + -+ r z x + +
0 = + 0 z zz =z +
0 + =z 0 + = z =
+ + =z + + z T =z
x xr x x
T T T
z + + r r T + +
0 = + 0 =z = z +
0 + =z 0 + = =z =
+ + =z + + z =z T
r X e x

Now we have the same situation as after the construction of (4.1.15), solely
in each block the undesired elements are found one row and column further
down. Therefore the bulge can be chased down the diagonal analogous to the
last 2 steps.

REMARK 4.3 A4 careful flop count shows that this implicit butterfly SR step
requires about 1012n — 1276 flops. Ifthe transformation matrix S is accumu-
lated, an additional 128n?* — 168n flops have to be added. This flop count is
based on the fact that 4n — 4 symplectic Givens transformations, n — 1 sym-
plectic Gauss transformation, n — 2 symplectic Householder transformations
with v € R3, and n — 1 symplectic Householder transformations with v € R?
are used. Moreover, the special structure of the problem is taken into account.

An implicit butterfly SR step as described above is therefore an order of
magnitude cheaper than a Francis OR step, which requires about 40n*flops,
see [58]. Ofcourse, the accumulation of the transformation matrix is in both
cases an O(n?) process.

4.1.2 CHOICE OF SHIFTS AND CONVERGENCE

If the chosen shift is a good approximate eigenvalue, we expect deflation at
the end of the SR step as indicated in Theorem 4.2. We propose a shift strategy
similar to that used in the standard QR algorithm. For example, for a double
shift, we choose the eigenvalues p, u=" € Ror p, 7z € C, |u| = 1 of the 2 x 2
symplectic submatrix

G = Bn,n Bn,2n _ by bpen — ar_;l
B2n‘n BEn,Qn an ApCn

(denoting the entries of B by B; ;). There is no need to actually compute the
eigenvalues of G. Simple algebraic manipulations show that

pa(B) =B?* - BB+ 1
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where 8 = p+ p~'ifu € Ror B = pu + fi otherwise. As the sum of the
eigenvalues of a matrix is equal to the trace of that matrix, we have

3 = trace(G) = Bn,n + B2n,2n = by + ancy.

Hence go(B) = po(B)B~! = (B + B~') — I and the first column of g3(B)
is given by

@(B)ey = (Bi1+ Basint1 — Bler + Buyiny2e2
= (by +aic1 — by — ancyer + ajdaes.

Similar, for a quadruple shift, we choose the eigenvalues of the 4 x 4 symplectic
submatrix

Bn—l,n~1 Bn—1,2n—1 Bn—l,Zn
G = Bn,n Bn,2n—1 Bn,Zn
Bopn1n—1 Bopn_12n-1 DBon—12n
L BQn,n B?n,Zn—l BEn,Qn
[ by bp_1cn-1 — a»;il bp_1dy
_ by, bpdn bucn —a; !
an-1 dp—1Cn—1 an-1dy
L an andn UnCp

Due to its symplecticity the matrix G has either eigenvalues
a) MAATLATTEC, A # Lor

b) A1, A1, A2, A2 € €, [ M| = |ho| =1, 0r

¢) ALA ECIM =1, 0,0 €R,or

d) AL A LA ER.

For ease of notation, we will denote the eigenvalues of G by g, 7z, u~ !, p=tin
the following discussion. In case b) this has to be interpreted as

p=AL T =AL T =g, p = Ay,
while in case ¢) we mean

L=, = AL E =N, pl = Ay
Similar, in case d), this stands for

1= Ap, /171 = /\1_la I = Az,
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As before, there is no need to compute the eigenvalues of G. Comparing

pa(B) = B'—(u+p+up"+p 1B+ B)
+Q+(u+p Y FE+Hp))B 4T

with the characteristic polynomial of G we obtain

p4(B) = B* - B(B® + B) + yB* + I, (4.1.16)
where
8 = trace(G)
= by 1 +by+an_1ch_1 + ancy,
v= (Bn—l,n—l + B2n—1,2’n—1)(Bn,n + B?n,Qn) +2 - B?.nfl,2nB2n,2n-l

= (bn—\ + an~lcn~l)(bn + ancn) +2 — anfland%-

Hence, q4(B) = p4(B)B 2 = (B+ B )2 - 3(B+ B~ ") + (y — 2)I and
the first column of g4(B) is given by

Q4(B)61 = [(bl + (L161)2 + (Ll(Lgdg — ,B(bl + (Ll(,fl) +v — 2]61
+ [(11(12(1)2 4+ anca + by +aje; — B)]62 4.1.17)
+ a1a2d2d363.

This is exactly the generalized Rayleigh-quotient strategy for choosing shifts
proposed by Watkins and Elsner in [142]. Hence, the convergence theorems
proven in [142] can be applied here (for a summary of the results, see Theorem
2.17 and 2.19 in Section 2.2.1). But, in order not to destroy the symplectic
structure of the problem, the positive integer k& used in these theorems has to
be an even number here. In particular, the butterfly SR algorithm is typically
cubically convergent. In order to see this, we make use of the fact that any
unreduced symplectic butterfly matrix is similar to an unreduced butterfly
matrix with b; = 1 and |a;| = 1 fori = 1,...,n and sign(a;) = sign(d;)
for i = 2,...,n (Remark 3.9). Clearly, we can modify the butterfly SR
algorithm such that each iterate satisfies these constraints. Consider for each
iterate B;

XXy

PP’ = 2
X)) x5

} : Xé';) c R2€><2€’

where 20 is the degree of the shift polynomial p;(A) = Afq;(\)(due to the
symmetry of the spectrum of a symplectic matrix, this is a reasonable choice).
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Asforj=n—-¢+1

0 0 byd; 0 0 0 0

0 0 a;d; : : : :
X =0 00, x3=lo o o0 - 0l

. 0 bj—ldj 0o - 0

0 - 0 0 0 aj_yd, 0 -~ 0

and bj_; = b; = 1,|a;| = 1, we have

X Nr = (/242 = |X$)]17.

Hence from Theorem 2.19 we obtain that the convergence rate of the butterfly
SR algorithm is typically cubic.

Furthermore, the hypothesis span{ey,...,ex} NU = {0} of Theorem 2.17
holds for unreduced symplectic butterfly matrices (note, as above, that & has to
be an even number here). Suppose y € span{ey,...,ex} is nonzero. Let its
last nonzero component be y,,r < k. If B has unreduced butterfly form, then
PBPT has the form

[ z10 =x W
x x|0 =z
0 z|z «x
0 z|z =z
T 0 =z
0 =z 0 =z
r z10 =z
z |0 x
0 z|lx «x
L 0 2|z x|
Consider vectors of the form PBPTy, j = ..., -2,—1,0,1,2.... Let us

first assume that r is odd. Then the last nonzero component (/nc) of these
vectors are

jlol 1 | -1 | 2 | -2 | 3 |..|-—2=r=tl| 2nordl
lnc|r|r+1|r+2|r+3]r+4|r+5|.,.[ 2n -1 I 2n ’

Hence the vectors

y,PBPTy, PB~'P"y, PB*PTy, PB2PTy, ..., PB™PTy
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are linearly independent where m = 2n — k + 1. Therefore the smallest
invariant subspace of PBPT that contains y has dimension at least 2n — k + 1.
Since ¢{ is invariant under PBPT and has dimension 2n — k, it follows that
y € Y. Thus span{ey,...,ex} NU = {0}.
A similar argument holds for even r. Then the last nonzero component of
the vectors PBY PTy are
F O el S O e N e O S sl M
Inc|r{r+1r+2[r+3|r+d|r+5| ... [2n—-1] 2n

Hence the vectors
y,PBPTy, PB~1PTy PB?PTy PB~2PTy ... PB™PTy

are linearly independent where m = 2n — k + 1. Therefore the smallest
invariant subspace of PBPT that contains y has dimension at least 2n — k + 1.
Since ¢/ is invariant under PBPT and has dimension 2n — k, it follows that
y € U. Thus span{e;, ..., e} NU = {0}.

41.3 THE OVERALL PROCESS

By applying a sequence of double or quadruple SR steps to a symplectic
butterfly matrix B, it is possible to reduce the tridiagonal blocks in B to quasi-
diagonal form with 1 x 1 and 2 x 2 blocks on the diagonal. The eigenproblem
decouples into a number of simple symplectic 2 x 2or 4 x 4eigenproblems. In
doing so, it is necessary to monitor the off-diagonal elements in the tridiagonal
blocks of B in order to bring about decoupling whenever possible. Decoupling
occurs if d; = 0 for some j as

[ Bi | Bia
B =
| Ba1 | B2
( b bicy — al_l bids T
. body .
bn—ldn
. bn bnd,  bpen — a;l
- ay ajcy a1d2
azdy
an-1dn
i (7% andy anCn J

Or, equivalently, if (B12);,j—1, (B12)j-1,, (B22)j,j—1, and (Bgg);-1,; are si-
multaneously zero.

When dealing with upper Hessenberg matrices, as in the QR setting, de-
coupling occurs whenever a subdiagonal element becomes zero. In practise,
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decoupling is said to occur whenever a subdiagonal element in the Hessenberg
matrix H is suitably small. For example, in LAPACK [10], basically, if

lhpt1pl < cullhppl + [hp1p11])

for some small constant ¢ and the unit roundoff w, then A, pis declared to
be zero (please note that the actual implementation is somewhat more refined).
This is justified since rounding errors of order u||H]| are already present
throughout the matrix.

Taking the same approach here, we could check whether

maz{|(Bi2),, -1, [(Bi2)v1l} < e(|(Br2)i-1,-1] + |(Bi2)ul) (4.1.18)
mazx{|(B2),,—1],|(Ba2)iws1l} < e(|(Baz)i—1i—1] + |(B22)il)

are simultaneously satisfied, in this case we will have deflation. Here e denotes
a properly chosen small constant ¢ times the unit roundoff u. But, of course, in
practice, the conditions d; = 0 and (Bi2),,-1 = (Bi2)j-1,; = (B22)jj-1 =
(By2)j-1,; = 0 are not equivalent. A more refined deflation criterion can
involve the explicit computation of the d;’s and a check which d; can be
declared to be zero. Making use of the equalities

(By2)y—1 = a;1dj, (B22);,-1 = a;dj,
(B12);-1,; = b,1d,, (B12);5-1 = bjd;
and
(Bn)y =b;,  (Bu)j; =ay,
we can compute d; as

(Bi2),,-1 (Bi2)j-1, (B22)j-1 (322)]'1])
d; = 2ol 2 4 T 2 /4
’ ((BII)J—I,]-I (B11),, (Ba1)j-1,-1 (Ba1)j; /

(assuming for simplicity that (By)gs # 0, (B21)kx # 0,k = j — 1, j)and test
for decoupling by either simply

d; < ce
for some small constant ¢ or, using the above approach

4 < min{(|(312)z—1,i-11+|(Bl2)ii|) ((Bi12)i~1,-1] + [(Bi2)al)

(BZI)]]’ 7 (BQI)JFI,_';?I ’
(1(Ba2)i—12-1] + [(Ba2)iil) ([(B22),—1,i-1] + |(322)ii|)}
(B11)j; 7 (B11)y—1,-1 '

Numerical examples have shown that (4.1.18) already yields satisfactorily re-
sults.
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We proceed with the process of applying double or quadruple SR steps to
a symplectic butterfly matrix B until the problem has completely split into
subproblems of dimension 2 or 4. The complete process is given in Table
4.1. In a final step we then have to solve these small subproblems in order to
compute a real Schur-like form from which eigenvalues and invariant subspaces
can be read off. That is, in the 2 X 2 and 4 x 4 subproblems we will zero the
(2,1) block (if possible) using a symplectic transformation. In case the 4 x 4
subproblem has real eigenvalues we will further reduce the (1,1) and (2,2)
blocks. Moreover, we can sort the eigenvalues such that the eigenvalues inside
the unit circle will appear in the (1,1) block. This can be done similar to the
approach taken in [38] in the Hamiltonian SR case.

Let us considerthe 2 x 2 case first. In case the (2,1) entry is zero, the problem
is already in the desired form; but we might have to reorder the eigenvalues
on the diagonal such the smaller one is in the (1,1) position. See below for
details. Otherwise, these subproblems are of the form

-1
b] bjC]‘ - a]- ] )

M= |
a; a;Cy

The eigenvalues are given by Ay = (a;c; + b;)/2 + /(aic; + b;)2/4 - 1.
If these eigenvalues are real, choose the one that is inside the unit circle and
denote it by A. The corresponding eigenvector is given by

[ A— a;Cj :l
Ay '
Then the orthogonal symplectic matrix
Q _ 1 [ A - a4Cj —a, :|
(A—ajep)?+az Ll @ AT

transforms M into upper triangular form
T _ A *

In case |A+| = 1, we leave M as it is. Embedding Q into a 2n x 2n symplectic
Givens transformation in the usual way, we can update the 2n x 2nproblem.
The above described process computes the real Schur form of M using a (sym-
plectic) Givens transformation. In our implementation we use the MATLAB
routine ’schur’ for this purpose instead of the above, explicit approach. In this
case we might have to order the eigenvalues on the diagonal as there is no
guarantee that ’schur’ puts the eigenvalue inside the unit circle into the (1,1)
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Algorithm: SR Algorithm for Butterfly Matrices

Given a symplectic butterfly matrix B, the following algorithm computes a symplectic
matrix S such that S™!'BS is a symplectic matrix in which the (1, 1), (1,2), (2, 1),
and (2, 2) blocks are each block-diagonal where all blocks are either 1 x 1 or 2 x 2.
Moreover, the block structure for all four blocks of B = S™'BS is the same. Thus the
eigenproblem for B decouples into 2 x 2 and 4 x 4 symplectic eigenproblems. B is
overwritten by ST BS.

choose € = cu suitably
repeat untilg = n
set all sub- and superdiagonal entries of the (1,2) and (2, 1) block of B to zero

that satisfy
'(312)1,1—1I S C(I(BIZ)i—l,l—ll + I(Bl2)n|)
[(B22)ip-1] < e(J(Ba2)i—1,:—1| +|(B22)u])
[(Bi2)i=1,.] < e(|(Biz)itta+1] + [(Bi2)u|)
[(B22):-1,.] £ e(|{Baz)itt,1| + [(B22)ul)

find the largest nonnegative ¢ and the smallest nonnegative p such that

X11 le
X2 Z22
X33 233
B= ,
Yn Vi
Y22 Vaa
Ya3 Vas

where

X, Y, 211, Vi € RPXP,
X22,Yaz, Zaz, Vaz € RETP-OX(nmp=a),
Xas, Yas, Z33, Vaz € RYY,

then X33, Yas, Zas, Vas are block diagonal with 1 x 1 and 2 x 2 blocks and
[ f,:; f,:; ] is an unreduced butterfly matrix.
ifg<n
perform a double or quadruple shift SR step using the algorithm given in
Table 3.2 on [ 22 722]
update B and S accordingly
end
end
solve the 2 x 2 and 4 x 4 subproblems as described in the text and accumulate the
transformations

Table 4.1. SR Algorithm for Butterfly Matrices
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position. Assume, using ’schur’, we have achieved
QT AMQ _ [0 t
K] § 0 a—l .

If|ae| > 1, the reordering can be done as described in [58, Section 7.6.2] using
a Givens rotation ) p such that the second component of

t
b, |
is zero. If Q = QsQ p.then
-1
T . [6% :l:t

where |a™!| < 1.

Inthe 4 x 4 case, the subproblem can be a general 4 x 4 symplectic matrix M
with no additional structure. One way to solve these problems is an approach
analogous to the one described in [38] forthe 4 x4 Hamiltonian case: Transform
M to butterfly form. Assume that M is an unreduced butterfly matrix and
choose two eigenvalues A and p of M such that M = (M - XYM —
nl) € R4 rank(M) < 2. Compute an orthogonal symplectic matrix Q that
transforms M into upper triangular form such that the (1,1) and (2,2) entries
are nonzero. Then, as rank(ﬁ ) <2

QTMQ =

oo o8
o8 8
S o8 8
OO R R

The last two rows of Q7 span the left invariant subspace of M corresponding
to the eigenvalues A and g, that is
A x
T —
Q MQ - l: 0 A—T :, H

where A € R?*2 g(A) = {X\~!,u~'}. If M is not unreduced, the problem
decouples as described in Remark 3.14. For a thorough discussion of this
approach, see [13]. The reduction to butterfly form involves two symplectic
Givens, one symplectic Householder and one symplectic Gauss transforma-
tions, while the computation of O involves three symplectic Givens and one
symplectic Householder transformations. The procedure described next solves
the 4 x 4 problem using less transformations. In particular, depending on the
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eigenvalue structure of M, we might be able to solve the problem without
employing a symplectic Gauss transformation.

We will work directly on M without first reducing it to any specific form.
Let A and y be eigenvalues of M such that M = (M = AI)(M —ul) € R4,
rank (M) < 2. If we eliminate the entries of Min positions (4,1), (3,1), (2,1),
and (4, 2) using orthogonal symplectic transformations as indicated in the
following scheme (where we use the same notation as before)

* * * ok
3, HYe * * %
2,Grre * x
1,GP™e 4,GP™¢ Oy Oy

then the entries (1,1) and (2,2) are nonzero and the additional zeros in the
last row follow as the resulting matrix is still of rank <2. In case the element
(3,2) is nonzero, we can eliminate the element (2, 2) using a symplectic Gauss
transformation yielding

(4.1.19)

o O O
S X O %
O+ O %
O ¥ O %

as the resulting matrix is still of rank < 2. In case the element (3, 2) is zero,
we have

* ok Kk *
0 * x *
000 0 (4.1.20)
0 0 0 O

as the matrix is of rank < 2. Accumula:[e all necessary transformations into
the symplectic matrix S such that S~'M is either of form (4.1.19) or of form
(4.1.20).

Let us consider the case (4.1.20) first. The last two rows of S~! span the
left invariant subspace of M corresponding to A~!, u~!. Therefore, we get

(4.1.21)

S”IMS:[A * }

0 AT

where A € R?*? has theeigenvalues A~! and p—!. If X and y are real, A can
be further reduced to upper triangular form.
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In the case (4.1.19), the second and fourth row of S~! span the left invariant
subspace of M corresponding to A~!, u~!. Therefore, we obtain

) 0 9 0
STIMS = fg %‘ 3?4 yO? (4.1.22)
0 y3| 0 w4

where [§3 §2] has the eigenvalues A and . The problem decouples into two
symplectic 2 x 2 problems which can be solved as described before. Moreover,
as each of the two subproblems is symplectic again, each 2 x 2 problem can
have either complex eigenvalues A, A with |[A\| = 1 or real eigenvalues A and
)\—1

Then structure of the eigenvalues of M determines which form we can
obtain:

= If M has 4 complex eigenvalues A, \, A~1, A= with |A| > 1, then we have
to choose ¢+ = A. We can not achieve the form (4.1.22) as that would imply
that |A| = 1,but |A\| > 1. Hence, by the above described process M will be
put into the form (4.1.21).

= If M has 4 complex eigenvalues X\, X and 8, Bwith |A| = |3] = 1, A # 5,
then we have to choose 1 = . We can not achieve the form (4.1.21) as that
would imply that A, A and A~!, A-1 are eigenvalues of M, but 3 # A~!
Hence, by the above described process M will be put into the form (4.1.22).

= If M has 4 complex eigenvalues A\, A and 3,8 with |A| = 3| = 1, A = 3,
then we have to choose 1 = X. This results in amatrix M of rank 0 or of
rank 2 depending on the Jordan structure of the matrix. In the first case,
nothing can be achieved. In the latter case, a reduction is possible.

= If M has 4 real eigenvalues \, \"! and 3, 5! with [A\| > 1, 8] > 1, A # 3,
then we choose g2 = . In this case we can not reach the form (4.1.22) as
this would imply 8 = A~!, but |3] > 1,|A] > 1,3 # A. Hence, by the
above described process M will be put into the form (4.1.21).

= [fM has 4 real eigenvalues A, A\~ and 3, 3~ with |A| > 1,|3| > LA =8
then we choose g+ = 3. In this case we can not reach the form (4.1.22) as
this would imply 8 = A1, but A = 3 and |A|] > 1. Hence, by the above
described process M will be put into the form (4.1.21).

= [f M has 4 real eigenvalues of absolute value 1, we can reduce M to desired
form. E.g., if all eigenvalues are equal to one, then we have to choose
A = p = 1. Depending on the Jordan structure of the matrix M, either
M = M — M or M will be of rank 2. Tf M is of rank 2, we will work with
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M , otherwise with M. In any case, the above process will put M either
into the form (4.1.22) or (4.1.21). In case, we reach the form (4.1.22), each
symplectic 2 x 2 subproblem can be put into real Schur form. On the other
hand, if we reach the form (4.1.21), each 2 x 2 diagonal block can be put
into triangular form.

* If M has 2 real eigenvalues X\, A~} and two complex eigenvalues 3, 8 with
|A| > 1,|B] = 1, then we have to choose £+ = A~}. We can not achieve the
form (4.1.21) as that would imply that \, A~!, X and A-Tare eigenvalues of
M, but 8 # X. Hence, by the above described process M will be put into
the form (4.1.22).

REMARK 4.4 The SR algorithm for butterfly matrices as given in Table 4.1
requires about 675712ﬂ0ps. If the transformation matrix S is accumulated,
an additional 8513 flops have to be added. This estimate is based on the
observation that % SR iterations per eigenvalue are necessary. Hence, the SR
algorithm for a 2n x 2n symplectic matrix requires about 25n° + 675n? flops
for the reduction to butterfly form and the SR iteration, plus 113n3 flops for
the accumulation of the transformation matrix.

This a considerably cheaper than applying the QR algorithm to a 2n x 2n
matrix. That would require about 8013 flops for the reduction to Hessenberg
form and the OR iteration, plus120n3 flops for the accumulation of the trans-
formation matrix. Recall, that an iteration step of the implicit butterfly SR
algorithm is an O(n) process, while the Francis OR step is an O(n?) process.

This almost completes the discussion of the butterfly SR algorithm. It
remains to consider the potential loss of J~orthogonality due to round-off
errors. This was an important issue for the structure-preserving method for the
symplectic eigenproblem presented by Flaschka, Mehrmann, and Zywietz in
[53] (see Section 3.1). That method first reduces the symplectic matrix M to
symplectic J-Hessenberg form, that is to a matrix of the form

NN
NN

where the (1,1), (2,1) and (2,2) blocks are upper triangular and the (1,2)
block is upper Hessenberg. The SR iteration preserves this form at each step
and is supposed to converge to a form from which the eigenvalues can be read
off. The authors report the loss of the symplectic structure due to roundoff
errors after only a few SR steps. As a symplectic J-Hessenberg matrix looks
like a general J-Hessenberg matrix, it is not easy to check and to guarantee
that the structure is kept invariant in the presence of roundoff errors. In [53],
two examples are given demonstrating the loss of the symplectic structure.
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The symplectic butterfly SR algorithm discussed here also destroys the
symplectic structure of the butterfly matrix due to roundoff errors. However,
the very compact butterfly form allows one to restore the symplectic structure
of the iterates easily and cheaply whenever necessary. This can be done
using either one of the two decompositions (3.2.15), (3.2.7) of a symplectic
butterfly matrix discussed in Section 3.2. Whichever decomposition is used,
one assumes that the two diagonal blocks of the butterfly matrix are exact. That
is, one assumes that the parameters ay,...,an, by, ..., by, which can be read
off of the butterfly matrix directly, are correct. Then one uses them to compute
the other 2n — 1 parameters. Using, e.g., the decomposition (3.2.7) one obtains
different formulae for the other parameters:

By ynkin/ak

= (Brgn+a;")/by,
di = Brrin-1/bx

= Br_1k4n/br—1

= Bkinkt+n—1/0k

= Biyn—lk+n/Ak-1.

Ck

Adding the terms on the right hand sides and averaging, corrected values for
the parameters ¢, and dy, are obtained (in actual computations one should use
only those terms for which the numerical computations are save, e.g. in case by
is zero or very small, the equations with this term are not used). Using the so
obtained parameters, one computes new entries for the (1,2) and (2,2) block
of the butterfly matrix. Using this procedure to force the symplectic structure
whenever necessary, the SR algorithm based on the butterfly form has no
problems in solving the two abovementioned examples given by Flaschka,
Mehrmann, and Zywietz in [53], even cubic convergence can be observed; see
Section 4.4.

4.2 THE PARAMETERIZED SR ALGORITHM FOR
SYMPLECTIC BUTTERFLY MATRICES

The introduction of the symplectic butterfly form in Section 3 was motivated
by the Schur parameterization of unitary Hessenberg matrices. Using such
a Schur parameterization, one step of the shifted QR algorithm for unitary
Hessenberg matrices (UHQOR algorithm) can be carried out in O(n) arithmetic
operations. Coupled with the shift strategy of Eberlein and Huang [46], this
will permit computation of the spectrum of a unitary Hessenberg matrix, to
machine precision, in (O(n?) operations. The key observation that lead to the
development of the UHQR algorithm is the following [61]: One step of the OR
algorithm with shift 7 € €, applied to a matrix H € C"*"may be described as
follows. Factor H — 71 = @R with Q unitary and R upper triangular. Then
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put H=Q"HQ. IfHis a unitary Hessenberg matrix, then so are Q and H.
Any unitary Hessenberg matrix has a unique Schur factorization of the form
Gi(m)G2(y2) - - Gnlwn), where

Gy = diag(I*=14-1 [—wc ak} Jrk-2m-k-2)

Ok Tk
fork=1,...,n—1(|w|*+ 0l =1,04 € R)and
Gp = diag(I" V"1 =), [y] = 1.
Hence H, H and (2 may be represented by their Schur factorizations

I;I = Ij(’ylw--v'}’n):GI(A/I)GQ('YZ)"'Gn(’Yn),
H H(ih B v%l) = Gl(%l)GQ(ﬁﬂ T Gn(;;n)v

Q = Qay,...,0op) =Gi(a1)Gy() - Gulay).

Taking a close look at the implicit implementation of the QR step, it turns out
that Gy (a) is uniquely determined by H and the shift 7. In the first step, H
is transformed by a similarity transformation with G1(a ), introducing a small
bulge in the upper Hessenberg form. The remaining factors of Q are then used
to chase this bulge down the subdiagonal. Taking a closer look at what happens,
one sees that the sequence of transformations can be interpreted in a very nice
way. Let us start with Hy = G (a;)H, This matrix is an upper Hessenberg
matrix just like H. Next we have to complete the similarity transformation with
G, this will introduce a small bulge: H{G () is upper Hessenberg, apart
from a positive element in position (3,1). Premultiplication of HyG;{ay)
by Ga(ag) to form Hs must create a zero in position (3,1) (otherwise, the
later (unitary) transformations of Hy would lead to a matrix H with a nonnull
vector below position (2,1)). Hence, Ga{az) HiG {a1) = H,is an upper
Hessenberg matrix. Now define

Hy = Giaw)" Hi \Gr—i(og 1), Ho=H, Golag) =1.
The matrix Hj _, is a unitary upper Hessenberg matrix. Then
Hy = Hy 1Gii(on-1)

completes the similarity transformation with Gy (ak—1). Moreover, Hyis
upper Hessenberg, apart from a positive element in position (k + 1,k — 1).
Premultiplicationof Hy Gy j(ax_1) by Gi(ey) to form Hy must create a
zero in position (k + 1, k — 1) (otherwise, the later (unitary) transformations of
H; would lead to a matrix H with a nonnull vector below position (k, & — 1)).
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Continuing with this argument all matrices Hjare unitary upper Hessenberg.
In particular, each Hy, can be written as

ch = H(ﬁlv" . aﬁk—lv _waka_w7k+1v-- <y —W’Yn) : D1

where
D= diag(I’C_l»k‘l,w, In~k,n—k)’

|a|? + E,% = 1 and w = sign(7). Hence,
Hn = H(Wl: s 7:}7n*11 _ak/)/ﬂ)'

Since |ap| = 1,

H=Q"HQ=H,G.(on) =HG, ..., % 1,7m)-

That is, after & steps in the implicit bulge chasing process, the first & — 1 Schur
parameters of the resulting matrix H can already be read off of the intermediate
matrix Hy. In each step, one new Schur parameter is determined. At any point
in the implicit QR step onlya certain, limited number of rows and columns
is involved in the current computation; the leading and the trailing rows and
columns are not affected. A careful implementation of the algorithm works
only with the Schur parameters, computing one new Schur parameter at a time.

In this section we will develop a parameterized SR algorithm for computing
the eigeninformation of a parameterized symplectic butterfly matrix. The algo-
rithm will work only on the parameters similar to the approach described above
for the development of the UHQR algorithm. One step of the SR algorithm
with shift polynomial qapplied to a matrix B € R**?"may be described as
follows Factor ¢(B) = SR with S symplectic and R J-triangular. Then put
B =S !BS. If B is an unreduced symplectic butterfly matrix, then so is B.
Hence, B and B can be given in parameterized form as in (3.2.15) or (3.2.7).
Unfortunately, unlike in the single shift unitary QR case discussed above, the
transformation matrix S in the symplectic butterfly SR algorithm does not have
the same structure as the matrix being transformed. S is symplectic, but not of
butterfly form. Therefore, S can not be given in parameterized form, making
the following derivations slightly more complicated than in the unitary QR
case.

4.2.1 THE BASIC IDEA

The key to the development of such an algorithm working only on the
parameters is the observation that at any point in the implicit SR step only a
certain, limited number of rows and columns of the symplectic butterfly matrix
is worked on. In the leading part of the intermediate matrices the butterfly
form is already retained and is not changed any longer, while the trailing part
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has not been changed yet. Hence, from the leading part the first parameters of
the resulting butterfly matrix can be read off, while from the trailing part the
last parameters of the original butterfly matrix can still be read off. Recall the
implicit SR step as described in Section 4.1. The first implicit transformation
S is selected in order to introduce a bulge into the symplectic butterfly matrix
B. That is, a symplectic matrix S} is determined such that

Sflq(B)el = «eq, a €R,

where ¢(B) is an appropriately chosen Laurent polynomial. Applying this first
transformation to the butterfly matrix yields a symplectic matrix Sy 1B S with
almost butterfly form having a small bulge. The remaining implicit transfor-
mations perform a bulge-chasing sweep down the subdiagonals to restore the
butterfly form. That is, a symplectic matrix S is determined such that

B=5;'S'BS.S,

is of butterfly form again. If B is an unreduced butterfly matrix and q(B)is
of full rank, that is rank (¢(B)) = 2n,then Bis also an unreduced butterfly
matrix. Hence, there will be parameters A1,...,0n, by, ..., by, €1, o, Cn,

dy, ..., d, which determine B. During the bulge-chasing sweep the bulge
is successively moved down the subdiagonals, one row and one column at a
time. Consider for simplicity a double shift implicit SR step. The bulge is

introduced by a transformation of the form

[ a B
__B a
In~2,n—2
(4.2.23)

Sy

I

a f
-8 o

]n-2.nf‘2

In a slight abuse of notation, we will call matrices of the form (4.2.23) sym-
plectic Householder transformations in the following, although they are the
direct sum of two Givens transformations. Whenever a transformation of the
form (4.2.23) is used in the following, one can just as well use a symplectic
Householder transformation as defined in Section 2.1.2.
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Applying a transformation of the form (4.2.23) to B to introduce a bulge,
results in a matrix of the form

[z + z T +
+ =z r T x
T + zz T T
T r =z
S7'BS, =
1 x + r T +
+ =z T T
x + x T =z

Now a symplectic Givens transformation to eliminate the (n+2, 1) element and
a symplectic Gauss transformation to eliminate the (2,1) element are applied,
resulting in

Mz + x z + T

r r T

+ T + T =z =z

T T
T + r T +
xr r T

+ =z + z T =

z r z

This bulge is chased down the subdiagonals one row and one column at a
time. The (1,1) and the (n + 1,1) element are not altered in any subsequent
transformation. Hence, at this point we can already read off a; and by. The
bulge-chase is done using the algorithm for reducing a symplectic matrix to
butterfly form as given in Table 3.2 (without pivoting). In a first step, a
sequence of symplectic Givens, Householder, and Gauss transformations is
applied resulting in

Next the same sequence of symplectic Givens, Householder, and Gauss trans-
formations (of course, operating in different rows and columns as before) is

[z T
r + r T 2 +
T r T
+ =z + =z

T T
r + r T T +
z r T =z
+ =z + z =z
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applied in order to achieve

€ r x
T r r I
r + r x xr +
Ry r T
+ =z +  x
z T
x r x
r + r x +
+ =z + T x
L J

During this step, rows 2 and n + 1 and columns 1 and n + 1 are not changed
anymore. The parameters 7z, ba, ¢1,and dj ofthe resulting matrix Bcan be read
off. In general, once the bulge is chased down j rows and columns, the leading
J rows and columns of each block are not changed anymore. The parameters
Gi,... ay;,by, .. by, €L G, da, ..., dy of the resulting matrix B can be
read off.

In the following we will derive an algorithm that computes the parameters

(Ll,...,(ln,bl,...,bn,Cl,...,Cn,dg,...,dn

of B one set (that is, a;j41,b;41,¢5,d,41) at a time given the parameters
al,...,(Ln,bl,...,bn,cl,...,Cn,dg,...,dn

of B. The matrices B and I3 are never formed explicitly. In order to derive such
a method, we will work with the factorization B = K~'N (3.2.15) or (3.2.7),
as the parameters of B can be read off of K and N directly. Fortunately, K
and N can be expressed as products of even simpler matrices.

Let us start with the factorization B = B,, = K, ! N,as in (3.2.7),

- _1 .

—1
a) b1

da

Qan
d11

1 dn Cn

K ! can be decomposed into a product of even simpler symplectic matrices

X1 Xo - Xy =K}
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where
FIk:—l,k—l h
~1
a by,
k In—k,n—k
Xy = TF—TE=T
ay
L Jn—kn-k
Similarly, NV, can be decomposed
YoYoo1---ViJT =N,
where
r Ia T
1
1
I
Yy 1, s
—cx  —dr4t 1
—dgy1 1
L Iy |
r In~1,n—1
1
Yn In—l,n—l
L —Cn, 1

Here, we use the notation I, = I¥~Lk—1and [, = [r—k-Ln-k=1

Because of their special structure, most ofthe X, Y}, the symplectic Givens
transformations G, the symplectic Householder transformations Hj, and the
symplectic Gauss transformations L; as defined in Section 2.1.2 commute:

X; Xy

Y;Yy,
X;Yy
Gij
H; Xy,
L]‘Xk
G, Y
H,Y,
LiY;

il

!

Il

Il

It

Xka
Y1Y;
Yka
XxG;
X H,
XiL;
YiG;
Yy H,
YiL;

for all 7, k,

for all j, k,

forjg £k, j#k—1,
for j # k,

forj £k, j#£k+1,

forj #k,j #k -1,

forj #k,j#k-1,
forj#k,j#k—-1,j#k+1,
forj £k, j#k-1,7#k+1
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Here we assume that
Hk — diag(]k——l’kgl,P, ]n—k—l‘n—k~l’1k—1,k—1’P’ In—k—-l,n~k—1)

where P € R?*? is a Givens transformation, as all Hj considered in this
section are of this special form. Hence, we can write

By = X, VuXn Yoo XoYo X V1 J7T. (4.2.24)
The factorization B = By = K !N as in (3.2.15) is given by
r1 uy U2 'l
b;l . vy

b;l 1 Un  Un
al by 1

Qan bn

Recall that the tridiagonal blocks in N; and N, are related by
Uy Uy cp — (1,1‘11)1_1 ds
S d .
Up d

n
Up Uy A e a;leL

in caseall a; and b, are nonzero (see Remark 3.14).
Similar to K, and N,, K and N, can be decomposed into products of
simpler symplectic matrices:

s Un = K,

where

L/[\ ]n—lc,n—k

v [k—l,k—l ’

ak by,

and
VnVn—l e Vl = Ns,



where

Vi

Va
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- Ia .
1 ug Uk

1 Vi
Iy
1, :
1
1
- Ib -
M In~1,n—1
1 Uy
In—l,n~1
| 1

Here, we use the notation I, = I¥~1%=land [, = [n—k-ln—k-1,

As before, because of their special structure most of the U, Vj,the sym-
plectic Givenstransformations G5, the symplectic Householder transformations
Hj, and the symplectic Gauss transformations L; as defined in Section 2.1.2

commute:

U; Uy
ViVk
U; Vi,
G;Uy
H;Uy
L;Uy
G, Vi
H;Vy
L;Vy

Il

il

It

UpU;
ViV;

ViU;
UG
UH,
UiL,
ViG;
ViH;
Vil

Hence, we can write

for all 7, k,

forall 7, k,

forj #k,7# k-1,
for j # k,
forj#k,j#k+1,

forj £k, j#k-1,

forj #£k,j#k-1,
forj#k,j#k-1,7#k+1,
forj#k,j#k-1j#k+1.

By = UnVnUnfan—l s U2V2U1V1'

119

(4.2.25)

Now let us take a closer look at a double shift bulge chase. We will start with
an unreduced symplectic butterfly matrix B either decomposed as in (4.2.24)
or as in (4.2.25). The resulting matrix B will have a decomposition of the same

form as B,

XYy
ij’ﬂ ‘711

Xp 1Y 1 XoYVo X V1 JT
Up 1V 1 U VoUW
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As noted before, the bulge is introduced by the transformation S, 1BS, with
a matrix S, of the form (4.2.23). This leads to a matrix of the form

r o o0 @ ® @ 7

® O @ ® ®

x & ©® O z

—1

Sy BS = o @ Q@ ® @
e O Q ® ®

T & ® =z

X T

where x denotes desired entries in the butterfly form, + undesired entries,
and @ and ¢ desired and undesired elements that are changed by the current
transformation. As S is a symplectic Householder transformation, S;and
most of the factors of B, and Bscommute:

57'BuST = XuYa Xa¥3ST ' XoYaX Y1J7 S,
S 'BsS1 = UV UsVaST U VaU VA Sy

Since S is unitary and symplectic, we have S;' = ST and JTS; = S JT.
Hence,

STB.ST = X.Y, - X3V3ST X0V X, Y15,J7,
sTB, S, UnVi - UsV3 ST UL VLU VA S

i

Next a symplectic Givens transformation Gy is applied to zero the (n + 2,1)
element:

x D r ® +
O & ® & ®

b x + & T z

T T T
G281 BS\G; = z @ T ® +
0 ® ® B &

b x + & x =z

x r x

L .
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As G and most of the factors of B, and B commute and as G’ is unitary and
symplectic (hence, J7 G} = GT J*)we obtain
G2STB.S\GY = X,V X3V3GoST XoVo X 1 V185,GEJT,
GoSTBS\GY = U,V - UsVaGoSTUVaU V1S G

Now a symplectic Gauss transformation Lo is chosen to eliminate the (2,1)
element such that

BY = L,6,8TBS\GIL!
[ ® 0 ® ® ® 7

0 © O ©® O
D O & x =z

T e e ® © @

® ® ® @
e 4 b © T X
X X I

At this point the actual bulge, which is chased down the subdiagonal, is formed.
That is, now a sequence of symplectic Givens, Householder and Gauss trans-
formations is applied to successively chase the bulge of the above form down
the subdiagonal.

Ly is symplectic, but not unitary. Hence, JTL;' = LTJT. Moreover, as
L, and most of the factors of B, and B, commute, we have

BY = L,G28TB,SiGYL;!
= XpY, - X3Y3LoGoST XoYo X Vi SGELIJT,
BY = L[,G,87B.SGIL;!

= UpVn- UsVaLaGaST U VoUWV S G LS

Recall that for symplectic matrices S the inverse S~!is given by S~! =
—JS™J such that in the above formula for BS" we do not have to invert L;"
explicitly.

The (1,1) and the (n + 1, 1) elements of B(!) are not altered by any subse-
quent transformation. Therefore, at this point we can read off a; and 51 of the
final B. In other words, we can rewrite

LoGa ST Xo Vo X\ 15, GE LT JT
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in terms of X times an appropriate symplectic matrix Zi times J7, and
LyGoSTU VU VLS, G L
in terms of U/ | times an appropriate symplectic matrix W;. That is,

LoGoST X Yo X M SGE LY T = X207, (4.2.26)
LyGySTUVUIISIGI Ly = ThWy,

where Z; and W, are symplectic. Moreover, as .X;commutes with
X, .., X3, Y,...,Y;

and (71 commutes with
Uy, ..., U3, Vo, ..., Vs

we obtain

BY = XX,V X3¥32,7,
Bgl) = E]1U77,‘/71"'U3V3W1'

Now the bulge is chased down the subdiagonals one row and one column at
a time. This is done using the algorithm for reducing a symplectic matrix to
butterfly form as given in Table 3.2. First a symplectic Givens transformation
is applied to eliminate the (n + 1,2) element. This yields

re 0 r ® +
) ® & ®
b =z + ® x
X X x
1 )¢, —
CzB 02 r 0 T ® + 3
O @ @ ©
h x + ® x a
X T X
or in terms of B,,(,l) and Bgl)
GYBWG, = X\ XY, XaV3GLZ,GoJ7,

GYBIG, = ULV, UsVaGE Wi Ga.
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Then a symplectic Householder transformation Hj is used to zero the (n +
1, n + 3) element:

Tz z & 0 1
® @ ® & & &
b ® D Q& & ®
x b ® =
HI'cIBMaG,H, = - TE0
& D ® ® & D
d ® D ¥ & &
T D & =z
L B

Using again the commuting properties and the fact that Ho is unitary and
symplectic, we obtain
HIGIBMGHy, = XXV, X4YiHT X3Y3GE Z,GoHoJ7,
HIGYBYGH, = DUV, - UViHI U VsGIT W, Gy H,.

A symplectic Givenstransformation (i3 annihilates the (n+3, 2) element. This
yields

[ Tz ]
xr D T r & +
SE) DO O e
b x + & =
GsHI GY B G, H,GF = : 1,
x o
r &b xr r & +
0 ® 0 © @ @
DO x + @ =z
and

G3HYIGY BV Gy H,GY

= X\ XY, Xy ViGsHI X3Y3GL 2,Go HoGT I
G3HI GYBMGyHyGF

= U UpVy - UsVaGs HE UsVsGE W Gy HoGY .
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Finally, a symplectic Gauss transformation L3 to eliminate the (3,2) element
completes the bulge chase:

B = L3G3HIGYBYWG,H,GT L
[z r & 1
® @ ® ® ® @
0 ® 0 ® ® ®
b x & @ =z
- T r ®
® @ @ ® @ &
® ® @ ®
® x b ®© =z

The bulge has been chased exactly one row and one column down the subdiag-
onal in each block. The form of B is the same as the form of B(!), just the
bulge can be found one row and one column further down in each block. The
same sequence of symplectic Givens, Householder and Gauss transformation
as in the last four steps can be used to chase the bulge one more row and column
down in each block.

Furthermore, due to the commuting properties and the symplecticity of L3
we have

B = L3G3H; Gy BNGyHaGy Ly
— X\ XYoo XyVaLoGoHY XoYoGE 20Go oG LTI,
B® 1= LyGyH]G]BYG G L'

= DUy UsVaL3Ga HI UsVaGEW Gy Ho G L3 .

In subsequent transformations the elements of B() in the positions (2,2),
(n+2,2),(1,n+1),(L,n+2),(2,n+1),(n+1,n+1),(n+1,n+2) and
{n+ 2,n + 1) are not altered. Hence, at this point we can read off ds, b, C1,
and Jz of the final B. Note that ):’2 and fﬁ,resp. 172 and V;,do not commute.
In other words, we can rewrite

LsGsHY X3Y3GY 2,Go HoGY LT JT
in terms of X,Y) times an appropriate symplectic matrix Zytimes J7,and

LsG3H] UsVaGE WGy HyGY LT



4.2. THE PARAMETERIZED SR ALGORITHM 125

in terms of (72171 times an appropriate symplectic matrix Ws. That is,

L3G3HY X3Y3GL Z1GoHoGE LY JT = XoY1 2907,
LiGsHY UsVaGEW GoHoGT LY = UMW,

As X 5 and 171 commute with most of the factors of Bﬁz) we obtain
BE = X)XV XYy - XaYaZoJ T,
and analogously,
B = U,Uy VU Vi - - UgVa W
Continuing in this fashion, we obtain for j = 2,...,n -1
BY):= L; G, H] GT BU=VG,H,GT, L7},
and
BY) = J+1GJ+1H7 GIBY~VG,H;G], L}
= XX, Y, 2 Xpn Yo Xj4aYjio
' j+1Gj+1Hj XJ'+1YJHG]TZJ'~1GJHJGfﬂLJTHJT
= X, XX VYV, 0 XY X oY 02,07,
BY) .= ]HG]HHTGTB( G;H, G]HLJH

= Uy UJ i VJ 2UnVi - UjpaVigo
LGy H] Uya Vi GI Wi G H,GT L L

= U "'Uj~1UjV1"‘V]—2 jflUnVn"'Uj+2V3+2Wj1
where Xp41 = Yor1 =Upyy = Vg = 1. Thus,
B Y .= L,G,HI | GT_ B" VG, H, GIL,
and

B Y = XXy YaoZy 1 JT,

u

Bgn—l) — (71...[771_1‘71-"‘7”721/{/71—1'

One last symplectic Givens transformation has to be applied to B=1) o obtain
the new butterfly matrix B

GTB-Yq, = B.
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Hence,

and

4.2.2 THE DETAILS

How can the above observations be used to derive an algorithm which works
solely on the parameters that determine B without forming B, B or any of the
intermediate matrices? We will consider this question here, concentrating on
the decomposition B,, = K, ' N, of B. The same derivations can be done for

the decomposition B, = K ;! N;. Let us start with (4.2.26),

LoGoST XY, X, 181G LT = X, 2.

X1, X3,Y1, and Y, areknown. S is determined by the choice of the Laurent
polynomial which drives the current SR step. As discussed in Section 4.1.2 for
a double shift the shift polynomial g2(B) = (B + B~') — 41 should be chosen
where 8 = p+p~tifp € Ror 8 = p+ g forp € C, |u| = 1. Here the shift
1 is chosen corresponding to the generalized Rayleigh-quotient strategy. This

implies
(D(B)Cl = (b[ +aje; — by, — ancn)el + ajdaes.

Hence, for S as in (4.2.23), o and § have to be determined such that

a -8 by +ajc1 — b, — ancy b x
8 « aids 10

Next a symplectic Givens transformation G has to be determined such that

(G2ST X2Y2 X1 V151G ) (ni2ms1) = 0.
This implies that G2 = G(2, g, B2) has to be chosen such that

[ az ] [ (5T XoY2X1Y151) 2,041 _ [ *
—B2 oy (STX2Y2 X1Y1S1)n42,n41 0

where

(STX2YaX1Y1S1)ons1 = Bedby — ba),
(S{ XoYaX1Y1S1)nt2ns1 = Bala) —ag).
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Now a symplectic Gauss transformation Lo = Lo(7, 1) 1s used such that
(LoGaST XY, X1 Y1 816G LY )9 iy = 0.

Hence, we have to compute 7; and ¥, such that

71 (4 (G2ST X2 Yo X1 V151G )1 v *
T | Y1 (G2ST X2 Yo X1Y151GY )9 i1 _10
e (G2ST XoYo X1Y151G ) gt x|
‘rl_1 0 0
where

(G2ST XoYo X1 V151G )1 i1 = oPby + Bhy,
(G2ST Xo Yo X1Y151G3 Jani1 = aoBal(by — b) + B2Balar — az),
(G281 XoYVa X1Y151G ) niin1 = Par + fas.

Now we can read off @; and 51

a = (a’ar + Blap) /i,

by = by + 5%b,.

Moreover, LoGo ST XpY2X1Y1.51GS LT is a matrix of the form

[z = x r x 1
r r T T
x
I T T xr T
I T x x
r r T
Now we form
art b
- In~1 n—1
X1 = ~ ’
a

Infl,n—l
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and build Z, = X' LoGoST X, Yo XY, $,GT LY. This is a matrix of the
form

_— .
do1 dan Oy €22
1
H1L 12 fa3 1 (2 ’
fo1 M2y fi23 G2
T ) Caz 1
L . d

where the entries that will be used in the subsequent transformations are given
by

by = Ti(ahy + Baha) + 119 hs,
d3 = —Tiaaabeds — 1iB20ad3as,
g2 = —fohy + aghy + Yrhe /Ty,
pu = (g +¢imihe)/(ePay + 3%by),
pie = U+ Tihs/(oay + B2by),
(s = —npdsaz/(ea; + 5%b)),
p22 = aghs + Bohy,

p23 = (Parabads — anadzaz)/m,
p32 = —Tiapads,

(2 = he/(a®ar + Bby),

(o2 = (=fohs+ asha)/1},

G2 = foads/,

where
hy = axgs + Pags,
hy = ao(Bb +a?by) + Ba(BPar + ofay),
hy = aags — Baga,
he = a(BPay + olaz) — Ba(BPby + a’by),
hs = aggs + BoaBlar — az),

he = aapf(a; — az) — [29a,
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and
g1 = —ad’ajer + aBdy(a) —az) — BAezaz,
g2 = Ba;l —bier) — aBda(by + by) + o (a3’ — baca),
g3 = —B%aic — afda(ar + az) — oPazey,
gs = —a’aydy +aB(caaz —arer) + Sfazds.

Next we have to consider
L3G3HY X3Y3GY 2, Gy HLGT LY J7T.

First a symplectic Givens transformation G eliminates the (n + 1

129

o+ 2)

element of Z,. This implies that G2 = G2 (a3, (3 }has to be chosen such that

B3

(12 G [ _ag?’ a3 ] =[x 0].

The resulting transformed matrix is given by

S -

1 1 1 1

5&1) 5‘52) 5&3) 5(22)

1

Gl 7,Gy = T I ,
S

A I

H31 K3z 32 1

where the relevant entries are

wy = aspz — B,

wyy = adus + Praz(da — Ca2) — Blen,

usy = Baba + azps,

Hglz) = aspsz — Palse,

85 = adby — asfaless + paz) + BaCas,
6% = asby ~ Bamas,

5(212) = a3ea + Byas(S2 — C22) — Bipon,
éé) = ofCa + asfs(uaz + £22) + S3602,
Cs(;;) = [aps2 + a3z

(4.2.27)

(4.2.28)
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The (1,1) and the (1,3) entry are not altered by this transformation: H(111) = [y

and py = ps.

Next a symplectic Householder transformation Hs is used to zero the (n +
1,3) element of G¥ Z,Ga. H, is a matrix of the form (4.2.23); we denote its
entries by a4 and 4. The scalars agand S4have to be chosen such that

Wy ny) { _ag4 g ‘1 } =[x 0. (4.2.29)

This results in HY X3Y3G3 Z,Go H

B | aa
o 6 6y € e
1
HEE; N(%T (2) (2 : (2 ~(2) |
SR I ) o
31 ﬂ?% ﬂ?g) H34 Ca2' €33
Hay M43 1
L e
where the relevant entries are given by
55? = oj(az" —bses) + Q4B4(H32) bs + 523 ) + 54 22 )
82 = —aybsdy,
ey = adely ~ auPaClybs + Bibs,
ey = alchbs + auBalely — ba),
el = 2b3 + 014/34Cg(é)b3 + ,836512),
},L(é) = a4p12 [54;113 , 4.2.30)
sy = aduly — aupauly + ug;)ag) Bf 0303,
us = adub) + auBulases + uly) — Biulyas,
usy = Peasds,
iy = —adases + auBa(uly) + s as) + Biusy,
/L(;24) = —wazds,

F‘z(u,) = —aqdy,
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and
$ = oy ~ aapucyas + 52,
¢ = a4ﬂ4(§§§) ~ a3) ~ B3¢y as, (4.2.31)
53 = adcas +asBalcly 1),
ég) = afas + asfallyas + 54(22

The (1,1) entry is not altered by this transformation: u(121) = ,u(lll) = 13-

A symplectic Givenstransformation G is employed to zero the (n+3, n+2)
element in HnglﬁGng GoH,. This implies that G3 = G3(as, 35) has to
be chosen such that

(2)
[ _ag 55 J “52 } - { S } . (4.2.32)
5 Qs (32
The resulting matrix G3H2TX3Y3G2TZ1 G2H2G3T is given by
r 1 7
3) 3 3 3 3 i)
e o |
031" O3y O35 O3y €32 €33
1
3 3 )
S0 N L
Hay N(Q??) /‘%8:?) IJ%) (20 %g)
s e 6
Ky M43 G4z 1
where the relevant entries are given by
51(;3) = 25&3)'*‘0‘555(#33 +5 ) /35433’
Eg?s) = agfgg +a565( 5(2) Bsﬂsav
u§.§ = asuag + a585((33 (2 ~ 5y - ﬁ5533, (4.2.33)
<33 = 0“5@33 “‘04555(/133 +E33) ﬁS 33’
and
3 2 3 2
g Rl ST el
6.‘2%) = QS(S;;(%)“FBSU%)’ E%g) = 05553(2 +/35C?(223 (4.2.34)
foy = Qspgy + P50, H3g = QSHM /35‘5%47

2 2
23 = a5(§3)—ﬂsll'(z3)~
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Some of the relevant entries do not change:

3
N(u) = M(u) = #(11) = Hit,

and

3) _ 2) 3) _ (2) (3) 2
€9 = 5&2» ng) = /‘122’ Hoy = N(22)’

3 2) 3
/‘§4) = #gw Céz) = 452)~

Finally the (3, n + 2) element of G3H2TX3Y3G5Z1G2HQGSTis annihilated
using a symplectic Gauss transformation L3. Hence, we have to compute 7
and 14 such that

T2 P % *
e ;/’_ﬂ = (4.2.35)
2 422
P 0
We obtain L3G3HJ X3Y3GL Z,Go HoGT LY
o ]
4 4 4 4 4 4
VR BE | ¢
032 O35 O3y €33
1
4 4 3
Jﬁ: ui%r @ @ b
S I T T R
M% ll:(as) H3q C%g)
Hao  Hag OTE
where the relevant entries are given by
)
B8 = a8y + vYanty,
usy = sy el (4.2.36)
3 3
= bl et
(4)

€33 = 533 +¢’2<23 /T2
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and ‘
R
py = pstlTe g = T 4237)
O N S T
33 = 33/7'27 43 = 43/72’

Again, some of the relevant entries are not altered:

4 3 2
5(22) = 5(22) = 5(22)’

(4) (3) (2) )
1 L 1 1

K1l = B0 = HFip = Bl = KL,
4 3
usy) = Sy,

Now the parameters 62,52, ¢1, and JQ can be read off:

~ 4

az = 42(2),

ho= =,

5 = — (1) _

1 = Ky = —H#a,
7 4

dy = —;1,(12).

Forming X,Y; we see that Z = Y Xy 3Gy HE X3Y3GE 2, Gy Ho G LY
is given by

1 =
5 5 5 5
‘5:(:.2) 5&3) 5&4) 5%3)
1
Z2 — 1 5
5 5 5 5
TR
b B
Hao Hag a3 1

where only the elements

= /G, k=234

Q
(4.2.38)
& _ 0

changed.
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Comparing Z) and Zj, the bulge has been chased down exactly one row and
column in each block. The same sequence of symplectic Givens, Householder
and Gauss transformations as in the last four steps can be used to chase the

bulge one more row and column down in each block. Therefore, renaming

5
622 = 6[({3) ) 523 = 5[(}4) ’
c _ .5 _
22 = £33, Hi1l = Haoo,
_ 5 . (5)
Hi2 = Koy, H13 Hog s
_ .o 5
22 = Hiz, K23 = Hzy',
5 5
H32 = ’UE(B)), G2 = ‘53)7
5 5
CZZ = 33y CBQ - 513)7
and repeating the computations (4.2.27) — (4.2.38) we obtain
~ 4
a3 = Céz)ﬁ
Y 4
by = E(22)7
~ 4
2 = _Ngl)’
5 4
(13 = —/1,(12).
[terating like this, the parameters aj, . .. ,&n,l,zl, e ,gnﬁl,a, .., Cn_2,and

da, ..., d,_ can be computed.
For the final step of the algorithm, let us consider the matrix Z,_;. It has
the form _ -
In72,n—2
1
§ 4 €
Im,n—‘l
B 1 ¢
I Bop ¢ ]

A symplectic Givenstransformation Gy has to be applied to zero the (2n —
1,2n) entry of Z,_,. The transformation G Z, |G, does not cause any

fill-in. Hence, the remaining parameters an,bn, Cn—1,Cn,and d can be read
off, as

!'In——‘l,'n~2 E
1
S~ = bud, @5t — b7 b
)‘nYn—lyn = — " = J—2n-12 = )
—En —dy, 1
L —andn _anEn ap |
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and GL Z,_1G,, are symplectic butterfly matrices of the same form.

Using the same renaming convention as above, this implies that for the
Givens transformation G, the scalars ag and fg have to be determined such
that

as  Bs
=[*x 0].
(k12 Ci2) [ B J [* 0]

Qg

Applying the transformation, the following matrix entries change:

P2 = agpiz2 — Peli2,

pa2 = Belasdon — Bee2a) + as(aspiaz — Ps22),
Coo = ag(Berae + asla) + Bo(fedae + asena),
g2 = ag(f6022 + ape2) — Bo(Benaz + e(22),
b2 = ofba — agBs(car + p22) + BEC2e.

The parameters Gy, by, ¢ 1, €, and dy, are given by

G, = (22, b = €22,
Cph—1 = —Hi1, Cn = —lt22/an,
dn = —pio.

REMARK 4.5 a) No ‘optimality’ is claimed for the form of the algorithm
as discussed above either with regard to operation counts or numerical
stability. Variants are certainly possible.

b) A careful flop count shows that one parameterized SR step as described
above requires 219n — 233 flops (assuming that the parameters ofa symplec-
tic Givens transformation and of a symplectic Householder transformation
are computed using 6 flops, while those of a symplectic Gauss are computed
using 7 flops). This can be seen as follows: The initial step requires 166
flops, thefinal one 39 flops. For the rest ofthe computation we have that

the computation of | requires
(4.2.28) 47 flops
(4.2.30),(4.2.31) 90 flops -
(4.2.33), (4.2.34) | 48 flops °
(4.2.36), (4.2.37) 32 flops
(4.2.38) 2 flops

These computations have to be repeated n — 2 times, resulting in 219(n — 2)
flops. These flops counts assume that quantities like a?, ﬂ]z, a; 35 which are
used more than once are computed only once in order to save computational
time. If the transformation matrix S is required, then 64n®—128n flops have
to be added as 2n — 4symplectic Givens transformations, n — 2symplectic
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Gauss transformations, and n — 2 symplectic Householder transformations
with v € R? are used.

¢) Similar to the above derivations a double shift SR step based on the fac-
torization By = K;' Ny can be developed. Although the development of a
quadruple shift SR step for the factorizations B, or Bg is possible.

d) The presented parameterized double shift SR algorithm can not be used to
mimic a quadruple shift. For a quadruple shift the Laurent polynomial
@A) = A+AY = (p+p T HEF DA+ AT
+u+p Y@E+pth) -2
is used. The shift pshould be chosen according to the generalized Rayleigh-

quotient strategy as explained in Section 4.1.2. That is, for a quadruple
shift, the eigenvalues of'the 4 x 4 symplectic matrix

—1
bn_1 bp_1cn-1 — a,_ bn_1dy
-1
a— by bnd, bpen — a,
An-1 Ap-1Cp—1 an_1dy
anp andy, AnCn

are chosen. We can not work with a double shift step in the case that the
matrix G has eigenvalues pu, T, =%, =1 € €, || # 1. One might have the
idea to first apply a double SR step with the driving polynomial

") = (B - uI)(B - 1B~
followed by a double shift SR step with the driving polynomial
2 - T -
i = (B-p ' D)(B - B!

as this is equivalent to applying a quadruple SR step. The vectors qgl)el

and qu) ey are of the form

§rer + E2eq + £36p41.

But the parameterized double shift SR step relies on the fact that for the
driving polynomial qa we have

@2(B)ey =crey + sae9.

4.2.3 THE OVERALL PROCESS

By applying a sequence of parameterized double shift SR steps to a sym-
plectic butterfly matrix B, it is possible to reduce the tridiagonal blocks in B to
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diagonal form if B has only real eigenvalues or eigenvalues on the unit circle.
The eigenproblem decouples into simple symplectic 2 x 2 eigenproblems. De-
coupling occurs if d; = 0 for some j. Therefore it is necessary to monitor the
parameters d, in order to bring about decoupling whenever possible. We pro-
ceed with the process of applying double shift SR steps until the problem has
completely split into subproblems of dimension 2. That is, until all parameters
d; are equal to zero. The complete process is given in Table 4.2. In a final step
we then have to solve the small subproblems. This has already been discussed
in Section 4.1.3.

REMARK 4.6  The parameterized double shift SR algorithm for butterfly ma-
trices as given in Table 4.2 requires about 146n?flops. If the transformation
matrix S is accumulated, an additional 28n3 flops have to be added. This
estimate is based on the observation that % SR iterations per eigenvalue are
necessary.

Preliminary tests show that the parameterized double shift SR algorithm
computes the eigenvalues of randomly generated symplectic matrices with
about the same accuracy as the double shift SR algorithm using usually less
iterations. For symplectic matrices with clustered eigenvalues, the parameter-
ized double shift SR algorithm seems to perform much better than the usual
double shift SR algorithm for butterfly matrices. See Section 4.4 for details.

4.3 THE BUTTERFLY SZ ALGORITHM

In the previous sections we have developed an SR algorithm for symplectic
butterfly matrices and a parameterized version of it. The first algorithm works
on the butterfly matrix B and transforms it into a butterfly matrix B which
decouples into simple 2 x 2 or 4 x 4 symplectic eigenproblems. The latter
algorithm works only on the 4n — 1 parameters that determine a symplectic
butterfly matrix B. It computes the parameters which determine the matrix
B without ever forming B or B. Here we will develop another algorithm
that works only on the parameters. We have seen that B can be factored into
B = K~1N asin (3.2.15) or (3.2.7). The eigenvalue problem K !Nz = Az
isequivalentto (AK — N)x = Oand (K — AN)x = 0 because of the symmetry
of the spectrum. In the latter equations the 4n — 1 parameters are given
directly. The idea here is that instead of considering the eigenproblem for B,
we can just as well consider the generalized eigenproblem (K — AN)z = 0.
An SZ algorithm will be developed to solve this generalized eigenproblem.
The SZ algorithm is the analogue of the SR algorithm for the generalized
eigenproblem, just as the QZ algorithm is the analogue of the QR algorithm
for the generalized eigenproblem, see Section 2.2.2. Both are instances of the
GZ algorithm [143].



138 SYMPLECTIC METHODS FOR THE SYMPLECTIC EIGENPROBLEM

Algorithm: Parameterized Double Shift SR Algorithm
for Butterfly Matrices

Given the parameters a;,...,an,b1,...,by,c1,...,Cnydo, ..., dy of a
symplectic butterfly matrix B, the following algorithm computes the
parameters a,, ..., an,b1,...,bpn, €1, ..., Cn,do, ..., d, of a symplectic

butterfly matrix B that is similar to B. All d; are zero. Thus the

eigenproblem for B decouples into 2 x 2 symplectic eigenproblems. B
is assumed to have only real eigenvalues or eigenvalues on the unit circle.

letdy =0
letg=n+1
letp =1

repeat until ¢ = p
set all d; to zero that satisfy d, < ¢
find the largest nonnegative ¢ and the smallest nonnegative p

such that
dlz"'zdp:()¢dp+1
dq—-li‘édq:"‘zdnzo
ifg#p
perform a parameterized double shift SR step on
ap+1, e 7aq—1,bp+l, [N ,bq_l,
Cptlye-- ,Cq~1,dp+1, N ,dq—l
end
end

solve the 2 X 2 subproblems as described in the text

Table 4.2.  Parameterized Double Shift SR Algorithm for Butterfly Matrices

4.3.1 THE BUTTERFLY SZ STEP

Each iteration step of the butterfly SZ algorithm begins with K and N such
that the corresponding butterfly matrix B = K !N is unreduced. Choose a
spectral transformation function ¢ and compute a symplectic matrix Z; such
that

Zl—lq(K‘lN)el = aey
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for some scalar cv. Then transform the pencil to
K- AN = (K - AN)Z,.

This introduces a bulge into the matrices K and N .Now transform the pencil

to
K —\N =8"YK - AN)Z,

where K and N are in form (3.4.18) or (3.4.19), depending on the form of K
and N, S and Z are symplectic, and Zey = ey. This concludes the iteration
step. R

Letting Z = Z,Z, we have

K — AN =S YK - AN)Z

The symplectic matrices X' Nand NK ~'are similarto K~'N and NK ™',
respectively. Indeed

K'N=2zYK"'N)Z and NK '=S§"'NK"'S.

The following theorem shows that these similarity transformations amount to
iterations of the SR algorithm on K ~'!N and NK !

For the proof of the following theorem recall the definition of a generalized
Krylov matrix (Definition 2.3)

L(A,v,5) =[v,A 7w, A 20, ..., A70" Dy, A, A%, ..., Alu]
for A € R¥™2" ¢ R™™,
THEOREM 4.7 There exist J-triangular matrices R and U such that
dNK™YY =SSR and K 'N)=2ZU.
PrROOF: The transforming matrix Z was constructed so that
Zel = Zlfel = Z1e] = a_lq(B)el,
where B = K~!N. Now
a(B)L(B, e, n)

L(B,q(B)er,n)
aL(B, Zey,n)
= aZL(g,el,n),

where B = Z-1BZ = K~IN. By Theorem 3.7, L(B, e1,n) and L(B,e,n)
are J-triangular, and L(B,ej, n) is nonsingular. Hence ¢(K~'N) = ZU,

where B
U= aL(B,e;,n)L(B,e,,n)"!
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is J-triangular.

The proofthat (N K1) equals SR depends on which of the decompositions
(3.4.18) or (3.4.19) is being used. If (3.4.19) is being used, K and K are J-
triangu~1ar matrices, so I:"lm = fejand Ke, = ~ve, for some 3, v € R.

Since v = SN Z, we have

Sey = KZK e
= B[(Z@l
= Ba 'Rq(K 'N)e
= Balg(NK YKe,
= Ba lvg(NK ey

Thus ¢(NK ~')e; = 8Se; for some nonzero 6 € R. Since the matrices
C=NK'and C=NK"'are butterfly matrices, and C is unreduced, we
can now repeat the argument of the previous paragraph with B replaced by C
to get

¢(NK~™1y = SR,

where
R=36L(C,e1,n)L(C,e1,n) "}
is J-triangular.
If the decomposition (3.4.18) is being used, K is not J-upper triangular.
However, since N “ley = ¢y jlnd Ney, = e;, we can use the equation N =
S™INZ inthe form S = NZN~" to prove that (N K ~!)e; = dSe; for some

8, as above. In this case C and C are not butterfly matrices, but their inverses
are. Thus one can show, as above, that

gNK~Y) = SR,

where R = 6L(C~!, e, n)L(C~ Y eq,n)"h N4

We now consider the details of implementing an SZ iteration for the sym-
plectic pencil ' — AN as in (3.4.19). The spectral transformation function g4
will be chosen as discussed in Section 4.1:

gi(N) = (A=A — g HA =B AT
for 4 € C. Here the shift y is chosen corresponding to the generalized
Rayleigh-quotient strategy. This implies (see (4.1.17))
@u(Ber = [(b1 +aje))? + arazd — B(by + are)) +v - 2)ey
+ [a1da(bg + azcy + by + arc1 — B)ex + arazdadses,
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where

B = bp_i+bytan_1cn-1+ anecn,
¥ = (bac1+an—16n-1)(bn +ancy) +2 - an—landgp

Hence Z; has to be chosen such that Z7'qu(B)e; = aey. Applying Z[*
to K — AN introduces a bulge. The main part of the iteration is a bulge
chasing process that restores K Z; " and N Z[ ! to their original forms. This is
done using the algorithm given in Table 3.4 for reducing a symplectic matrix
pencil K — AN, where K and N are symplectic, to a butterfly matrix pencil
(3.4.19) as discussed in Section 3.4. The algorithm uses the symplectic Givens
transformations G, the symplectic Householder transformations Hy, and the
symplectic Gauss transformations Lg introduced in Section 2.1.2. In this
elimination process zeros in the rows of K and N will be introduced by
applying one of the above mentioned transformations from the right, while
zeros in the columns will be introduced by applying the transformations from
the left.
For ease of reference, the basic idea of the algorithm as given in Section 3.4
is summarized here again.
bring the first column of N into the desired form
forj=1ton
bring the jth row of K into the desired form
bring the jth column of K into the desired form

bring the (n + j)th column of N into the desired form
bring the jth row of N into the desired form

The remaining rows and columns in K and N that are not explicitly touched
during the process will be in the desired form due to the symplectic structure.

In the following we will consider such a bulge chasing step for a bulge that
is created using a quadruple shift Laurent polynomial. Choosing the spectral
transformation function g4 results in a symplectic transformation matrix of the
form

r T
T x xr
T xz T
In—3,n—3
Z, = r T =z
r T xT
xr x xr

1n—3,n—3

In the following we assume that K — ANV is in the form (3.4.19):

B NN N
0\ AR

Ky ~ ANy
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Applying Z; to K — AN, results in the matrix pencil Ky — ANy = (K, —

AN Z7Y, where Ky and Ny are of the following forms:

(z++ T 4+ +
+ o o+ + z +
+ + =z + +
x x
k= z ¥ =
+ x +
+ + =
x
L 5
and ~
z + o+ 1
+ =z +
+ + =
r
T
M= 777 T = '
+ © + r T T
+ + =z + x* T =
T + + T T =z
xr r T T

where + denotes additional, unwanted entries in the matrices.

Now we can apply the algorithm for reducing a symplectic matrix pencil to a
butterfly pencil as given in Table 3.4 to the pencil A1 —AN7. The pencil will be
reduced to the original forms of K, and IV, resulting in the pencil i, — ANy.
Due to the special structure of K| and N the algorithm greatly simplifies.
First the unwanted entries in the first column of N7 will be annihilated. The
elements(n+2,1) and (n+3,1) of N; are zeroed by a symplectic Householder
transformation Hy: No = H{N; = 5§, N where

Ny

[

r + +

+ z +

+ + T
x
r + + rx z + +
0z + T r T +
0 + + x x x
+ + * =z
x
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As N, is symplectic, there are additional zeros in V5. Obviously, the (n+1,1)
entry of Ny is nonzero. From

ET(NgJNQ)ZG?J:eZ+] —— [0 O|Bl 52630 O]ZeZL‘-}—l’
where

Bi = —(No)nt1,1(V2) 145, J=1,2,3,

we conclude that the entries of the first row of /Ny have to be zero, only the
(1,n+1) entry of V3 is nonzero, it is the negative ofthe inverse of the (n+1,1)
entry of No. Moreover, the (1,n + 1) and the {n + 1, 1) element of N2 are not
altered in any subsequent transformation step. Recall that the resulting matrix
pencil has to be of the form (3.4.19). Hence, we should have

(N2)insr = —(N2)E}L1,1 =1

in case our algorithm has not normalized (/N2); 41 to be equal to 1, we have
to apply a trivial matrix
C 0
5 el

C = [ (NQ)I_,’}HI

with

In—l,vLAl }

from the left to scale (V9)1,41 to be 1. For the rest of the discussion it
will be assumed that this will be done whenever necessary without explicitly
mentioning it again. Therefore,

1 0 0
+ o +
+ +
T
.
Ny = -1 4+ + z o + +
0 = + x x x +
0 + =z + T r =z
T + + T =z
T x x T

To preserve eigenvalues, we have to update A'; in exactly the same way as Np:
I{» = S K. This transformation neither causes additional nonzero entries in
K> nor does it introduce any zeros in Ko. Next we reduce the first row of K>
to the desired form while preserving the zeros just created in /V,. First, Givens
transformations G2 and G3 are determined to zero the (1,2) and (1, 3) elements
in K3 Next a Householder transformation Hy is used to zero the (1,7 + 3)
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element. The reduction is completed by a Gauss transformation L+ to eliminate
the (1,n -+ 2) entry in K5. This transformation might not exist, if the (1,1)
element of K is zero. Then no reduction to the desired form is possible. If
the (1,1) element of K is almost zero, the resulting Gauss transformation will
be ill-conditioned. In both cases we discard the shift polynomial and perform
one step using a random shift, as proposed by Bunse-Gerstner and Mehrmann
in the context of the Hamiltonian SR algorithm in [38]. For the rest of the
discussion here, we will assume that no such breakdown will occur. We have

1{3 = K2G2G3H2L2=K2Z2
2 0 © z 0 0 )
+ * + + z +
+ + = + o+ =z
T r
- + o+ z + +
+ + + oz o+
+ + + + =z
T

As K3 is symplectic, there are additional zeros in K3. The (1,1) entry of K3
will only be multiplied by some constant ¢ 3 0 duringthe rest of the algorithm.

(KTJK3)e; = Jey = enq
implies that
[OJ?.T:L‘O 0[51 52,330 O] = €p+1-.
where 8; = (K3)1,1(K3)n+jnt1 forj =1,2,3. Hence, as (K3)1,; is nonzero,

the (n + 2,n + 1) and (n + 3,n + 1) entries of K3 have to be zero. The
(n+ 1,n + 1) entry is the inverse of the (1,1) entry. Therefore,

[« 0 0 x 0 0 '|
+ z + + oz +
+ + =z + + =z
x x
I<3: o T+ +

+ 4+

+ 4+ +

[o=J o)
33
+
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Updating Ny in the same way the zeros in the first row and column of Ny are
preserved, but additional entries are created. We obtain

N3 = NyZ,
- | -
+ + + *r +
+ + + +
x
T
- -1+ + r oz + +
r + x r xr +
+ z + x £L e
+ + =z + + =z r x
x r r

Now we turn our attention to the first column of '3. The undesired elements
can be annihilated by a suitable transformation Sy: SyK3e; = «ey. For this,
we first use Givens transformations G3 and G to zero the elements (3, 1)
and (2,1) (due to the special structure, this can be done by permuting the 2nd
and 3rd row with the (n + 2)nd and (n + 3)rd row). This is followed by
a Householder transformation H; to eliminate the element (n + 3,1). The

element (n + 2, 1) is then zeroed using a transposed Gauss transformation L7
This yields

Ky = LgHQGQG3[<3=SQI('3

o 3 -
0 =z + 0 r +
0 + =z 0 + =z
T x
T x
- 0 0 it 0 o
0 + + 0 r +
0o + + 0 + =z
xz
x
- -

The additional zeros follow again because /4 is symplectic: The additional
zeros in the (n+1)st row follow from

el KeJK{ = epy,
while the zeros in the (n + 1)st column follow from

KT JKyen 1 = Jeny1 = —e1.
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The (1,1), (n + 1,n + 1) and the (1,n + 1) entry of 4 are not altered in
the subsequent transformations. Hence at this point the first parameters of the
resulting matrix pencil K — AN can be read off.

Updating N3 in the same way the zeros in the first row of /N4 are preserved,
additional nonzero entries are created:

Ny = 5N
r I 9

+ + +  + +
+ + + + o +
I

xr
- -1 + + r a4+ 4+
£+ r oo x +
+ £ + N £ £

+ + + + 0 T =

T roar

Hence the first and {n + 1)st row and column of K, are in the desired form,
while only the first row and column of N, are in the desired form. Next we
attack the (n + 1)st column of V4. Givens transformations G5 and G3 can be
used to eliminate the (3,7 + 1) and (2,7 + 1) elements, while a Householder
transformation Hy kills offthe (n + 4,n + 1) and (n + 3,7 + 1) entries:

Ns = HyG3GaNg = S3Ny
- | -
+ + 0z + +
+ + 0 + z +
-+ + +
xr
- -T 4+ 4 x 2 + +
ro+ 4+ xr r x + +
+ o  + 0 = » r +
+ + 0 + x a2 x
T &€ T €T

No additional zeros are introduced in V5. These transformations preserve the
zeros created so farin A4, but additional nonzero elements are introduced;
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Ks = S3K,4
C 3 3, -
T + + T + +
+ oz + + oz o+
+ + =z + + =z
z z
= T
+ + z 4+ o+
+ + + z +
+ o+ + + oz
xr

Next we annihilate the undesired entries in the second row of N5. The elements
(2,2) and (2,3) are eliminated by Givens transformations G5 and G13, followed
by a Householder transformation H; tokill the elements (2, n+3)and (2, n+4):

Ne¢ = NsGaG3H, = N5Z3

- 1 -
0 0 1 0 0
0 + + + oz o+
0+ + + + 2
x
- -1 0 0 1 dy O [{}
-1 + + d = = + +
0 T  + zx x z +
0 + + T x
T + + z = =z

The additional zeros in the second column follow as before from
eI NsJNI = el J=el ;.
The additional zeros in the (n + 1)st row follow from
NI JNseni| = eq.

The entries of Ng inthe positions (n+1,n+41), (n+1,n+2),and (n+2,n+1)
are not altered by any subsequent transformation.
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Again, we have to update K5 accordingly: Kg = KsZ3. All previously
created zeros in K5 are preserved. New nonzero elements are introduced:

K

r

51 _bl
r + + z + +
+ r + + T +
+ 4+ z + + =z
at
+ + + z + +
+ + + + T +
+ + + + + =z

Now we proceed by reducing the second row of Kg to the desired form just like
reducing the first row of K> to the desired form. First Givens transformations
('3 and G4 are determined to zero the (2,3) and (2,4) element in K. Next
a Householder transformation Hj is used to zero the (2,n + 4) element. The
reduction is completed by a Gausstransformation L3 to eliminate the (1,7 +3)
entry in Kg.

K; = K6G304H3L3:I\’6Z4
' [ @ —b1 i
¥y 0 0 T 0 0
+ oz o+ + oz o+
+ + + 4+ =
T T
= 61‘1
0 + + o+ 4+
+ + + 0 z +
+ 4+ o+ 0 + =
T

The additional zeros in the positions (n+3,n+2)and (n+ 4, n+ 2)follow by
an argument just like the one for the additional zeros in K3. The additional zero
in the position (n + 2, 2) follows by a more difficult argument. The (n + 2,2)
element will not change in the subsequent step (besides being multiplied by
some constant ¢ # 0). Looking at the next iterate Kg, it follows from

(?%1]&”81‘111('862 = 2(1(8)2,2(K8)n+2.2 = ngeg = 07

that (Ifg)n_}_g,g = 0. As (1\’8)n+2,2 = C(K’7)n+gyg, with ¢ # 0, we have
(K7)n422 =0.
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Updating Ng introduces new nonzero elements:

- 1 -
1
+ + + x +
+ + + + z
T
N7 = NeZy = |3 7 do
-1+ + d T = + +
z + r 2z T +
+ + T r =z
+ 4+ =z + + z =z

Now we proceed by reducing the second column of K7 to the desired form,
just like reducing the first column of K. For this, we first use Givens trans-
formations G and G'3 to zero the elements (3,2) and (4,2). This is followed
by a Householder transformation Hj to eliminate the element (n + 4,2). The
element (n + 3, 2) is then zeroed using a transposed Gauss transformation L%,

Ks = LYH3G3GyK; = S4K

@ ~by T
( ?':2 ~52
x + 0 r +
0 + x 0 + =z
z x
= El‘l

0 0 i;' o o

0+ + T+

0 + + + =z
]

The additional zeros follow as before. Updating N7 results in

- 1 -
1
+  + + x + +
+ + + 4+ T +
T
Ng = S54N7 = |3 E—,
-1 + + h oz x + +
z + T r x +
+ + x T x
+ + 7 + + z =z z
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Now we have the same situation as after the construction of Ky, Ny, solely
in each block the undesired elements are found one row and column further
down. Therefore these undesired elements can be chased down the diagonal
analogous to the last 4 steps.

REMARK 4.8 a) A careful implementation ofthis process willjust work with

b)

d)

the 4n — 1 parameters and some additional variables instead of with the
matrices K and N.

A carefulflop count show that this implicit butterfly SZ step requires about
1530n — 2528 flops. The accumulation of the the transformation matrix
S or (Z) requires additional 128n2flops.  This flop count is based on

the fact that 4n — 6 symplectic Givens transformations, n — 1 symplectic
Gauss transformation, n — 3 symplectic Householder transformations with

v € RS, and n — 1 symplectic Householder transformations with v € R?
are used for the computation of S (Z). Moreover, the special structure of
the problem is taken into account.

An implicit butterfly SZ step as described above is an order of a magnitude
cheaper than an implicit QZ step, which requires about 88n°flops, see
[58]. Ofcourse, the accumulation of the transformation matrix is in both
cases an O(n?) process.

1t is possible to incorporate pivoting into the process in order to make it
more stable. E.g., in the process as described the jth column of K will be
brought into the desired form. Due to symplecticity, the (n + j)th column
of K will then be ofdesiredform as well. One couldjust as well attack the
(n +)) th column of K, the jth column will then be of desired form due to
symplecticity.

In intermediate steps there are even more zeros than shown in the discussion
of the bulge chasing process. E.g., in No the elements (n+1, 2) and (n+1, 3)
are zero as well. Thisfollows easily from the construction of Na:

Ny = SNV
= S|NZ

_ 0 nn dlag(P 7—-3mn-3 P In—3,n—3)
1 —Jnn T ’ [ ’

Sy is computed such that SiNie; = aenyy, that is Sy is a symplectic
Householder transformation of the form diag (P, [r3m=3 ponodins3dy)
where P is chosen such that

PPe; = ae;.
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As P and P are orthogonal matrices, we have 13P61 = +ejand elTﬁP =
+el. Hence, the entries (n + 1,2) and (n + 1,3) of Nyare zero. We did
not show these intermediate zeros, as the next step of the reduction process
will cause fill-in for these entries. A careful implementation working only
with the 4n — 1 parameters should make use of these additional zeros.

f) The use of symplectic transformations throughout the reduction process
assures that the factors K and N remain symplectic separately. If the
objective is only to preserve the symplectic property of the pencil (K JKT =
NJNT), one has greater latitude in the choice of transformations. Only
the right-hand (Z) transformations need to be symplectic; the left (S)
transforms can be more general as long as they are regular.

Banse [13] developed an elimination process to reduce a symplectic matrix
pencil with symplectic matrices to the reduced form Ky — AN, (3.4.18). This
algorithm can also be used as a building block for an SZ algorithm based on
the reduced form K; — ANV,. It turns out that in that setting, for a double or
quadruple shift step, there are slightly more nonzero entries in the matrices
K and N than there are in the setting discussed here. This implies that more
elementary symplectic transformations have to be used. In particular, additional
n — 1 symplectic Gauss transformations of type II have to be used, which are
not needed in the above bulge chasing process.

43.2 THE OVERALL PROCESS

By applying a sequence of double or quadruple SZ steps to the symplectic
matrixpencil K — AN of the form (3.4.19) it is possible to reduce the symmetric
tridiagonal matrix 7T in the lower right block of N to quasi-diagonal form with
1 x 1 and 2 x 2 blocks on the diagonal. The eigenproblem decouples into a
number of simple 2 X 2 or 4 x 4 eigenproblems. In doing so, it is necessary to
monitor 7”s subdiagonal in order to bring about decoupling whenever possible.
The complete process is given in Table 4.3.

REMARK 4.9 a) The SZ algorithm for butterfly matrix, pencils as given in
Table 4.3 requires about 102002 flops. Ifthe transformation matrix S (Z)
is accumulated, an additional 8513 flops have to be added. This estimate is
based on the observation that % SZ iterations per eigenvalue are necessary.
Hence, the SZ algorithm for a 2n x 2n symplectic matrix pencil requires
about 7513 + 1004n? flops for the reduction to butterfly form and the SZ
iteration, plus 113n® flops for the accumulation of each transformation
matrix.

This is considerably cheaper than applying the QZ algorithm to a 2n X 2n
matrix pencil. That would require about 240n>flops for the reduction to
Hessenberg-triangular form and the QZ iteration, plus 128n>flops for the
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Given a symplectic matrix pencil & ~ AN of the form (3.4.19), the following algorithm
computes symplectic matrices Z and S such that for K:=8"'"KZadN :=S'NZ,
B=K'N is a symplectic matrix in which the (1, 1), (1, 2), (2, 1), and (2, 2) blocks
are each block-diagonal where all blocks are either 1 x 1 or 2 x 2. Moreover, the block
structure for all four blocks of 3 is the same. Thus the eigenproblem for B decouples
into 2 x 2 and 4 x 4 symplectic eigenproblems. A" 1s overwritten by ST'KZand N
by ST'NZ.

Algorithm: S7 Algorithm for Butterfly Pencils

choose ¢ = cu suitably
repeat until ¢ = »
set all sub- and superdiagonal entries ¢, ,—-1 = ¢,_1,. in 7" to zero
that satisty

foorl < elftiial + ltal)

find the largest nonnegative ¢ and the smallest nonnegative p such
that if

_pp
_ [P ampy
— ]9
12 T ’
n—p—qg,n—p-—
[r—P—4n—p-y Toz
JLE Tss

where 71 € RP*? Tay € ROPTPOX{(n=p=0) and Ty3 € RY¥,
then 7333 1s block diagonal with 1 x 1 and 2 x 2 blocks and
T2y is unreduced symmetric tridiagonal.
partition K conformably

N =

where X11, Y1, € RP*P Xpy, Yay € RPTP-0)X(n=p=a) 4pd
X3y, Yaa € RY*Y.
ifg <n
perform a double or quadruple shift SZ step using the algorithm |
given in Table 3.4 on

X2z I Yso Y | —frpmammed
I /@ [*TP-anTPq I Taz

update A and N accordingly
end
end

Table 4.3.  SZ Algorithm for Butterfly Pencils



4.4. NUMERICAL EXAMPLES 153

accumulation of the left transformation matrix and 160n> flops for the
accumulation of the right transformation matrix. Recall, that an iteration
step of the implicit butterfly SZ algorithm is an O(n) process, while the
implicit QZ step is an O(n*) process.

b) Example 4.11 in Section 4.4 indicates that eigenvalues of symplectic but-
terfly pencils computed by this algorithm are significantly more accurate
than those computed by the SR algorithm and often competitive to those
computed by the QR algorithm. Hence ifa symplectic matrix/matrix pencil
is given in parameterizedform as in the context of the symplectic Lanczos
algorithm (see Section 5) one should notform the corresponding butterfly
matrix, but compute the eigenvalues via the SZ algorithm.

44  NUMERICAL EXAMPLES

The SR and SZ algorithms for computing the eigenvalues of symplectic
matrices/matrix pencils as discussed in Sections 4.1, 4.2, and 4.3 were imple-
mented in MATLAB Version 5.1. Numerical experiments were performed on a
SPARC Ultra 1 creator workstation.

In order to detect deflation, subdiagonal elements were declared to be zero
during the iterations when a condition of the form

|hp+1,p] <1010 - eps(|hpp| + |hp+1p+1]) (4.4.39)

was fulfilled, where the dimension of the problem is 2n x 2n and eps =
2.2204 * 1076 is MATLAB’S floating point relative accuracy.

The experiments presented here will illustrate the typical behavior of the
proposed algorithms. For a general symplectic matrix or a symplectic matrix
pencil with both matrices symplectic, our implementation first reduces the
matrix/matrix pencil to butterfly form (3.2.10)/a pencil of the form (3.4.19) and
then iterates using in general only quadruple shift steps. The parameterized SR
algorithm was implemented for double shift steps only. The shifts are chosen
according to the generalized Rayleigh-quotient strategy discussed in Section
4.1. Tests were run using

s randomly generated symplectic matrices/matrix pencils;

» randomly generated parameters @i,...,an, by,..., by, C1,...,Cns do, ...,
dn € R from which a butterfly matrix and the corresponding symplectic
matrix pencil were constructed,

s examples from the benchmark collection [22];
s the examples discussed in [53].

Our observations have been the following.
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s The methods did always converge; not once did we encounter an exam-
ple where an exceptional SR/SZ step with a random shift was necessary
(although, no doubt, such an example can be constructed).

= Cubic convergence can be observed.

s The parameterized SR algorithm converges slightly faster than the double
shift SR algorithm. The eigenvalues are computed to about the same
accuracy.

m The SZ algorithm is considerably better than the SR algorithm in comput-
ing the eigenvalues of a parameterized symplectic matrix/matrix pencil.

= The number of (quadruple-shift) iterations needed for convergence for each
eigenvalue is about 2/3.

EXAMPLE 4.10 For the first set of tests, 100 symplectic matrices for each of
the dimensions 2n x 2n forn =175 : 5 : 50 were generated by computing the
SR decomposition of random 2n x 2n matrices:

A = rand(2*n); [M,R] = sr(A);

where M is symplectic and R is J—triangular such that A = MR. Some of
the results we obtained are summarized in Tables 4.4 and 4.5. In each table,
the first column indicates the size of the problem.

As the generated matrices M are only symplectic modulo roundoff errors,
symplecticity was tested via |MTJM — J|| for all examples. The second
column of Table 4.4 reports the maximal norm observedfor each dimension. It
is obvious that for increasing dimension, symplecticity is more and more lost.
Hence, we may expect our algorithm to have some difficulties performing well,
as its theoretical foundation is the symplecticity of the matrix/matrix pencil
treated. The SR algorithm computes a symplectic matrix S and a symplectic
matrix B such that in exact arithmetic, S”*MS = B is of butterfly-like form
and B decouples into a number of 2 x 2 and 4 x 4 subproblems. In order
to see how well the computed S and B obey this relation, |S™*MS ~ B||2
was computed for each example, and the maximal and minimal value of these
norms for each dimension is reported in the third column of Table 4.4. In the
course of the iterations, symplectic Gauss transformations have to be used.
All other involved transformations are orthogonal. These are known to be
numerically stable. Hence, the Gauss transformations are the only source for
instability. The column 'condmax' of the table displays the maximal condition
number of all Gauss transformations applied during all 100 examples of each
dimension. The condition number ofthe Gauss transformations were never too
large (i.e., exceeding the tolerance threshold, chosen here as 1/./eps), hence
no exceptional SR step with a random shift was required. The last column
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of Table 4.4 gives the average number of iterations needed for convergence of
each eigenvalue. This number tends to be around 2/3 iterations per eigenvalue.

Table 4.5 reports on the accuracy of the computed eigenvalues. For this
purpose, the MATLAB function eig was called in order to solve the 2 x 2 and
4 x 4 subproblems of B to generate a list of eigenvalues computed via the SR
algorithm

IR ISR > > G

If])\le = |/\ffll than the eigenvalue with negative imaginary part will be

AZR, the one with positive real part ;7. These eigenvalues were compared

to the eigenvalues )\;ig of M obtained via eig, sorted as the eigenvalues

)sf R The eigenvalues \5*® were considered to be the ’exact’ eigenvalues. This
assumption is justifiedfor the randomly generated examples using as a criterion
oy = omin(M — AI) (Where oy (A) denotes the smallest singular value of
the matrix A). It is well known that oy, is the 2—norm of the perturbation matrix
E of smallest 2—norm for which X is an exact eigenvalue of M + E. In other
words,

oy = min{||E||2 | A € o(M + E)}.

Thus, oy is the magnitude of the "backward error" in X\ as an approximate
eigenvalue of M. Inparticular, the smalleroy , the better is A as an approximate
eigenvalue of M.  Here we have that oy is of order eps for eigenvalues
computed via eig while for the eigenvalues computed via the SR algorithm,
this ‘residual’ is larger by afactor of order O(10%) where d is the number of
digits lost as indicated by our relative error measure.

The column max(relerr) reports the maximal relative error

eig SR
max ———l/\j 5 A |
7 AT
obtained, the column min(relerr) the minimal relative error. In order to get
an idea about the average relative accuracy obtained, we computed for each
example the arithmetic mean; the range in which these values were found is
given in column ’average(relerr)’. Finally, in order to compare our results
with those given in [13], we computed the average relative accuracy for all
examples of each dimension using the arithmetic mean ofall examples for each
dimension. In [13], these averages are given for dimensions 10, 20, and 40;
our results confirm those results.
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2+ n || max(|[MTJM — J||2) IS~TMS - BJ2 condmax | iter
10 010~ oo™ - (9(10*7) O(10%) | 0.698
20 0107 010713 - Oo(107%) | O(10%) | 0.716
30 oo~ O~ - 0310 ) O10%) | 0.716
40 010713 010~ -0 | ©@10®) | 0.683
50 o1 0107%) - 0(10 4) O(10*) | 0.678
60 oot 0(10—“’) ©(10 ) O(10%) | 0.658
70 O(1071%) 0(107%) -0@10 0(10%) | 0.661
80 010719 0{107°%) —O(10~ “) 01 | 0.653
90 01071 o0~ 9) -0(10 “) O(10%) | 0.656
100 010719 O(107%) —010~%) | ©10°%) | 0.656

Table 4.4.  Example 4.10 — SR algorithm
2xn || max(relerr) | min(relerr) average(relerr) average
10 010~ %) o™ T o0 ™) -0(107°) [ 2410717
20 0107 Q107 | o107y - (9(10-7) 2.8%107°
30 0(10—7) o010~ | oo ¥ -o10~ ) 2.8+107°
40 0(10 % oo~y | o071 -0107% | 2.8x1078
50 010 ) ooty | o107t -0 % | 1.6x1078
60 0(10~%) o0ao~tYy | ooy - 0(10) 4.1x1078
70 0(10) oao~thy | oo~ -0 ) 1.0 %1077
80 0(10 %) oo~y L o107y -0(107%) | 2.5« 1078
90 010 ) oo~y | oo~y - (9(10) 51%1078
100 01079 01073 | 010y -0 ") | 221078
Table 4.5. Example 4.10 — S R algorithm
2xn ISKQ — Kll2 ISNQ — N2 condmax | iter
30 O10~™M -0(107%) | 0107 -0(10™7) | ©Q10%) | 0574
50 010719 -0(107) | 0(1071% -0(107%) | ©O10%) | 0.546
Table 4.6. Example 4.10 — SZ algorithm
2*xn || max(relerr) | min(relerr) aver(relerr) average
30 o0 0(107%) 010" -0(107% [ 9.7+10717
50 0107% oo™ty | o107 -0(10"") | 1.0+107°8
Table 4.7.  Example 4.10 — SZ algorithm
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The same kind of test runs was performed for randomly generated symplectic
matrix pencils K — AN where K and N are both symplectic using the SZ
algorithm. K and N were generated analogous to M as above. Note that this
introduces more difficulties here than above; our SZ algorithm makes use of
the fact that KTJK = NTJN = J; all of these equalities are violated. But
despite this, the SZ algorithm performs as well as the SR algorithm. QOur
implementation of the SZ algorithm first reduces K and N to the butterfly
pencil (3.4.19) and than iterates using only quadruple shift steps where the
shifits are chosen according to the generalized Rayleigh-quotient strategy.

In the Tables 4.6 and 4.7 we report the same information as in the two
tables presented for the SR algorithm. This time we give the data only for
dimensions 30 and 50, in order to save some space but to support our claim
that the SZ algorithm works as well as_the SR algorithm. The SZ algorithm
computes symplectic matrices S, O, Kand N such that S (K = AN)Q =

K — AN and the pencil K — AN decouples into a number of 2 x 2 and 4 x 4
subproblems. The eigenvalues ofthese small subproblems were computed using
the MATLAB function eig. Similar as before, we compare those eigenvalues

to the eigenvalues obtained via eig (K, N).

ExAMPLE 4.11 4 second set of tests was performed to see whether the
quadruple shift SR or the quadruple shift SZ algorithm performs better once
the symplectic matrix/matrix pencil is reduced to parameterized form (a similar
comparison of the double shift SR and the double shift parameterized SR is
given in Example 4.15). For this purpose, parameters ay,...,aq, by, ..., by,
Cly -y Cnyda, ..., dp € R were generated, from which a symplectic butterfly
pencil K — AN and the corresponding butterfly matrix M were constructed as
in (3.4.19), and (3.2.10), respectively.

The examples generated this way do not suffer from loss of symplecticity,
any matrix pencil K — AN of the above form is symplectic. ~Furthermore
no initial reduction to butterfly form is necessary here; K, N, and M are
already in parameterizedform. For eachn =5 : 5 : 50, one hundred sets of
parameters were generated, K, N, and M were constructed, and the SR/SZ
algorithm was used to compute the eigenvalues. As before, the 2 x 2 and
4 x 4 subproblems were solved using eig. The eigenvalues so obtained were
compared to eigenvalues computed via eig(M). Table 4.8 reports some of the
results so obtained, using the same notation as above.

As expected, the examples showed the same convergence behavior no mat-
ter which algorithm was used. That is, the number of iterations needed for
convergence was almost the same, the maximal condition number ofthe Gauss
transformations were the same. The maximal relative error observed for the
different examples was bigger for the SR algorithm than for the SZ algo-
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SR SR SZ SZ SRISZ
2*n || max(relerr) average max(relerr) average iter
10 o0~ 1.7%10° 2 | 010 ) 1.6 % 10710 0.60
20 O(107%) 84x10712 | O@07'?) | 55x107'% | 064
30 O™y | 35x107M | o0~ | 23%1071° 0.65
40 010" 6.9%1071 | OO0 [ 27x107% | 065
50 0(10—“) 251071 | OO0 | 27+107% | 0.64
60 o110~ 3610712 | oo 1.8% 1071 0.64
70 0(10 2110712 1 O(107"%) | 3.4x1071° 0.63

90 o(10 5410712 | 01073) | 3.6=1071 | 063
100 O(10 25107 1 0107 | 5341071 | 063

)
%)
80 O(107°%) 8110713 OO0 3.5%1071° 0.64
)
)

Table 4.8. Example 4.11

rithm. These results indicate that the SZ algorithm computes more accurate
eigenvalues than the SR algorithm.

EXAMPLE 4.12 Tests with examples from the benchmark collection [22] were
performed. None of these examples result in a symplectic pencil K — AN with
symplectic K and N matrices. Hence, whenever possible, a symplectic matrix
M was formed from the given data. Table 4.9 presents the results obtained
applying the SR algorithm to M. Again, the relative error in the eigenvalues
was computed by comparing the eigenvalues computed via the SR algorithm
with those computed via eig. The first column of the table gives the number
of the example as given in [22]. The next columns display the dimension ofthe
problem, the maximal and minimal relative errorsfor the computed eigenvalues,
the maximal condition number used, and the total number of iterations needed
to achieve convergence.

For the first two examples, no SR iteration was necessary: after the initial
reduction to butterfly form, the problem either decoupled into two 2 x 2 sub-
problems or the eigenvalues could be read off directly. The relative error of
the so computed eigenvalues is of order O(eps). For Example 8 of [22] the
eigenvalues computed via the SR algorithm were better than those computed
via eig.This was checked via the smallest singular value oy, of (M — XI) for
the eigenvalues \ computed via eig as well as via the SR algorithm. It turns
out that Oy (M — XNSEIY is smaller then o iy (M — A$Y81). For Example 11
from [22] one should note that the matrix M there is only almost symplectic,
thatis, |MTIM — J||a =~ 1 % 107 '° and the condition number of M is given
by k(M) = 1.6 * 108.

EXAMPLE 4.13  Flaschka, Mehrmann, and Zywietz report in [53] that the SR
algorithm for symplectic J-Hessenberg matrices does not perform satisfactory
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Example number of
Number || 2*n | max(relerr) | min(relerr) | condmax | iterations
1 4 2.5 0
2 4 25.3 0
6 8 101071 | 401071 6.4 4
7 8 22x10712 | 6.8%1071 | 5.4 10? 3
8 8 24107 | 85%10716 8.4 3
9 10 9.3x1071 | 411071 20.4 5
11 18 1.2 1072 7110712 | 7.9 % 108 6

Table 4.9. Example 4.12

due to roundofferrors. They present two examples to demonstrate the behavior
of the SR algorithm for symplectic J-Hessenberg matrices. The first example
presented is a symplectic matrix with the eigenvalues 5,1/5,3+44,0.12£0.163;
the matrix itselfis given in [53]. It is reported in [53] that complete deflation
was observed after 19 iteration, but the final iteration matrix was far from
being symplectic.  The maximal condition number of the symplectic Gauss
transformations used during the iterations was 6.4 * 103,

Our algorithm first reduced the symplectic matrix to butterfly form (this is
denoted here as iteration step ), then two iterations were needed for con-
vergence. Moreover, cubic convergence can be observed by monitoring the
parameters d; during the course of the iteration, as they indicate deflation.
Table 4.10 reports the values for the d;’s after each iteration.

As can be seen, it takes only two iterations for d3 to become zero with
respect to machine precision. Decoupling is possible and the problem splits
into a2 x 2 and a 4 x 4 subproblem. The observed maximal condition number
of the symplectic Gauss transformations used during the iterations was 57.39.

The second example discussed in [53] is a 12 x 12 symplectic matrix with
the eigenvalues 1 + 14,0.5 +0.54,2 £ 24,0.25 £+ 0.25¢,3 £+ 44,0.12 £ 0.164.
Here, a symplectic diagonal matrix with these eigenvalues on the diagonal
was constructed and a similarity transformation with a randomly generated
orthogonal symplectic matrix was performed to obtain a symplectic matrix M.
The implementation presented in [53] first reduces this matrix to J-Hessenberg

form, then a double shift SR step with the perfect shift 3 & 4i is performed.
This resulted in deflation and good approximation of these eigenvalues, but
symplecticity was lost completely.

Our algorithm again first reduced the symplectic matrix to butterfly form,
then six iterations were needed for convergence. As before, cubic convergence
can be observed by monitoring the parameters d; during the course of the
iteration. Table 4.11 reports the values for the d;'s after each iteration as well
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iteration ds da
0 1.8576 2389 x 10~
1 02783 | —2.117 %1078
2 -4.3422 2.242 %1076
Table 4.10.  Example 4.13 — first test
size of deflated
iteration || deflation? subproblem d3 ds
0 no 1.07 « 10° 0.91 = 10°
1 no 1.29% 107! | —8.50 %1072
2 no ~5.30% 1072 1.37 %1074
3 no —1.49x107% | —1.26 % 1072
4 yes 4x4 2.18%107% | —3.404 107
5 no —-436 %107
6 yes 4x4 3.00%1072°
Table 4.11.  Example 4.13 — second test

as whether deflation occurred and whether a 2 X 2 or a 4 x 4 subproblem was
deflated.

The observed maximal condition number of the symplectic Gauss transfor-
mations used during the iterations was 73.73.

ExAMPLE 4.14 We also tested an implementation of the SR algorithm using
a standard polynomial p instead of a Laurent polynomial q to drive the SR
step. In cases where no trouble arose, both algorithms performed similarly.
That is, both versions ofthe algorithm needed the same number ofiterations for
convergence, and the accuracy ofthe computed eigenvalues was similar. But,
as indicated in our discussion in Section 4.1, using the standard polynomial
might sometimes cause some problems.  Using the Laurent polynomial to
drive the SR step, the algorithm behaved as expected. Convergence of even-
dimensional subspaces occurred, which resulted in the convergence of some
of the dy’s to zero. But when working with standard polynomials to drive
the SR step, one might observe convergence of ay to zero and stagnation
of the algorithm afterwards.  This will be illustrated here by the following
example. We generated a 30 x 30 symplectic matrix using the parameters
Qry. -y @15,01,...,015, ¢1,...,c15, and da, ..., dys as given in Table 4.12.
The resulting symplectic matrix M has only two real eigenvalues:

1= 197700698420 and p~' = 0.50581510737.

The twenty-eight complex eigenvalues occur in pairs {\, X} where X € C, |\ =
L.
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a b c d
1 || 0.76880950325 | 0.82064368228 | 0.06824661097
2 || 0.96970170497 | 0.97047237460 | 0.96412426837 | 0.84800944806
3 || 0.71479723187 | 0.48692499554 | 0.20765658836 | 0.72860019101
4 || 0.78196184196 | 0.81746853554 | 0.16111822555 | 0.95509863327
5 || 0.23756508204 | 0.64157116784 | 0.63822138259 | 0.65635111059
6 || 0.19573076378 | 0.30634935951 | 0.00022817289 | 0.74230513350
7 || 0.26321391517 | 0.66093213223 | 0.33563294335 | 0.34496601390
8 |l 0.71378506459 | 0.35801711338 | 0.27509982146 | 0.88402194967
9 || 097759973943 | 0.93819943010 | 0.04452752039 | 0.34724408649
10 || 0.63712194084 | 0.48766697476 | 0.09389649759 | 0.05947668054
11 || 0.54592415509 | 0.09099035774 | 0.40999739977 | 0.71841459107
12 || 0.84805722441 | 0.67383411686 | 0.81689231949 | 0.95821429290
13 || 0.80209765848 | 0.51488031898 | 0.87051707180 | 0.15683486507
14 || 0.66830641006 | 0.22157934638 | 0.02255512045 | 0.41635310614
15 || 0.67098263396 | 0.72500937095 | 0.72717698369 | 0.09403486897 |
Table 4.12.  Example 4.14 — parameters
a] by (9]
1 [ 1.8%10°T | 1.98410591 2.2791
2 || 1.6%1077 | 1.97948316 30.8977
31 221073 | 1.97726186 233.4375
4| 6.6x107* | 1.97714161 761.5576
51 3.6%«107% | 1.97718534 1397.3210
6 || 4.4+107% | 1.97728897 1149.0454
7 9.1%107% | 1.97706343 5575.8521
8 || 1.0x1073 | 1.97701113 | 49627.9530
9 || 7.8%1077 | 1.97700726 | 643154.9327
Table 4.13. Example 4.14 — standard polynomial
[ ay b1 Ci
1 [ 0.92647065700 | 0.85985047660 | 1.66728006461
2 || 0.91957849076 | 0.85402888680 | 1.76951100126
3 (| 0.91953205232 | 0.85399738303 | 1.76962068109
4 || 0.91952829207 | 0.85399457780 | 1.76914546114
5 1| 0.91951299233 | 0.85398309033 | 1.76786406820
6 || 0.91931641917 | 0.85383550669 | 1.77172737277
7 1| 0.91929704077 | 0.85382096040 | 1.77200623558
8 || 0.91929694433 | 0.85382088801 | 1.77200762831
9 || 0.91929694382 | 0.85382088762 | 1.77200763568

Table 4.14.

Example 4.14 -— Laurent polynomial

161
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Table 4.13 reports the values of a1, by, and cy in the course of the iteration
when the SR step is driven by a standard polynomial (thefirst column indicates
the number of iterations). The choice of shifts is as before.

Already after the first iteration the largest eigenvalue i is emerging as b,.
During the subsequent iterations, 61 converges towards this eigenvalue while
ay converges to zero. The growth of c| reflects the ill conditioning of the
transforming matrices. At the bottom of the matrix, deflations take place: after
iteration 5, a 2 x 2 subproblem is decoupled, after iteration 7 a 4 x 4, after
iteration 11 and 12 a 2 X 2, and after iteration 16 another 4 X 4 subproblem is
decoupled. At that point ay is less than eps so that a 2 X 2 subproblem can be
deflated at the top which corresponds to the pair of real eigenvalues, by = p
and the (n + 1, n + 1) entry of the iteration matrix is approximately equal to
w~ L. The resulting 14 x 14 subproblem has only complex pairs of eigenvalues
on the unit circle. Parameterizing this subproblem, one observes that three of
the six parameters d; are of order \/eps, the other three are of order 1. This
does not change during subsequent iterations, no convergence is achieved (the
required tolerance for deflation is of order eps).

Using a Laurent polynomial to drive the SR step, the process converges
after 22 iterations, a does not converge to zero. All eigenvalues are computed
accurately (max(relerr) = O(10715)). Table 4.14 gives the same information
as Table 4.13 for the case considered here.

EXAMPLE 4.15 The last set of tests concerned the parameterized SR algo-
rithm. As that algorithm was implemented only for a double shift step, we
compared it to a double shift SR algorithm (all the test reported so far used
quadruple shift steps). For the tests reported n x ndiagonal matrices D were
generated using MATLAB’s ’rand’ function. Then a symplectic matrix S
was constructed such that S = MTdiag(()D, D™')M where M € R¥**"
are randomly generated symplectic orthogonal matrices. This guarantees that
all test matrices have only real-valued pairs of eigenvalues {u, "'}, 1t € R.
Hence, using only double shift Laurent polynomials to drive the SR step, the
corresponding butterfly matrices can be reduced to butterfly matrices such that
the (1, 2) and the (2, 2) block is diagonal (that is, all parameters d; are zero).

In order to detect deflation in the parameterized SR algorithm, parameters
d; were declared to be zero during the iteration when

d; <10-n-eps

was fulfilled, where the dimension of the problem is 2n x 2n and eps =
2.2204 % 1071 js MATLAB ’s floating point relative accuracy. Deflation in the
double shift SR algorithm was determined as described in (4.4.39).

While symplecticity is forced by the parameterized SR algorithm, its has to
be enforced after each double shift SR step. Otherwise symplecticity is lost in
the double shift SR algorithm.
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"-* double shift SR, "~ - ™ parametenzed SR
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Figure 4.1.  average number of iterations, 100 examples {or each dimension

All tests showed that the parameterized SR algorithm and the double shift
SR algorithm compute the eigenvalues to about the same accuracy. But the
parameterized SR algorithm converged slightly faster than the double shift
SR algorithm, exhibiting the same cubic convergence behavior. Figure 4.1
shows the average number of iterations needed for convergence using the
parameterized SR algorithm and the double shift SR algorithm.

In order to compute the average number of iterations needed for convergence,
100 symplectic matrices S for each of the dimensions 2n X 2n forn = 4 : 40
were constructed as described above. It was observed that the parameterized
SR algorithm converges typically slightly faster then the double shift SR
algorithm. For most ofthe test examples, the parameterized SR algorithm was
asfast orfaster than the double shift SR algorithm. Justfor veryfew examples,
the parameterized SR algorithm needed more iteration than the double shift
SR algorithm; and than only up to 3 iterations more. Mostly this was due
to the fact that the deflation criterion for the parameterized SR algorithm is
somewhat more strict than the one for the double shift SR algorithm. Similar
results were obtained for test matrices S = M7 [D a ]M where D, F are

0 D1
random diagonal n X n matrices and M is as before.

The examples presented demonstrate that the butterfly SR/SZ algorithm is
an efficient structure-preserving algorithm for computing the eigenvalues of
symplectic matrices/matrix pencils. Using Laurent polynomials as shift poly-
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nomials cubic convergence can be observed. The SZ algorithm is considerably
better than the SR algorithm in computing the eigenvalues of a parameterized
symplectic matrix/matrix pencil.

4.5 TWO REMARKS ON THE BUTTERFLY SR
ALGORITHM

Here we will give two interesting remarks on the butterfly SR algorithm.
First we prove a connection between the SR and HR algorithm. Then we
discuss how one of the problems that motivated us to study the symplectic SR
algorithm can be solved using the results obtained so far.

4.5.1 A CONNECTION BETWEEN THE BUTTERFLY
SR ALGORITHM AND THE HR ALGORITHM

The SR algorithm preserves symplectic butterfly matrices, and the HR
algorithm preserves D—symmetric tridiagonal matrices where D is a signature
matrix (see Section 2.2.3). Here we prove an interesting connection between
the SR and HR algorithm: An iteration of the SR algorithm on a 2n x 2n
symplectic butterfly matrix usingshifts p;, /Li_l, i =1,...,k, is equivalent to
an iteration of the HR algorithm on a certain n x n tridiagonal D-symmetric
matrix using shifts p; + u{l, i=1,...,k

Normally if one speaks of a GR iteration with shifts u1, ..., g, one means
that the iteration is carried out using the polynomial spectral transformation
p(B) = (B—u1I)--- (B —p,l). Butas discussed in Section 4.1 in the case of
an SR iteration on a symplectic matrix B, it makes sense to do things differently.
When we speak of an SR iteration with shifts p;, ;' i = 1,...,k, applied
to a symplectic matrix B, we mean that one forms the Laurent polynomial

k k
¢(B) = [[(B - mD)I — i} H ((B+B~"~lpi+u '),

1=1

next one performs the decomposition g(B) = SR, then one performs the
similarity transformation B = S~'BS. When we speak of an HR iteration
with shifts pe; + p,” " applied to a D—symmetric tridiagonal matrix 7, we mean
that one uses the polynomial spectral transformation

PT) = (T = [p1 + g ') (T = [ + i '),

We are restricting ourselves to the nonsingular case, which means that none
of the p; is allowed to be an eigenvalue of B. This is only for the sake of
avoiding complications. As we have seen in Section 4.1, nothing bad happens
in the singular case.
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We allow complex shifts. However, if i; is not real, we insist that zz; should
also appear in the list of shifts, so that ¢(B) is real. In case that ¢ shifts are
used in each SR or HR iteration step we say that the iteration is of degree £.

THEOREM 4.16 Let B = g _?, ]be an unreduced symplectic butterfly

matrix in canonical form (3.3.16). Then an SR iteration of degree 2k with
shifts pi;, ,ui"l, i=1,...,k, on B is equivalent to an HR iteration ofdegree k
with shifts p; + pi—l, t=1,...,kon the D—symmetric matrix T.

PROOF: The SR iteration has the form
q(B)=SR, B=S"!BS,

where ¢ is the Laurent polynomial

(A2 = ue+ 1) -

—

q(A) =

=1

Notice that q(B) = p(B + B™!), where p is the ordinary polynomial

k

pw) =[] (v -l + 1)

i=1

[0 -D
o=|o 7]

wehave B + B~! = diag(T7, T). Therefore
p(TT) }
B) = .
q(B) [ p(T)

An HR iteration on T with shifts y; + ,ui_l, 1=1,...,k, has the form

Since

(4.5.40)

p(T)=HU, T=H 'TH.

U is upper triangular, H satisfies HT DH = D, where D isa signature matrix,
and T is f)-symmetric.
Now let us relate this to the SR iteration on B. Since Dp(T") = p(TT)D,
we have R
p(TT)=DHUD = H-TDUD.
Thus

o G
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This is the SR decomposition of ¢(B), for

s=1 "7 4]

[ Dbubp
S haa

is J-triangular. Using this SR decomposition to perform the SR iteration, we
obtain

is symplectic, and

5 0 -D
B=s5"'BS=| ~ & |.
5 7]
Thus the HR iteration on 7 is equivalent to the SR iteration on B. Vv

In principle we can compute the spectrum of a symplectic butterfly matrix
by putting it into canonical form, calculating the eigenvalues of 7, then in-
verting the transformation A — XA + A~!. Conversely, we can calculate the
eigenvalues of a D-symmetric tridiagonal matrix T by embedding T and D in
a symplectic butterfly matrix B, calculating the eigenvalues of B, and applying
the transformation A — A + A~L.

These transformations are not necessarily advisable from the standpoint of
numerical stability. The first will resolve eigenvalues near £1 poorly because,
as we already mentioned in Remark 3.17, the inverse transformation is not
Lipschitz continuous. The second transformation is perhaps less objectionable.
However, any eigenvalues of T that are near zero will have poor relative
accuracy, because cancellation will occur in the transformation A — X + A~L.

REMARK 4.17 a) The decomposition (3.2.7) of the canonical form B is
s_ [0 -D]_[D 0][o -1
| D T| |0 D I DT |~
Thus B is equivalent to the pencil
0 -1]_,[D 0
I DT 0 D |~
Now the SZ algorithm on this pencil, driven by

k

q(z) = [z = pa)(1 =i, '271)

1=1
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is the same as the HZ algorithm on the pencil DT — AD driven by

k

p(w) = [[(w = s + 7).

i=1
(See [140)).

b) An iteration of the butterfly SR algorithm is not only equivalent to an
iteration of the HR algorithm as proven above, but also to two iterations
of the LU algorithm. In [33, Theorem 4.3] it is shown that one step
of the HR algorithm applied to a D-symmetric tridiagonal matrix T is
essentially equivalent to two steps of the LU algorithm applied to T (ifthe
LU algorithm is constructible and no shifis are used). If T is symmetric (that
is, D = 1), then two steps of the LU algorithm (ifit exists) are equivalent
to one QR step (which always exists). For positive definite symmetric T,
this was already noted by Wilkinson [144, p. 545], for general symmetric
matrices this relation is described in [147].

45.2 DISCRETE TIME ALGEBRAIC RICCATI
EQUATIONS AND THE BUTTERFLY SR
ALGORITHM

In this section we will briefly discuss how to solve a discrete time algebraic
Riccati equation
X=F'I+XG)"'XF+H (4.5.41)

where F € R"™", G and H € R"*" are symmetric positive semidefinite using
the butterfly SR algorithm. Under certain assumptions, the solution of the
discrete time algebraic Riccati equation (4.5.41) can be expressed in terms of
certain invariant or deflating subspaces of corresponding matrices and matrix
pencils (see, e.g., [83, 87, 104], and the references therein). The symmetric
solution X of (4.5.41) can be given in terms of the deflating subspace of the
symplectic matrix pencil

w5 8]

H I 0 F7
corresponding to the n eigenvalues A, ..., A, inside the unit circle using the
relation
F 0 I 1 -G I A
H I -X | |0 FT -X
where A € R™ ", o(A) = {A\,...,A\,}. Therefore, if we can compute

Zy,Zy € R™™ such that the columns of [2] span the desired deflating
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subspace of K — AN, then X = —Z,Z !is the desired solution of the Riccati
equation (4.5.41).

K and N are not symplectic themselves. Assume that F is regular, then we
have two options to use the algorithms presented in order to solve the discrete
time algebraic Riccati equation (4.5.41). For the first option, we form the
symplectic matrix

GFTH+F GFT

A1 A7 __
KON = FTH FT

=M.

Instead of computing the deflating subspace of K — AN corresponding to the
n eigenvalues A, ..., Ay inside the unit circle, we can compute the invariant
subspace of M corresponding to the n eigenvalues inside the unit circle. Using
the algorithm given in Table 3.2 M can be reduced to butterfly form

B = S5;'MS,.

Using the SR algorithm for butterfly matrices, a symplectic matrix S; is com-
puted such that
S 1 lle

decouples into 2 x 2 and 4 x 4 problems. Solving these subproblems as
discussed at the end of Section 4.1, finally a symplectic matrix So is computed
such that

0|A”

where the eigenvalues of are just the n eigenvalues of M inside the unit
circle. Let S = S¢.5152. Then (4.5.42) is equivalent to

S;'STIBS.S, = [ Al x } 4.5.42)

co Al *
KS=NS [ T } . (4.5.43)
Write s s
11 Si2
= . .5.44
S [ So1 S22 ] (4.5.44)

The first n columns of (4.5.43) are given by
S| A Suld | Su
R[S )-ns[ 8] =n ]S =n[ S
Hence, X = —82151_11 is the desired solution of the Riccati equation (4.5.41)
if S}, is regular (under usual assumptions, this is always satisfied).

The second option to use the algorithms presented to solve the discrete time

algebraic Riccati equation (4.5.41) is to premultiply K — AN by [/ .%:].
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This results in a symplectic matrix pencil K’ — AN’ where &', N’ are both
symplectic. Hence, the butterfly SZ algorithm can be used to compute the
desired solution of the Riccati equation (4.5.41) analogous to the approach just
described.

As noted, e.g., in [39, 128], when solving continuous time algebraic Riccati
equations via the Hamiltonian SR algorithm it is desirable to combine the SR
algorithm with the square reduced algorithm of Van Loan [137] which is used
to compute good approximations to the eigenvalues of the Hamiltonian matrix.
These eigenvalues are then used as ’ultimate’ shifts for an acceleration of the
Hamiltonian SR algorithm. Combined with the symmetric updating method
of Byers and Mehrmann [40] to compute the solution of the continuous time
algebraic Riccati equation and combined with a defect correction method like
the one proposed by Mehrmann and Tan [105], the resulting method is a very
efficient method and produces highly accurate results.

These ideas can be used here as well. Lin [96] developed an algorithm
for computing eigenvalues of symplectic matrices analogous to Van Loan's
square reduced method for Hamiltonian matrices [137]. Symmetric updating
has been considered by Byers and Mehrmann [40], Instead of computing the
symplectic matrix S as in (4.5.44), one works with » X n matrices X, Y and
Z such that finally X = —5215;11,3/ = 5;11512 and Z = 51_11. Starting
from X = Y = 0,Z = [, this can be implemented without building the
intermediate symplectic transformations used in the butterfly SR algorithm,
just using the parameters that determine these transformations. As for every
symplectic matrix S written in the form (4.5.44), 5215;11 is symmetric, this
approach guarantees that all intermediate (and the final) X are symmetric. The
same idea can be used when working with a butterfly pencil.

Using results given by Mehrmann and Tan in [105, Theorem 2.7] (see also
[104, Chapter 10]), we have

THEOREM 4.18 Let X be the symmetric solution of
DR(X):=-X+FI(I+XG)'XF+H=0

where F, G, H as _before. LetX bea symmetric approximation to X. Then the
error V.= X — X can be expressed as the solution of

—V+Fl 4+ (I+VG) WF+H=0
where H = DR(X),G = (G + X)™' = GU + XG)™',and F = (I -
GX)F.
The error V fulfills a discrete time algebraic Riccati equationjust like the desired

solution X. The defect discrete-time algebraic Riccati equation may be solved
by any method for discrete-time algebraic Riccati equations, including the
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butterfly SR/SZ algorithm. Most frequently, in situations like this, Newton's
method is used [71, 104, 16]. Then ¥ can be used to correct X. Iterating this
process until DR(X) is suitably small is called a defect correction method and
should always be used if the discrete-time algebraic Riccati equation is solved
by the butterfly SR/SZ algorithm.

A flop count shows that the symmetric updating approach is not feasible
here. The butterfly SR/SZ algorithm involves updates with symplectic Givens,
symplectic Gauss and symplectic Householder transformations. Partition the
symplectic transformation matrix § into n x n blocks

S S
S = ,
[ S21 Sz ]

and let X = ~S9 S, Y = S;\!Sipand Z = S[;'. X and ¥ are symmetric.
Then an update with a symplectic Householder matrix
P 0 }

H. = ~
b [0 P

~ . SR s g RO —k
where P=  diag(/k -1l roktln=ktl 98y ) e R*7FH can be ex-
pressed as follows:

S 512} P 0 _ SuE 51213 _ Su 512}

521 522 0O P 521P SQQP 521 522 ’
and

X = =88y = ~(SuP)(SnP)"' =-S5 = X,

Yy = §1‘11§12:ﬁ"Sﬁ‘Slzf?:ﬁYﬁ,

7 = 50 -pstiopig

Hence, a symmetric update with a symplectic Householder matrix H, requires
2n - (4k — 2) + 2k? + k2 — k flops, taking the symmetry of Y into account.
An update with a symplectic Gauss matrix

D Vv
L= [ 0 D! } ’
where D = diag(ZF=LE=1 ¢ ¢ [P~k =kyand V = d(exel | + ekp1€r),can
be expressed as follows:

St Sw D Vv _ [ SuD SuV+ 8D
Sa1 Sy 0 D! B 551D Sy V 4 Sy D7}
SEE
So1 Sa |’
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and
)? = ——§21§1_11 = —(Sng)(SllD)_l = —52151_11 = X,
Y = 5;!'85=D7'8; SV +Si2D)=D"'V+D'YD™!,
Z = St=D7's3'l=D"'z

Hence, a symmetric update with a symplectic Gauss matrix Ly requires 4n + 8
flops, taking the symmetry of ¥ into account.
An update with a symplectic Givens matrix

C -5
Gk:[s C:l’

where C = I + (c — L)egel, S = segel and ¢® + s* = 1, can be expressed as
follows:

S11 Sio Cc -5 _ S11C + 5128 S11C - 5118
Sa1 Sog s C - S91C + 8938 59,C — 5318
EEA
So1 S22

A lengthy derivation involving the use of the Sherman-Morrison-Woodbury
formula in order to compute the inverse of Si; + ((¢ — 1)S11 + sSlz)ekekT
gives

~ —~ ~_ S _ _
X = —3215111 =X - EsllTekezslllv
)7 = §1_11§12

1 .
= Y+ o {(kak(c —-1) - s)ekekT (= 1)(Yekez + ekekTY)
~-sYeper Y},

~ ~ 1
7 = Sl_ll =7 - - {(c - 1)ekeer - sYekeZZ}

where o = ¢ + sygi. Hence, a symmetric update with a symplectic Givens
matrix Gy, requires 4n? + 9n + 15 flops, taking the symmetry of X and Y into
account.

For the initial reduction of B = K~'N to butterfly form or of K — AN
to butterfly form n? ~ n symplectic Givens transformations, n — 1 symplectic
Gauss transformations, and 2 symplectic Householder transformations with
v e R foreachj =2,...,n — 1 are used (for the reduction of the pencil,
we only need to consider the transformations from the right). Hence, 5n*
arithmetic operations are needed in order to compute X, ¥, and Z. The but-
terfly SR algorithm itself requires 4n — 4 symplectic Givens transformations,
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n — 1 symplectic Gauss transformations, n — 2 symplectic Householder trans-
formation with v € R, andn — 1 symplectic Householder transformation with
v € R?; while the butterfly SZ algorithm requires 4n — 6 symplectic Givens
transformations, n — 1 symplectic Gauss transformations, n — 3 symplectic
Householder transformation with v € R®, and n — 1 symplectic Householder
transformation with v € R2. Therefore, the butterfly SR/SZ algorithm re-
quires about 11n* arithmetic operations for the symmetric updating. Hence,
the symmetric updating requires O(n*) arithmetic operations. This increase in
computational cost is not rewarded with a significantly better computation of
X

For a discussion of a hybrid method for the numerical solution of discrete-
time algebraic Riccati equations which combines the butterfly SZ algorithm
and Newton’s method see [52].



Chapter 5

THE SYMPLECTIC LANCZOS ALGORITHM

In the previous chapter algorithms for computing the eigenvalues of sym-
plectic matrices have been considered that are based on an elimination process
for computing the butterfly form of a symplectic matrix. Unfortunately, this
approach is not suitable when dealing with large and sparse symplectic matrices
as an elimination process can not make full use of the sparsity. The preparatory
step of the SR algorithm involves the initial reduction of the (large and sparse)
symplectic matrix to butterfly form. During this reduction process fill-in will
occur such that the original sparsity pattern is destroyed. Moreover, in practise,
one often does not have direct access to the large and sparse symplectic matrix
M itself, one might only have access to the matrix-vector product Mx for any
vector x. When considering large and sparse problems, often one is interested
in computing only a few of the eigenvalues. The algorithms considered so far
compute all 2n eigenvalues. Hence, the SR algorithms considered so far are
not appropriate for large and sparse symplectic eigenproblems.

In Section 2.2.4 the Lanczos algorithm for general n x n matrices 4 was
reviewed. It generates a sequence of tridiagonal matrices 7797 € R?*J with
the property that the eigenvalues of 77 are progressively better estimates
of A’s eigenvalues. Unfortunately, applying that algorithm to a symplectic
matrix will ignore the symplectic structure. But, as will be shown in this
section, it is fairly easy to derive a structure-preserving Lanczos-like algorithm
for the symplectic eigenproblem: Given s; € R?™ and a symplectic matrix
M € R™ 27 the symplectic Lanczos-like algorithm generates a sequence of
symplectic butterfly matrices B2k ¢ R2¢*2k gych that (if no breakdown
occurs)

MSI2% = g2k prk2k 4. T (5.0.1)

where §2m2k ¢ R2nx2k gn2ky s1, and the columns of $2™2* are orthog-
onal with respect to the indefinite inner product defined by J as in (2.1.1). That

173
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is, the columns of $?™2* are J-orthogonal. The eigenvalues of the intermedi-
ate matrices B?¥?¥ are progressively better estimates of M ’s eigenvalues. For
k = n the algorithm computes a symplectic matrix S such that § transforms
M into butterfly form: S~'M S = B.

Such a symplectic Lanczos algorithm was developed by Banse in [13] (using
the approach of Freund and Mehrmann [55] for the development of a symplectic
Lanczos method for the Hamiltonian eigenproblem). The algorithm is based
on the factorization (3.2.15) of a symplectic butterfly matrix. Here we will
develop an analogue of that symplectic Lanczos method for the factorization
(3.2.7) of a symplectic butterfly matrix. Any such symplectic Lanczos method
will suffer from the well-known numerical difficulties inherent to any Lanczos
method for unsymmetric matrices. In [13], Banse picks up the look-ahead idea
of Parlett, Taylor, and Liu [116]. A look-ahead Lanczos method skips over
breakdowns and near-breakdowns. The price paid is that the resulting matrix is
no longer of the desired reduced form, but has small bulges in that form to mark
each occurrence of a (near) breakdown. Such a symplectic look-ahead Lanczos
algorithm is presented in [13] which overcomes breakdown by giving up the
strict butterfly form and, to a certain degree, also symplecticity. Unfortunately,
so far there do not exist eigenvalue methods that can make use of that special
reduced form. Standard eigenvalue methods such as QR or SR have to be
employed resulting in a full (symplectic) matrix after only a few iteration steps.

A different approach to deal with the numerical difficulties of the Lanczos
process is to modify the starting vectors by an implicitly restarted Lanczos
process (see the fundamental work in [41, 132]; for the unsymmetric eigen-
problem, the implicitly restarted Arnoldi method has been implemented very
successfully, see [94]; for the Hamiltonian eigenproblem the method has been
adapted in [18]). Usually only a small subset of the eigenvalues is desired. As
the eigenvalues of the symplectic butterfly matrices B?%2* are estimates for
the eigenvalues of M, the length 2k symplectic Lanczos factorization (5.0.1)
may suffice if the residual vector rf; is small. The idea of restarted Lanczos
algorithms is to fix the number of steps in the Lanczos process at a prescribed
value k which is dependent on the required number of approximate eigenvalues.
The purpose of the implicit restart is to determine initial vectors such that the
associated residual vectors are tiny. Given (5.0.1), an implicit Lanczos restart
computes the Lanczos factorization

&2 &2n,2k p2k2k | ¢ T
MS n,2k = 527‘1, ng' + 7’k+1€2k
which corresponds to the starting vector

§1=q(M)s

(where q(M) € R?"*?" i5 3 Laurent polynomial) without explicitly restarting
the Lanczos process with the vector §;. This process is iterated until the
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residual vector is tiny. J-orthogonality of the k Lanczos vectors is secured by
re—J—orthogonalizing these vectors when necessary. Such an implicit restarting
mechanism is derived in Section 5.2 analogous to the technique introduced in
[67, 132]. It will be seen that Laurent polynomials should be used to drive the
implicit restart.

The symplectic Lanczos method is presented in the following section. Fur-
ther, that section is concerned with finding conditions for the symplectic Lanc-
zos method terminating prematurely such that an invariant subspace associated
with certain desired eigenvalues is obtained. We will also consider the im-
portant question of determining stopping criteria. An error analysis of the
symplectic Lanczos algorithm in finite-precision arithmetic analogous to the
analysis for the unsymmetric Lanczos algorithm presented by Bai [11] will be
given. Numerical experiments show that, just like in the conventional Lanczos
algorithm, information about the extreme eigenvalues tends to emerge long be-
fore the symplectic Lanczos process is completed. The effect of finite-precision
arithmetic is discussed. Using Bai’s work [11] on the unsymmetric Lanczos al-
gorithm, an analog of Paige’s theory [109] on the relationship between the loss
of orthogonality among the computed Lanczos vectors and the convergence
of a Ritz value is discussed. As to be expected, it follows that (under certain
assumptions) the computed symplectic Lanczos vectors loose J—orthogonality
when some Ritz values begin to converge. The implicitly restarted symplectic
Lanczos method itself is derived in Section 5.2. Numerical properties of the
proposed algorithm are discussed. In Section 5.3, we present some numerical
examples. As expected, they demonstrate that re-/—orthogonalizing is neces-
sary as the computed symplectic Lanczos vectors loose J —orthogonality when
some Ritz values begin to converge. Moreover, the observed behavior of the
implicitly restarted symplectic Lanczos algorithm corresponds to the reported
behavior of the implicitly restarted Arnoldi method of Sorensen [132].

Some of the results discussed in this chapter appeared in [19, 17, 51].

For most of the discussion in this chapter, in order to simplify the notation,
we use permuted versions of M, B, S, and J as in the previous chapter:

Mp =PMPT Bp=PBPT Sp=pPSP" Jjp=rprJpP"

with the permutation matrix P (2.1.2). For ease of reference, let us recall the
definitions of Bp, (Ky)p', and (Ny)pl (Ku)};l and (V) ! are given by

a;' b
0 ay
(Ku)p' = , (5.0.2)
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and _ _
c 1| ds 0
-1 0 0 0
d-g 0 (D] 1
_ 0 0|-1 0
(Ivu)p = N (503)
d, 0
1o 0
dn 0 ] cn 1
L 0 0|-1 0 ]
while Bp is given by
i [)1 bl(‘| —(llvl 0 bld2 W
ap @rcy 0 aids
0 bady by baco — az_l
0 azdy a:z 1203 (5.0.4)
0 bn—ldn
E 0 an—ldn
0 badn [ bn brcn —a,'
L 0 andn | an AnCn

5.1  THE SYMPLECTIC LANCZOS FACTORIZATION

We want to compute a symplectic matrix S in a Lanczos-like style such that
S transforms the symplectic matrix M to a symplectic butterfly matrix B. In
the permuted version, MS = SB yields

MPSP = SPBP.
Equivalently, asB = K !N, (3.2.7), we can consider
MpSp(Nu)p' = Sp(u)p"

The structure-preserving Lanczos method generates a sequence of permuted

symplectic matrices Sf;"‘zk (that is, the columns of S?;n‘% are Jp—orthogonal)

which we partition columnwise as

2n,2k . 2nx 2k
Sp = (v, wy,v2, w2, .., Uk, wi) €R )

These symplectic matrices satisfy
on,2k 2n,2k 2k 2k g
MPSP” = Spn BP + dk+1(bk+1vk+1 + ak+1wk+1)€{k. (5.1.5)

Equivalently, as
2k,2k -2k, 2k\—1 [ n72k,2k
BP = (1\31‘ )p (Nu )p
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and
esr(NEF ) 5! = —egp 1,
we have
MPSIQ)an(Ngk,?k)]—)l (5.1.6)

2n,2K | -2k 2k~ 1 T
= Sp (KL ) = digi (bry1Vkgr + Qg Wrgr e

Here, B2?* = P22k g2h2k(p2k2KT ig 3 permuted 2k x 2k symplectic
butterfly matrix as in (5.0.4) and

(ng,Zk)P — P2k,2k(X3k,2k)(P2k,2k)T’ X = [&’, or X = IV,

is a permuted 2k x 2k symplectic matrix of the form (5.0.2), resp. (5.0.3). The
space spanned by the columns of

SQn,?k _ (PQn,Qn)TSQTl.QkPQka
= P

is J—orthogonal, since

2n,2kT 2020 q2n,2k _ 12k,2k
Sp Jp N 8p T = Jp

where P02 J20,21(P2.2)T = J20% and J%% is a 2j x 2j matrix of the
form (2.1.1).
The residual vector

Th41 1= bg 41Uk 41 + Q1 Wh41

. 2%k .
is Jp—orthogonal to the columns of Sp"" which are called Lanczos vectors.
The matrix 2k, 2k 26,2k [ 020,26\ T 72 2n,2k
) k,2 2RNT 2 ,
By = Jp(Sp ) IR Mp Sy

is the Jp—orthogonal projection of Mp onto the range of Sf,"‘%. Equation
(5.1.5) (resp. (5.1.6)) defines a length 2k Lanczos factorization of Mp. If the
residual vector r4 is the zero vector, then equation (5.1.5) (resp. (5.1.6)) is
called a truncated Lanczos factorization ifk < n. Note thattheoretically, 7,41

must vanish since
2n2n\T 72n,2n
(SP ) JP Thn+l = 0,

and the columns of S?)"‘Q" form a Jp-orthogonal basis for R*". In this case
the symplectic Lanczos method computes a reduction to butterfly form.

Before developing the symplectic Lanczos method itself, we state the fol-
lowing theorem which explains that the symplectic Lanczos factorization is
completely specified by the starting vector v,.
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THEOREM 5.1 Let two length 2k Lanczos factorizations be given by

2n.2k 20,2k 2k, 2k
Sp = SPU*BE Y + dir (bk+1Vk41 + Qg 1Wet1 )€y,
a2n.2k ’\2 2k 2k 2%
MpSy = Sp"Bpt + iy 1 (b 10k 41 + Q1 Dry1 ) el
b 52k,2k
where S5, S22 have J p—orthogonal columns, BE**, B2** are per-
muted unreduced symplectic butterfly matrices with
2%,2k 52k 2k
Bf )Jj = (BP ) ¥ y
k.2 (B -
'( ]+1,J| - I( P )]+1,]l - >

forj=1,3,5,...,2k—-1

Sign((B??kVQk)_H—l,]fl) = Sig“((é\%kzk)j%—l‘]—l) =1,
forj =3,5,...,2k—1, and

J2k2k (g2n.2k

0 = (Sp )T Ip (b 410k 41 + akr1We 1),
2k 2k [ 52n,2k > PO,

0 = Jp (S ) T JTp (bt Brsr + Gra1 Wrtr)-

Ifthe first column of Sp 202K ond §f;n'2k are equal, then

2k,2k nlk,2k 2n,2k _ a2n,2k
B2 _ pikak o gInlk _ ganzk

and
e (bkp1vrar + apprwe ) = dip1(Gkp10k41 + Qo1 Wpt1).
PROOF: This is a direct consequence of Theorem 3.7 ¢) and Remark 3.9. +/

Next we will see how the factorization (5.1.5) (resp. (5.1.6)) may be com-
puted. As this reduction is strongly dependent on the first column of the
transformation matrix that carries out the reduction and might not exist, we
must expect breakdown or near-breakdown in the Lanczos process. Assuming
for the moment that no such breakdowns occur, a symplectic Lanczos method
can be derived as follows.

Let Sp = [v1,wy,v9,wy, ..., vy, wy]. Foragiven vector v;, our symplectic
Lanczos method constructs the matrix Sp columnwise from the equations

]VIPS[)(]V )P tj—Sp(A ) €7, j:1,2,... .
That is, for even numbered columns we have

Mpuvy, = bpom + apwp,.
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This implies
AnWm = Mpvy — bpnvn
= Wy, (5.1.7)
Similar, for odd numbered columns we have
a;llvm = Mp(dmvm-1 + cm¥m — wWm + dm+1Vm+1)
which implies
dm+1Um+1 = —0mUm-1 — CmUm + Wy + a;;lM};l'Um

= Tmtl. (5.1.8)

Note that M;l = —JpM}Jp,since M is symplectic. Thus M;lvm isjusta
matrix-vector-product with the transpose of Mp.
Now we have to choose the parameters a,y, bn,, ¢m, dm+1 such that

SEJIpSp = Jp
is satisfied. That is, we have to choose the parameters such that
U%HJpme =1.
One possibility is to choose
dmt1 = ||5m+1'|2a
Umt+l = v;CLHJpMpva.
Premultiplying 1 by wl Jp and using S5JpSp = Jp yields
Cm = —a,_nlw%Jnglvm = a;tlv,TanMpwm.
Thus we obtain the algorithm given in Table 5.1.

REMARK 5.2 Using the derived formulae (5.1.7) for wyy,, the residual term
Tk4+1 can be expressed as

Tit1 = Mpugq1.

There is still some freedom in the choice of the parameters that occur in this
algorithm. Essentially, the parameters by, can be chosen freely. Here we set
bm = 1. Likewise a different choice of the parameters am,, dm is possible.

REMARK 5.3 Choosing by, = 0, a different interpretation of the algorithm in
Table 5.1 can be given. The resulting butterfly matrix B = S™'M S is of the
form

{O—A}:O AN
A T \\k’
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Algorithm: Symplectic Lanczos method

Given an initial vector 7, € R?*, 7, # 0and a symplectic matrix M €
R2VX27 this algorithm computes the parameters a1, .. ., am, b1, .. . , by,
Cly -+ Cm, dy, ..., dy, that determine a 2m x 2m symplectic butterfly
matrix B?™2™ with the property o(B?™?™) C o(M) if breakdown
is caused by d,,+1 = 0. How to interpret the results obtained, if the
breakdown is caused by a,, = 0, is discussed in the text.

vy = 0¢€ R2n
dy = Illﬁlllz
m = Evl

for m =1, 2, ... until breakdown do

(update of wy,)

iDm = Mpvy — bpuy,

am = ij;LJPAMP'Um

Wy = al;ﬁm
(computation of ¢,;,)

Cm, = a;tlv;ﬁJpMpwm
(update of vy 1)

—1as—1.
Umtt = —dmUm—1 — CmUm + W + 0y Mp vy
diny1 = |[Ums1ll2
Um41 = d_m+lvm+1

end

Table 5.1.  Symplectic Lanczos Method

where A is a diagonal matrix and T is an unsymmetric tridiagonal matrix. As
S-'MS = B, wehave ST*M~'S = B~' and

simM+Ms=B+pi=|T O]
0 T

Obviously there is no need to compute both T and T7. It is sufficient to

compute thefirst n columns of S. This corresponds to computing the vy, in our

algorithm. This case is not considered here anyfurther. See also the discussion

in Section 4.5.1.

Note that Mp is not altered during the entire Lanczos process. As M,;1 =
—JpM gJ p, the algorithm can be rewritten such that only one matrix-vector
product is required for each computed Lanczos vector w,, or v,,. Thus an
efficient implementation of this algorithm requires 6n + (4nz + 32n)k flops,
where nz is the number of nonzero elements in Mp and 2k is the number of
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Lanczos vectors computed (that is, the loop is executed k times). The algorithm
as given in Table 5.1 computes an odd number of Lanczos vectors, for a practical
implementation one has to omit the computation of the last vector vy (or one
has to compute an additional vector wg1).

In the symplectic Lanczos method as given above we have to divide by
parameters that may be zero or close to zero. If the normalization parameter
dm+1 18 zero, the corresponding vector ¥, 41 is the zero vector. In this case, a
Jp—orthogonal invariant subspace of M p orequivalently, a symplectic invariant
subspace of M is detected. By redefining oy, to be any vector satisfying

U,JJ' JP57n+l = 0,
ijJp’ﬁmH = 0,
for j = 1,...,m, the algorithm can be continued. The resulting butterfly

matrix is no longer unreduced; the eigenproblem decouples into two smaller
subproblems. In case d,41 = 0, a good approximation to a symplectic
invariant subspace of M may have been found (if ||S%"*™]|is large, then dm+1
can not be trusted, see Section 5.1.2 for a discussion); then one can proceed
as described above. In case w,, is zero (close to zero), an invariant subspace
of Mp with dimension 2m — 1 is found (may be found). From (5.1.7) it is
easy to see that the parameter a,, will be (close to) zero if ,, = 0 (W, = 0).
We further obtain from (5.1.7) that in this case Mpvy, = bpum, ie., by is
an eigenvalue of Mp with corresponding eigenvector v,,. (In case w,, = 0,
we have Mpuvp, = bpvy). Due to the symmetry of the spectrum of M, we
also have that 1/b,, is an eigenvalue of M. Computing an eigenvector y of
Mp corresponding to 1/b,,, we can try to augment the (2m — 1)—dimensional
invariant subspace to an M p—invariant subspace of even dimension. If this
is possible, the space can be made Jp—orthogonal by Jp—orthogonalizing y
against { v1, w1, ..., VUm_1,Wn—1 } and normalizing such that yTJpvm =1.

Thus, if either w41 or wy,41 vanishes, the breakdown is benign. If
Um+1 # 0 and wpy1 # 0but amyq = 0, then the breakdown is serious.
No reduction of the symplectic matrix to a symplectic butterfly matrix with v,
as first column of the transformation matrix exists. On the other hand, an initial
vector vy exists so that the symplectic Lanczos process does not encounter
serious breakdown. However, determining this vector requires knowledge of
the minimal polynomial of M. Thus, no algorithm for successfully choosing
v at the start of the computation yet exists.

Furthermore, in theory, the above recurrences for v,,and w,;,are sufficient
to guarantee the J—orthogonality of theses vectors. Yet, in practice, the J—
orthogonality will be lost, re—J—orthogonalization is necessary, increasing the
computational cost significantly. We re—Jp-orthogonalize each symplectic
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Lanczos vector as soon as it is computed against the previous ones via

2n,2m—2 72m—2.2m—-2 o2n,2m-2T ;on2

Wm = P ™ms
2n,2m ¢2m,2m 2n,2mT 2n,2n
Um+l - Um+1 + SI) ']P SP JP Um+1.

A different way to write this re—J p—orthogonalization is

m—1
Wy — Wy + Z (< vj, wm >gp wy— < Wj, Wy >Jp vj),
J=1
m
Um+41l & Unyl + Z (< U]aUTTH-l >-]P ’lUj— < ’w]',’l)m+1 >Jp vj)v
=1

2n,2n

where for 2,y € R, < @,y >j.:= 27 Jp
product implied by J5*>".

This re-Jp—orthogonalization is costly, it requires 16n (m — 1) flops for
the vector wy, and 16mm flops for vy,y1. Thus, if 2k Lanczos vectors
VL, Wy, ..., VU, wy are computed, the re-Jp—orthogonalization adds a com-
putational cost of the order of 161k flops to the overall cost of the symplectic
Lanczos method. For standard Lanczos algorithms, different reorthogonal-
ization techniques have been studied (for references see, e.g., [58]). Those
ideas can be used to design analogous re—Jp—orthogonalizations for the sym-
plectic Lanczos method. It should be noted that if £ is small, the cost for
re-Jp—orthogonalization is not too expensive.

y defines the indefinite inner

REMARK 5.4 The discussion given so far (and in the following) assumes that
we are interested in solving a standard symplectic eigenproblem Mx = Az.
But, as for any Lanczos-like algorithm, it is easy to modify the algorithm
such that a generalized symplectic eigenvalue problem Kx = ANx can be
tackled. This implies that for each symplectic Lanczos vector a linear system
of equations has to be solved. See Example 5.22 for a discussion.

REMARK 5.5 The usual unsymmetric Lanczos algorithm generates two se-
quences of vectors. Recall the unsymmetric Lanczos algorithm as discussed in
Section 2.2.4: Given p1,q, € R™ and an unsymmetric matrix A € R™*", the
standard unsymmetric Lanczos algorithm produces matrices P™* = [p1,---,
pr] € RVF andQnk = [q1, ..., qx] € R K which satisfy

(Pn,k)TQn,k — Ilc,k
and

AQ’II,IC — Qn,ka,k + ﬁk-{-lqk‘f'lez" (519)
ATPYE = PPRTRIT oy apegaed (5.1.10)
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where TH® is an unsymmetric tridiagonal matrix.

Adapted to the situation considered here, this implies that the symplectic
Lanczos process should have been stated as follows: Given vy, t, € R®®
and a symplectic matrix M € R*X2" the symplectic Lanczos algorithm

produces matrices 512,”’% = [v1, w1, ..., vk, wi] € R gnd Wzn 2k
(t1,...,ta] € R?2k yith Jp—orthogonal columns which satisfy

( 2n 2k TSQn 2k I2k,2k
3

and
2n,2k 2n,2k 2k,2k T
MPSP = Sp B +dk+lrk+162k7
Tyxr2n,2k 2n,2k 2k,2k\T - T
MPWP = WP (BP ) + dk+17"k+162k.

As Sp is symplectic, we obtain from (W}Q;."’%)TSIQ)"’ZIC = J?k:2k that

2n,2k 2n,2n ~2n,2k 2k 2k
WP —J S [—Jpwl, Jpvl, ey —.]p’u)k, ']ka]‘
Moreover,
Tk+1 = Mpugy, and Tk+1 = JpUky1-

Substituting the expressions for W,%"‘Zk and T4 into the second recursion
equation and pre- and postmultiplying with Jp yields that the two recursions
are equivalent. Hence one of the two sequences can be eliminated here and
thus work and storage can essentially be halved. (This property is validfor a
broader class of matrices, see [56].)

The numerical difficulties ofthe symplectic Lanczos method described above
are inherent to all Lanczos-like methods for unsymmetric matrices. Different
approaches to overcome these difficulties have been proposed. Taylor [134] and
Parlett, Taylor, and Liu [116] were the first to propose a look-ahead Lanczos al-
gorithm that skips over breakdowns and near-breakdowns. Freund, Gutknecht,
and Nachtigal present in [57] a look-ahead Lanczos code that can handle look-
ahead steps ofany length. Banse adapted this method to the symplectic Lanczos
method given in [13]. The price paid is that the resulting matrix is no longer of
butterfly form, but has a small bulge in the butterfly form to mark each occur-
rence of a (near) breakdown. Unfortunately, so far there exists no eigenvalue
method that can make use of that special reduced form.

A different approach to deal with the numerical difficulties of Lanczos-
like algorithms is to implicitly restart the symplectic Lanczos factorization.
This was first introduced by Sorensen [132] in the context of unsymmetric
matrices and the Arnoldi process. Usually only a small subset of the eigenvalues
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is desired. As the eigenvalues of the symplectic butterfly matrices B2
are estimates for the eigenvalues of M, the length 2k symplectic Lanczos
factorization (5.1.5) may suffice if the residual vector rg; is small. The idea
of restarted Lanczos algorithms is to fix the number of steps in the Lanczos
process at a prescribed value k& which is dependent on the required number of
approximate eigenvalues. The purpose of the implicit restart is to determine
initial vectors such that the associated residual vectors are tiny. Given (5.1.5),
an implicit Lanczos restart computes the Lanczos factorization

S2n,2k _ &2n.2k 522k | u T
MG = gk B ’k+7‘1H_1€2k
which corresponds to the starting vector
51 = q(M)s,

(where q(M) € R* 27 is 3 Laurent polynomial) without having to explicitly
restart the Lanczos process with the vector §;. This process is iterated until
the residual vector 74 is tiny. J-orthogonality of the k& Lanczos vectors is
secured by re—J—orthogonalizing these vectors when necessary. This idea will
be investigated in Section 5.2.

5.1.1 TRUNCATED SYMPLECTIC LANCZOS
FACTORIZATIONS

This section is concerned with finding conditions for the symplectic Lanczos
method terminating prematurely. This is a welcome event since in this case
we have found an invariant symplectic subspace S$2™?* and the eigenvalues of
B%:2k are a subset of those of M. We will first discuss the conditions under
which the residual vector of the symplectic Lanczos factorization will vanish
at some step & Then we will show how the residual vector and the starting
vector are related. Finally a result indicating when a particular starting vector
generates an exact truncated factorization is given.

First the conditions under which the residual vector of the symplectic Lanc-
zos factorization will vanish at some step k& will be discussed. From the
derivation of the algorithm it is immediately clear that if no breakdown occurs,
then

span{ vy, ..., Vg, Wy, .., Wk}
= span{vl,M;lvl,... ,M,;kvl,Mpvl, . ,M}%vl}
= span{L(Mp,v1,k) U{Mp*v}},

span{vy, ..., Vg1, W, ..., Wit}
= span{vy, ]\/[;11)1, . ,M;kvl, Mpuy, ... ,]Wﬁ“vl}
=L(Mp,v,k+1),
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where
L(X,v,k) = span{v, X v, X 2v... XDy X, X2, .., XY

defines the linear space spanned by the columns of the generalized Krylov
matrix L(X,v,k) (see Definition 2.3). If dim(L(Mp,vi,n)) = 2n, then
there will be no breakdown in the symplectic Lanczos process. The first zero
residuum will be r, 11 = 0. What happens if dim(L(Mp,v,n)) < 2n? First
let us note that in that case, extending the generalized Krylov sequence will not
increase the dimension of the generalized Krylov space.

Lemma 5.6 If
dim(L(Mp,v,k)) = d < 2k,
then
dim(L(Mp,vy, 7)) =d
forallj > k

Let us assume that
dim(L(Mp, vy, k)) = 2k,

and
dim(L(Mp,vi, k +1)) < 2k + 2.

Ifdim(L(Mp,v;, k + 1)) = 2k + 1, then
Mpugy, € span{vy, ..., Vkye1, Wi, . .., Wi}
Hence, there exist real scalars «, ..., a4 and Gy, ..., Bk such that
Mpuogyr = cquy + .o+ appivgr + Brwn + ..+ Brwg

Using the definition of ax 1 as given in Table 5.1 and the above expression we
obtain due to J-orthogonality,

T
apy1 = ‘llk+1JpMpvk+1
T T
= (lek+1Jp’U1 + ...+ ak+1vk+1JpUk+1
T T
+ ﬁl’vk+1J1)U}1 +...+ ﬁk'u,\.HJpwk
= 0.

As ’®k+1 = Ap 41 W41 = Alp’vk+1 - bk+1’l)k+1 (see (517)) it follows that
{ch+l =0.

This implies that an invariant subspace of M p of dimension 2k + 1 is found.
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Ifdim(L(Mp, v,k + 1)) = 2k, then
M;lvk € span{vy, ..., U, Wi, ..., Wk}
Hence
a;lM;lvk =au] + ...+ apvg + BLrw + ..+ Brwg,
for properly chosen «;, 3; and from the algorithm in Table 5.1

Ugp1 = U+ ...+ ap-2vp_2 + (k-1 — dg)vk—1 + (o — ¢y
+ Brwy + .+ Brorwg—r + (B + D

Since [vy, w1, ..., vk, wk]  JpOry1 = [0,...,0] we obtain for j < k and
f<k—-2
T ~ T
L‘]- Jpka = ,B]'U] Jpw] = ﬂj = 0,
Ty ~ T
vy Jplkyr = (B + Vv, Jpwg = B +1 =0,
T ~ T
wp Jpvpy1 = opwp Jprg=—ap =0,
T ~ T
wp_yJppr1 = (agoy — dg)wp_ Jpvg_) = dy — g =0,
T ~ T
Wy, JP'Uk+1 = (ak - ck)wk JP'Uk =Cp — Q= 0.
Therefore
Upq1 =0,

and further
di41 = 0.

This implies that the residual vector of the symplectic Lanczos factorization
will vanish at the first step & such that the dimension of L(M,vy,k + 1)is
equal to 2k and hence is guaranteed to vanish for some k£ < n.

The above discussion is summarized in the following proposition.

PROPOSITION 5.7  Assume that dim{L(Mp,vi,k)) = 2k.

a) Ifdim(L(Mp,v,k+ 1)) =2k + 1, then Wiy = 0.

b) If dim(L(Mp,vy, k + 1)) = 2k, then dyy, = 0.

Hence, in any case an invariant subspace of Mp is found. For
dim(L(Mp, vy, k + 1)) =2k

the residual vector 1441 will vanish.

Now we will discuss the relation between the residual term and the starting
vector. As the discussion states the result for the not permuted symplectic
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Lanczos recursion, we use ¥; denote the back permuted first column ¢ from
Sav* I dim(L£(M, 71, n)) = 2n then

ML(M,%y,n) = L(M, %, n)C*?",

where C*™?" is a generalized companion matrix of the form

[0 1 e
1
: 0 c
CZn,Zn — n
1 0 Cn+1
1 .
- 0 can
L 1 Con

(see proof of Theorem 3.7). Thus

ML(M,%,k) = L(M, 0y, k)C*2 (5.1.11)
+ (M5 — LM, Ty, BYCH 2oy ) el .

Define the residual in (5.1.11) by
fear = MMIG — LM, Dy, k)CH ey,

Note that
fe+1 = pi(M)v1, (5.1.12)
where
k-1
pe(A) = AFFL Z(Ck+j+1/\j+1 + ¢ 1A7Y).
7=0

We will now show that fi; is up to scaling the residual of the length 2k
symplectic Lanczos iteration with starting vector 7. Together with (5.1.12)
this reveals the relation between residual and starting vectors.

Since

k—1
det(C#2% — AI) = A% =3 “(ep_y N + cpg 511 A81),
1=0

we obtain
pr(\) = A7) det(C22 — AT).
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Let L(M,0,,k) = S?*™2R where $?"% ¢ R?*2?% ywith J-orthogonal
columns (that is (S2™2k)T J2n2ng2n.2k — J2k2ky and R € R#*X2k j5 4 -
triangular matrix. Then S$%"?%¢, = ;. The diagonal elements of R are
nonzero if and only if the columns of L(M,vy,k) are linear independent.
Choosing

C|
¢ = — R‘1(_JZ/'C,Z/C(SQn,Zk)TJQn,Qn)M/H-IfUl

C2k

assures that (—.J2k:2k(§2n20\T p2n2ny g — 0. Now multiplying (5.1.11)
from the right by R~! yields

ML(M,5,k)R™" — L(M,01,k)C*?*R™" = fie5, R

This implies )
MSPk — SR B = fi el [Tok 2k, (5.1.13)

where B = RC?*+%*R=1 is an unreduced butterfly matrix (see proof of Theo-
rem 3.7) with the same characteristic polynomial as C%%-2%. Equation (5.1.13)
is a valid symplectic Lanczos recursion with starting vector o, = $%™2f¢;and
residual vector fi1/r2k 2k By (5.1.12) and due to the essential uniqueness
of the symplectic Lanczos recursion any symplectic Lanczos recursion with
starting vector ¥; yields a residual vector that can be expressed as a polynomial
in M times the starting vector 7).

REMARK 5.8 From (5.1.12) itfollows that if dim{ L(M, vy, k+1)) < 2k, then
we can choose ¢y, ..., cor, such that fr+1 = 0. Hence, ifthe generalized Krylov
subspace L{M,v1,k + 1) forms a 2k-dimensional M-invariant subspace,
the residual of the symplectic Lanczos recursion will be zero after k Lanczos

steps such that the columns of S*™** span a symplectic basis for the subspace
LM, 51,k +1).

The final result of this section will give necessary and sufficient conditions
for a particular starting vector to generate an exact truncated factorization.
This is desirable since then the columns of $2*2* form a basis for an invariant
symplectic subspace of M and the eigenvalues of B%%:2% are a subset of those
of M. As the theorem states the result for the not permuted symplectic Lanczos
recursion, we use U1 and @y, to denote the back permuted columns vy

I
and wy | from Sf)'l’“k.

THEOREM 5.9 Let

2n.,2k 2n.2k g2k,2k _ D, w .
MSTHT — SENEBZ = diyy (b1 Ukt + Qo1 Wrg1) ey
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be the symplectic Lanczos factorization after k steps, with B2 ynreduced.
Then dg4+1 = Oifand only if U1 = Xywhere M X = XY with rank (X) = 2k
and Y is a Jordan matrix of order 2k.

PROOF: If dgiq = 0, let B2*2%X = XY be the Jordan canonical form of
B%:2k and put X = §?™%6X. Then

MX = S2n'2kB2k’2kX — SZn,Zkiy = XY

and .
171 — S2n,2k€1 — S?n,ZkXX—lel — Xy

with y = X ~le;.
Suppose now that M X = XY, rank(X) = 2k, and 57 = Xy. Then
M™X = XY?™27 form € N and it follows that

M™%, = M™Xy = XY?™¥y ¢ ran(X)

for m € N. Hence by Lemma 5.6, dim(L(M, 71,k + 1)) < rank(X) = 2k.
Since B%2* is unreduced, dim(L(M,vy,5)) = 2j for 5 = 1,...,k. This
implies dim(L(M, v,k + 1)) = 2kand therefore, dyy = 0. Vv

A similar result may be formulated in terms of symplectic Schur vectors
instead of generalized eigenvectors. It is known (see, e.g., Theorem 2.12) that
for any symplectic matrix M € R?"*2" which has no eigenvalues of modulus
1, there exists an orthogonal and symplectic matrix Q such that

QTMQ = { g T]YT } . T,NeR™" (5.1.14)

where T is quasi upper triangular. Q can be chosen such that 7" has only eigen-
values inside the (closed) unit circle. Such a symplectic Schur decomposition
exists for a broader class of symplectic matrices, see Theorem 2.12.

THEOREM 5.10 Let M be a symplectic matrix having a symplectic Schur
decomposition as in Theorem 2.12 a). Let

M2k q2n2k p2k2k _ ~ . T
MS - 5B = dpy1(bpy10k41 + apy1Wry1) ey,

be the symplectic Lanczos factorization after k steps, with B*?% unreduced.

Then diy1 = 0 ifand only if D, = Q**ywhere

T N
MQ2n,2k — Q2n,2k: [ 0 T*T } — Q2n’2kR
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with (Q*™2)T Q2% = 262k the columns of Q*™2?* are J-orthogonal, and
T quasi upper triangular of order k.

PROOF: If digyy = 0, then MS¥2k = §2n.2kp2k2k et B2k2k7 — ZR
be a real symplectic Schur decomposition where Z € R?*2¥is orthogonal and
symplectic and R is of the form (5.1.14). Then

~ 2
= Spn‘%el = S?;n‘%ZZTel =: Q¥n2ky

where y = ZTe; and Q2% = §34% 7 € R2"*2k Note that MQ?2%* =
QQn,QkR.

Suppose now that MQ2n,2k — Q?n‘ZkR with (QQn,ZZk)TQQn,Qk — I‘Zk,Qk’
the columns of Q?*%* are J-orthogonal and R is of the form (5.1.14). Let
7) = Q¥ %y with y € R**? arbitrary. Now, for any m € N, M™Q*»?* =
Q%% R™ and thus

]wmﬁ1 — MmQQn,Qky — Q2n,2kRmy € ran(QZ"’Qk).

Hence dim(£(M, %),k + 1)) < rank (X) = 2k. Since B%?¥is unreduced,
dim(L(M, vy, 7)) = 2j forj = 1, ..., k. This implies dim(L(M, 0, k+1)) =
2k and therefore, dy1 = 0.

These theorems provide the motivation for the implicit restart developed
in the next section. Theorem 5.9 suggests that one might find an invariant
subspace by iteratively replacing the starting vector with a linear combination
of approximate eigenvectors corresponding to eigenvalues of interest. Such
approximations are readily available through the Lanczos factorization.

5.1.2 STOPPING CRITERIA

Now assume that we have performed k steps of the symplectic Lanczos
method and thus obtained the identity (after permuting back)

2n2k _ @2n,2k 2k,2k ~ o~ T
MS¥k — gk p + dip1 (br4 10841 + Ay 1 Wht1) €D

If the norm of the residual vector is small, the 2k eigenvalues of B2 are
approximations to the eigenvalues of M. Numerical experiments indicate that
the norm of the residual rarely becomes small by itself. Nevertheless, some
eigenvalues of B**2¥ may be good approximations to eigenvalues of M. Let
A be an eigenvalue of B?*2 with the corresponding eigenvector y. Then the
vector x = S22y satisfies

Mo = dally = [|(MS2 - g2n2k g2haky,||,

|di+1] leqeyl 1bks10k41 + apr1Diptll2. (5.1.15)
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The vector x is referred to as Ritz vector and X as Ritz value of M. If the
last component of the eigenvector y is sufficiently small, the right-hand side of
(5.1.15) is small and the pair {\, z} is a good approximation to an eigenvalue-
eigenvector pair of M. Note that by Lemma 3.11 leQTkyl > 0 if B?:2 s
unreduced. The pair {A, 2} is exact for the nearby problem

(M + E)x =Xz
where
E = —dpy1 (ki1 0k 1 + apy1 @ p1)eg (S02)T 2020,
In an actual implementation, typically the Ritz estimate

|dr 41 |€2Tk?/l Nbk+10k+1 + Qs 1Wrs1]]2

is used in order to decide about the numerical accuracy of an approximate
eigenpair. This avoids the explicit formation of the residual (M S?™2% —
S22k B2k.2k Yy, when deciding about the numerical accuracy of an approximate
eigenpair.

A small Ritz estimate is not sufficient for the Ritz pair {\, 2} to be a good
approximation to an eigenvalue-eigenvector pair of M. It does not guarantee
that A is a good approximation to an eigenvalue of M. That is

min |A — p;|,  where y; € (M)
J

is not necessarily small when the Ritz estimate is small (see, e.g., [76, Section
3]). For nonnormal matrices the norm of the residual of an approximate
eigenvector is not by itself sufficient information to bound the error in the
approximate eigenvalue. It is sufficient however to give a bound on the distance
to the nearest matrix to which the Ritz triplet {\, z,y} is exact [76] (here y
denotes the left Ritz vector of M corresponding to the Ritz value ). In the
following, we will give a computable expression for the error using the results
of Kahan, Parlett, and Jiang [76]. Assume that B2*2%is diagonalizable, i.c.,
there exists Y such that

Al

y-1p2k2ky _ Ak .- Y
1

—1
I A
Y can be chosen symplectic. Let X = S22¥Y = [z)...., x9;] and denote
bi+1Uk+1 + Qg4 1 Wiyt bY Thy1. Since

2,2k _ q2n,2k p2k,2k ~ T
MS = 5B + dpy1Tk+1€0)
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it follows that

MSRY = G2y y TLBHRY 4 g Trpen,Y

or
MX = XA+ dpy1Tpy165Y.
Thus
Mz; = N\iwi + Yo idk 417k 41,
and
My = A oy + Yok ket 1Tk 1
fori = 1...., k. The last equation can be rewritten as

(k)" M = N (Txpqd)” + Yok kpehdi 1 7oy M.

Using Theorem 2’ of [76] we obtain that {);, x,, (Jzg ;)T } is an eigen-triplet
of M — F), where

Pk ll2lyek.il H?{HJMHQW%,)CHNI}

13 = |dy max )
“ )\1||2 | +l‘ ; { ||1‘1”2 ||J1"A+l“2

Furthermore, if ||F),||2 is small enough, then

16, = X1 < cond(A))[| Fa, ]z + O, 113),

where 6, is an eigenvalue of M and cond(\;) is the condition number of the
Ritz value A,

d(x
e

= ||z |2| |z k-+i][2-

Similarly, we obtain that {\;"!, 2y, (Jz;)T } is an eigen-triplet of M — Fy -1
where

~ o~ -1
Pt l2lyonpss] [IFE 1T M |2k i; |}

”Ff““:‘d‘“*“‘“?"{ ol © [zl

Consequently, as A; and A; ' should be treated alike, the symplectic Lanczos
algorithm should be continued until ||F),||2and ||F,-1||2 aresmall, and until
cond(A;)||Fy, ||2 and cond(,)||F,-1]|2 are below a éiven threshold for accu-
racy. Note that as in the Ritz estima{te, in the criteria derived here the essential
quantities are |dx1| and the last component of the desired eigenvectors |yax .|
and [yzk k-+a-
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51.3 THE SYMPLECTIC LANCZOS ALGORITHM IN
FINITE-PRECISION ARITHMETIC

In this section, we present a rounding error analysis of the symplectic Lanc-
zos algorithm in finite-precision arithmetic. Our analysis will follow the lines
of Bai’s analysis of the unsymmetric Lanczos algorithm [11]. It is in the spirit
of Paige’s analysis for the symmetric Lanczos algorithm [109], except that we
(as Bai) carry out the analysis componentwise rather than normwise. The com-
ponentwise analysis allows to measure each element of a perturbation relative
to its individual tolerance, so that, unlike in the normwise analysis, the sparsity
pattern of the problem under consideration can be exploited.

We use the usual model of floating-point arithmetic, as, e.g., in [58, 72]:

fl{zoy)=(zoyl(l+e)

where o denotes any of the four basic arithmetic operations +, —, *, / and
le] < u with u denoting the unit roundoff.

We summarize (as in [11]) all the results for basic linear algebra operations
of sparse vectors and/or matrices that we need for our analysis:

Saxpy operation:

fllaz+y)=az+y+e, le] < u (2laz| + |y]) + O(u?),
Inner product:
fia"y)y =2y +e, el <kulal"|y| + O(u?),
Matrix-vector multiplication:
fl(Az) = Az + e, le| < mulA||z| + O(u?),

where £ is the number of overlapping nonzero components in the vectors x and
y, and m is the maximal number of nonzero elements of the matrix 4 in any

row. For avector = [xy,...,2,]7, || denotes the vector [|z1],. .., |za]]T.
Similar, for amatrix A = [a,;]}';_;, | A|denotes the n x nmatrix [|a;|]7';—;-

We will now analyze one step of the symplectic Lanczos algorithm to see
the effects of the finite-precision arithmetic. Any computed quantity will
be denoted by a hat, e.g., & will denote a computed quantity that is af-
fected by rounding errors. (Please note, that in the previous section, we
used hatted quantities to denote the not permuted symplectic Lanczos vec-
tors.) After j — 1 steps of the symplectic Lanczos algorithm, we have com-
puted @;_1,w;—1,b;_1,¢j—1,d;,0;,. During the jth step we will compute
aj, ﬁj,gj, o, c?jH and ;.. Recall that we set b; = 1 in the symplectic Lanc-
zos algorithm. As a different choice is possible, we will treat b; as a computed
quantity without considering its actual computation in the following analysis.

At first we have to compute a; = 'UJTJPM pv;. Due to its special structure,
multiplication by Jp does not cause any roundoff-error; hence it will not
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influence our analysis. Let Mp have at most m nonzero entries in any row or
column. Then for the matrix-vectormultiplication Jp M pv; we have

s1=fl (JPMP’U]) = JPMPa] + €1,

where
le1] < mu|JpMp| [3j] + O(u?).

Then a, is computed by an inner product
82 = fI(0] 51) = 318 + &,

where
|€2| <2nu IﬁJITlé\]l + 0(112),

assuming that ¥, and 3 are full vectors. Overall, we have
a, = o JpMpt; + 1Y, (5.1.16)
where the roundoff error f]m = EJTa + €5 is bounded by

UMY < ma [@(T1pMp) 1)) + 20 u 55|75 + O(u?)
< (m+2n)u|g,|T|JpMp| [5;] + O(u?).

Next we have to compute w, = (Mpv; — bjv,)/a;. For the matrix-vector
multiplication Mpv; we obtain

53 = fl(MPﬁ]) = Mp/ﬁ] + €3,

where
&3] < mu|Mpl[7] + O(u?).

The saxpy operation w, = Mpuv, — b;v;yields
Sy = Fl(s5 — bj{)\]‘) = 33 —gjﬁj + €y,

with R
[a] < u (20b;7,| + [33]) + O(u?).

Thus overall we have

w; = Mpo; — b;5, + I, (5.1.17)

where the rounding error vector f}Ql = €3 + €4 is bounded by

P < ma M| [5)] +u (206,9,] + [8]) + O(u?)
< mou |Mp| 5] + u 2[b;5,] + [Mp] [3,]) + O(u2)
< (m+ 1) u|Mp|[5;] + 2 u [b;5,] + O(u?).
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The computation of w; is completed by
@y = fU(w;/3;) = w;/a; + F) (5.1.18)
where the rounding error vector f}sl is bounded by
17 < ul@sa; )+ o).

The analysis of the computation of ¢; = UJTJ pMpwj/ajis entirely analogous
to the analysis of the computation of a;. We start with the matrix-vector
multiplication Jp M pw;

S5 = fl(JPMP’LT)]') = JPMP’{I}]‘ + €5,

where
|€5| <mu |JPMP| |@]| + 0([12).

This is followed by an inner product U]-T JpMpw,
= fl(i)\;F/SB) = 5}13‘\5 + s,
with
|86 < 2n u |57 85| + O(u?).
Finally, the computation is completed by
87 = fl(§6/aj) = §6/a,~ + &7,
where
ezl < u |§56j“1| + O(u?).
Overall, we have
PO PN 4
c; = ’U;FJPMpwj/aj + fj[ ],

1

where the roundoff error f}‘l] = Ej‘ ﬁjT’eg + ’a‘j'lé\ﬁ + €7 is bounded by

P < mou @M1 IpMp] 1] 185 + 200w 55171 Jp Mp| |5 a5
+u 3517 |Ip Mp| |@5] [a5] + O(u?)
< (m+2n+ 1) ufa | [5;(71Ip Mp| @] + O(u?).

: ~ —1as-1
Finally, we have to compute v,y = —djv;_1 — ¢;u; + w; + a; Mp vy,

djq1 = \/%ﬂﬁjﬂ and vj41 = Uj41/d;41. Recall that, as M is symplectic,
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the inverse of Mp is given by M;1 = —JpM}pr. Let us start us with the
matrix-vector multiplication M }jlvj

55 = f(Mp'0,)) = Mp'0; + &

where
68] < mu (M| [5;] + O(u?).

Next three saxpy operations are used to finish the computation of ;4 :

59 = fl(gga;l + @]> = /S\gaAl + ’L/l}j + €y,

where

[éo] < u (20380 | + |@;]) + O(u?),
and

810 = fl(8s — CjU;) = 89 — C;U; + €yo,

where

[€10] < u (2[65;] + [35) + O(u?),
and R R

s11 = fl(510 — d;v,_1) = 810 — d;Uy—1 + €1y,

where

21| < u (2]d; 1] + [510]) + O(u?).
Overall, we have for v;.4;
Oya1 = —dy0joy — &0, + B, + @ M55 + FI7, (5.1.19)

where the roundoff error vector ﬁil = E]»_lé\g + €y + €19 + €)1 is bounded by

L < moular ' MR [5,] + u (205:a Y + 1@, )
+u (203,55] + [Se]) + u (21d,T5-1] + [S10]) + O(u?)
< (m+4)u ]E;1| fM,§1| [0, + 3 wlwy| + 3 u(c,v

+2uld,5; 1|+ Ou?).

Y o7
Next we compute dj1 = /051041

~ = = 2T = ~
S12 = fl(l’J+1U]+1) = Vi V541 T €l

with N N
Iglgl S 2nu ’§]+1|T15]+1| + 0(112).
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~ — =T = 6
djr = flV512) = \[0,410511 + J;}Jp

where the roundoff error f}ﬂl is bounded by

6 = 2T =
|J?J[+]1| Suysiz S\ v; V41 + O(u?).

The symplectic Lanczos step is completed by computing vj41 = vy41/d;j41:

Hence,

1 = A@md, ) = Snadit + 77 (5.1.20)
with ; R R
I < u oyl 1d 0+ Ou?).
From (5.1.20) and (5.1.19) we know that

o~

dj 10,11 = ~d;D;_1 — 0,0; + @, + E;IM,;I?;] + gi+1, (5.1.21)
where g;41 is the sum of roundoff errors in computing the intermediate vector
;41 and the symplectic Lanczos vector v,

5 > 7
gi+1 = fjul + dj+1ﬁ+]1-

Using the bounds for the rounding errors f}ﬂl and fA]{7+]1 we have

lg)+1l < (m+4)ulay'| 1Mp'] 5] + 3 u @] (5.1.22)
+3u |55, +2uldd,_1| +u[vj41] + O(u?)
(m+5) ula;'| |Mp'] [55] + 4 u ;)

+4ulE; +3uldiv,_ 1]+ Ou?).  (5.1.23)

IN

Similar, from (5.1.18) and (5.1.17) we know that

a,W; = MpT, — b;D; + hy, (5.1.24)
where
hy =T+ a, 1,
and
Iy | (m +1) u |Mp| 5] + 2 u [b,5;] + u |@,| + O(u?)

IA A

(m +2) u |Mp| [T, + 3 u [b;5,] + O(u?). (5.1.25)
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While the equation ajw; = Mpv; ~ b,v;is given by the (2/)th column of
MPSP(Nu);I = Sp(Ku);,l, the equation d;4 1v;41 = —d,v;, — ¢jv; +
w, + aj_lMﬁlvj corresponds to the (2j — 1)th column of Sp(N,)p' =
Mp 1Sp(Ku),‘,l. Hence, in order to summarize the results obtained so far
into one single equation, let

Ey =[Mpgy, —hy, Mpgs, —ha, ..., Mpgrsy, —hi].  (5.1.26)

Then we have from (5.1.21) and (5.1.24)

[ & 1| dy O ]
-1 0 0
d 0|l 1
Mp 01,1, By D) | .
de 0
1o o0
de 0 | & 1
i 0 0|-1 0
art b
0 a
:[6Iaﬁ)\la"'a6k7ﬁ\)k]
R
0 ay

n ~ T
— dg+1MpUky1€25_1 + E,

or, even shorter,

~2 ‘2[\7 A2k,2k _ =<2 ,?.k AQ’C,?IC _
MpSE™(Nu™ )p' = Sph (KL )

- gk+1MP6k+legk—1 + FEy. (5.1.27)

Using the componentwise upper bounds for |g,1| and |A;], let us derive an
upper bound for || E|| . Clearly,

NEkF < [|[h1, h2, oy hi]llF + |IMElIF] 92, 93, -y Gri] llF

From (5.1.25) we have

[[h1, hay oy Bi]| < (m+2) u|Mp| |55

—~ 2k 2k
+3u |52 (K, ) pl + O(u?),
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and
[h1s hoy s Bkl < (m+2) u |52 (g ][ M][p

+3u |15 | e (5.1.28)
+ O(u?).

Using (5.1.23) we obtain

g2 g, v gl | < w0 [(m+ ) [R5l M5 1552
£ |SE 4 |5 (9,
+ O(u?),

and

g2 g5, - geallle < wlIE 1 [(m+8) 1K™ |11

+ 4+ 4B 6] + o). (5.1.29)

Hence, summarizing we obtain as an upper bound for the error matrix Ej of
(5.1.27)

1Belle < ullS [ [+ 5) 1K eilm

2k, 2k
+4|Nu " IFIIMIF + (m + 6) || M]|p

—~2k,2k
+ 3K E] + Ofu?).

Summarizing the analysis of one step of the symplectic Lanczos algorithm
to see the effects of the finite-precision arithmetic we obtain the following
theorem.

THEOREM 5.11 Let M € R*™® pe g symplectic matrix with at most m
nonzero entries in any row or column. Ifno breakdown occurs during the
execution of k steps of the symplectic Lanczos algorithm as given in Table 5.7,
the computed Lanczos vectors satisfy

a;0; = Mphj -9+ h,, (5.1.30)
ATy = —dibjo) — G0 + @) + G ' Mp'0, + gjur, (5.131)
where
lh;l < (m+2)u|Mp||5;] +2uld,)] +O@?), (5.1.32)
lgjn1l < (m+5)ulfa;!| Mg 5] + 4 u|w,]

+4u(E;] 4+ 3 uldti| + O@W?).  (5.1.33)
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The computed matrices and satisfy

-~

MpSE(NE )™ = SF(RR™) ™! — diey1 MpOisredr_y + Er, (5.1.34)

where

This indicates that the recursion equation (5.1.34)

is satisfied to working precision, if
1M1, 1181 , [|E***||r, and [IN**2*{5||M]|p

are of moderate size. But, unfortunately, ||§2k|| F may grow unboundedly in
the case of near-breakdown.
While the equation (5.1.30) is given by the (27)th column of

the equation (5.1.31) corresponds to the (27 — 1)th column of

The upper bounds associated with (5.1.30) and (5.1.31) involve only ||M||g
as to be expected, see (5.1.32) and (5.1.33). Recall that M;l = —JPM;JP.
since M is symplectic. Thus does not introduce any problems usually
involved by forming the inverse of a matrix. In order to summarize these results
into one single equation, we define E}, in (5.1.26), then (5.1.34) holds. Using
the component-wise upper bounds for and [gj4+1f, we obtain the upper
bound for  as given in (5.1.35). As we summarize our results in terms of
the equation MpSpNp 1= SPK;I, we have to premultiply the error bound
associated with (5.1.31) by resulting in an artificial ||M||% term here.
Hence combining all our findings into one single equation forces the ||M||%
term.

For the unsymmetric Lanczos algorithm, Bai obtains a similar result in [11].
The equations corresponding to our equations (5.1.30) and (5.1.31) are (see
(5.1.9) and (5.1.10))
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The errors associated are given by

RV < (34 m) w|A] (G + 4 u (@5 1G]
+3 u 3 Gi-1] + O(u?),

|girvmEe < (34 m) ulA] Bl +4 ula;| (5]
+3ufFj] [pj-1] + O(u?).

Hence, the symplectic Lanczos algorithms behaves essentially like the un-
symmetric Lanczos algorithm. The additional restriction of preserving the
symplectic structure does not pose any additional problems concerning the
rounding error analysis, the results of the analysis are essentially the same.

REMARK 5.12 In Remark 5.5 we have noted that the usual unsymmetric
Lanczos algorithm generates two sequences of vectors, but that due to the
symplectic structure, the two recurrence relations ofthe standard unsymmetric
Lanczos algorithm are equivalent for the situation discussed here. It was noted
that the equation which is not used is given by

Tyr72n,2k 2k.2k\T _ 2n,2k 2k, 2k\T T
MpWpn (K57 ) p = Wpn (N p + diy1Jpvkgiey,

where
2n,2k 2n.2n o2n,2k 12k,2k
WP =JP SP ']P =[—Jpw1, Jpvl, ey —Jp'wk, Jpvk].

Instead of summarizing our findings into equation (5.1.34), we could have
summarized

Mgw\gnlgk(EQk,Qk)g _ W\Izjnﬁzk(EQk,Qk)g
+ dps1 JpOesrel, + Fe  (5.1.36)
where
’W}%n,?k — J!’23'11,2n:9‘12311,%le:’lc,ﬂc7
F, = [MEJphy, Jpga, ..., MpJphi, Jpgiii] . (5.1.37)

Using (5.1.28) and (5.1.29) we obtain as an upper bound for ||Fy||r
— 2k 2k
1Flle < wllS™ 2 1p [(m+2) M+ (m+ 8) 1K e lIM e
-~ 2k,2k
+ 41Nl + 4] + O(u?)

As before, the term ||M||% is introduced because we summarize all our findings
into one single equation.
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It is well-known, that in finite-precision arithmetic, orthogonality between the
computed Lanczos vectors in the symmetric Lanczos process is lost. This
loss of orthogonality is due to cancellation and is not the result of the gradual
accumulation of roundoff error (see, e.g., [114, 131]). What can we say about
the J—orthogonality of the computed symplectic Lanczos vectors? Obviously,
rounding errors, once introduced into some computed Lanczos vectors, are
propagated to future steps. Such error propagation for the unsymmetric Lanczos
process is analyzed by Bai [11]. Here we will show that J—orthogonality
between the computed symplectic Lanczos vectors is lost, following the lines
of the proof of Corollary 3.1 in [11].

J—orthogonality between the symplectic Lanczos vectors implies that we
should have

1uprv] = -1, foralljy,

v Jpom = 0,
wi Jpwm = 0,

v]TJpwm = 0, forallj# m.

Let us take a closer look at these relations for the computed symplectic Lanczos
vectors. Define

H = [0y, ®y,..., 00 0% Jp[01, @1, .., Ok, @] .
That is,
h2]—1,2m—1 = afJP{)\ma
h2j-1,2m = 6;1'1*]1’@771,
hojom—1 = W) Jplm,
hyom = @) Jpim.

In exact arithmetic we would have H = Jp. As 7 Jpzx = 0 for any vector x,
we have
hojo5 = hay_12,-1 =0,

not depending on the loss of Jp-orthogonality between the computed sym-
plectic Lanczos vectors. Moreover, as hom 251 = —haj_1,2m, we only need
to examine hgy 251 for j = 1,...,k, and hojom—1,h2j-12m—1 and hzjom
for j,m = 1,...,k, 7 < m. Examining these elements of H we obtain the
following lemma.

LEMMA 5.13 The elements h,,, of H satisfy the following equations

hj; =0 g=1,...,2k

—hy41= iy = ~l+k; j=1,...,2k-1 (5.1.38)
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where
5T 2 2) |Mp| +5} [6
|K]| < ulvjl |JP|{ (mt;*—/\)l P|+ }1UJ| +O(u2), (5139)
I@] JP'Uj'
and
dmmhajom = a]_lh2]—1,2m—2 —gmgmh2j,2m~1

— Cm~1Gm—1h2j2m—2
— Eme1bm_1hajam—3 + @1 hajom 3
- Am-l’a\m—2h2j,2m—4 - gm~lgm—2h21,2m—5
+Bj@h2m—2,2j—3 +Bjejh2m—2,2]‘~1 (5.1.40)
+bjdj 1 ham—2,2j+1 +3jh2m—2,2j
+ Jm-lfﬁfJth—z + Em—llfijTJth—l
+ C?m'u?]TJphm + a;IhJTJpMp{u\m_l
— Bjﬂ)fl_lJpgj+1 + l/t?prMpgm.
Similar expressions can be derived for hajom_1,and ha;_1 2m-1.

PrOOF: Let us start our analysis with  hg;,2;—1Using (5.1.18) and (5.1.20)
we have
hojo;1 = @f]paj (5.141)

o~ o~

= G+ e+ )
j d;

2T _ = . = ~aT
@, Jpv, + @, (fNTJpv; + dyiy Jp 17

= +O?)
ajda (
:TJ = +¢
w; V4
= LT o@m?), (5.1.42)
ajd,
where
o~ ' = ~aT 7
Gl < @YY ap) + 1dym, Jp FLT
< 2uw|"|Jp| |v;]
< 2ulg;|"|Jp| (IMp| [5;] - [b;] 105]).

We would like to be able to rewrite hgjz) -1 = @] JpDjas —1+ some small er-
ror. In order to do so, we rewrite 61'@ suitably. From (5.1.16) and (5.1.20) we
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have

a,d, = @7JpMpo; + JI')d;

~

7 " ~
= (dT] + f]m)TJpMpvj + f]m d]
J

2T ~ 7 ~
= v, JPMPU]' + dj((j}ﬂ)TJpMp’Uj + j;[”)
Using (5.1.17) we obtain

N ~T = T A P T I

a]d]' = v Jp(wj + b]'UJ - j;[z]) + d]((.f}ﬂ)TJPMPUj + f]{l])
2T
'U]'

2T =~
= v, Jpw]-}—b]'

Jpv; — 5?#)?}2] + @((E7])T‘JPMP@\] + j}l])
= 5, el + bydy (@ — TN Ip5, - 3 Jp fE
+ & (F T IpMpo; + FIY).
For the last equation we used again (5.1.20). This rewriting allows us to make
us of the fact that 27 Jx = 0 for any vector x. Thus

P 2T = =T -~ - ~ ~
ajd; = v;Jpw; -7, JPE{QJ + oij(fA{].ﬂ)TJp(MpvJ - b;v)) + d]fjm
2T =~ 2T n = 0
= v Jij -, pr/;[?] + d]'(me)TJp(wj - j?j[-z]) + djf][-l]

~T

=, Jpuw, + (2

=T =
= —w; Jpuj + (2, (5.1.43)

where we used (5.1.17). The roundoff error is bounded by

=~ ~ = -~
Gl < 5y T FE I 1Tp) (@5 + 1520 + 15171
< (m+ 1) u (" Ip| IMp| 55 + 2 u [b] 7,71 Tp] 3]

+ (m + 2n) u |d;| |5, |7 | Jp Mp| [3;]
+u [55]T |Jp] @;] + O(u?)
< (m+1) ufoy"1Jp| IMpl [55] + 2 w (b 7,1 |Jp| (3]
+u (5,7 [ Tp| (|Mp] 5] + b5 [5,1)
+ (m +2n) u |5, (T |Jp| [Mp] [5,] + O(u?)
< (2m+2n+2) u 5,7 Jp| [Mp] [5;]
+3ub,| (5,71 Jp| 3] + O(u?).
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Combining (5.1.42) and (5.1.43) we have

~T  ~
w,; Jpv; + ()
hajoj = L+
—w, Jpv; + (2
= 14 __C& + (9(u2)
w Jpv] + (o

=1 —1+k;+ O(u?).
Using the Taylor expansion of f(z) = %—+—g— att =1z — (o,

fO+ M)t + LQ(I‘—)(I — 1) + higher order terms

flz) =
_ a+6 G J';C?( Cl + G2 2 (2 + higher order terms,
T X
we obtain
< el o)
[w JPU]I
=T -~
< 2(m +TL+2):IT|U]|A|JP| |Mp| ;] (5.1.44)
|’LTJ‘ Jpvj]
R TCTR
}w ']PUJI

Next we turn our attention to the terms hojom—1,hoj-12m—1,and ha;2m.
The analysis of these three terms will be demonstrated by considering h2;,9m =
@1 Jpiy,. Let us assume that we have already analyzed all previous terms,
that is, all the terms in the 2m x 2m leading principal submatrix of H, printed

in bold face,

T hyy hi 251 hi 25 hy 2m-1 hi2m
hzj_11 hzj_12j-1  hgj_125 -+ haj_12m-1  hzj_12m
ha; e hg;j 25-1 hag; 25 e hzj2m-1 h2;.2m
hojria - hajpi25-1 hojyiz; -0 hgjyram-1 hAzgiom

L ham_11 - hzm-12j-1 ham-12; -+ ham-12m-1 h2m-12m
h2m,1 e ham 2j_1 hom.2; e ham,2m -1 hom,om

Our goal is to rewrite hgjom in terms of any of these already analyzed terms.
First of all, note, that for y = m wehave hopm 2m = 0. Hence for the following
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discussion we assume j < m. From (5.1.24) we have
Gmhajom = B8 Jp(MpBm — bmbm + him)
= @7 JpMpim ~ buhajom—1 + ®] Jphp,.
Using (5.1.21) we obtain for @}'JpMpﬁm
A @] IpMplm = —dmor @) JpMpBn_z — Gno1@2 JpMpl_i
+ @] JpMp@m -1 + 5y @) Jplm-
+ @] JpMpgnm.
Using (5.1.24) twice yields

>~ ~ -~ ~T ~ ~ ~ ~
dmw]' JpMpv,, = _dmfle Jp(@m—2Wm—2 + by 2Um—2 = hy2)
~ ~T 7 /i~ —~ ~ ~
— Ci—1W; JP(am—lwm—l + bn—1Um—1 — hm—l)

AT ~ ~1
+ w, JpMpiigm_y +a,,_1h2om-3

+ {D]TJPMPgm

@TJP]\JP'@TVL—I - a\m—lam—2h2],2m—4
- Jm—lgrn—2h2],2m~5 - Em—lam—1}l2],2m~2
- Em—15m—1h2]‘,2m~3 +a;" hojom—3
+ (qu@TJthﬁ + Em—l@TJth—l
+ lﬁ]TJPMPgm-

The last term that needs our attention here is @JTJ pMpWpy—1. From (5.1.24)
we have

a0 JpMpm_1 = (MpB; —b;d, + b)) Jp MpEn_
= 5)\;!1Jplf)m_1 +3j@,Tn_1JpM;1$j
+ h’JrJPMPﬂJ\m__l )
as M is symplectic. Using (5.1.21) yields
@@ JpMpym -1 = hay 1 om-a+h] JpMpilim_
+ @b,y Jp(dy 10y 1 + 401
+ Ejaj - ﬂ)] — g]-“)
= hoj 19m-2+h] JpMpiy_
—~ Q5,001 Jpgjn
+ ajgj(gjﬂhzm—njﬂ + [{]h2m—2,2]—3
+ Ciham-—2,2j—1 + ham-2,2;)-
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Therefore we obtain the expression (5.1.40) for Emamhgjlzm. A similar anal-

ysis can be done for hzjom—1 and haj 1 2m_1. Vv

ExXAMPLE 5.14 In order to illustrate the findings of Lemma 5.13 some nu-
merical experiments were done using a 100 x 100 symplectic block-diagonal
matrix

M = diag(D, D7), (5.1.45)

with

D = diag(200,100,50,47,...,4,3,[ 4 1]. (5.1.46)

All computations were done using MATLAB Version 5.3 on a Sun Ultra 1 with
IEEE double-precision arithmetic and machine precision € = 2.2204 x 10716,
Our code implements exactly the algorithm as given in Table 5.7.

The symplectic Lanczos process generates a sequence of symplectic butterfly
matrices B*%% whose eigenvalues are increasingly better approximates to
eigenvalues of M. The largest Ritz value approximates the largest eigenvalue
A1 =200 of M.

For the first set of tests a random starting vector vy was used. Table 5.2
lists the upper bound km for the deviation of Rmiy1,m from 1 and of hmm+1

from -1 for m =1, .. ., 13. Due to roundoff errors in the computation of H
these deviations are not the same, as they should be theoretically. The bound
Jor |k, | is typically one order of magnitude larger than the computed values

Of Km-

m | bound for |Km| |hm+1,m + 1] [hm,ms1 — 1}
1| 2.8599 % 10~ | 2.2204 « 10~ ° | 4.4409 « 10~ 18
2| 83207 %107 | 2.2204 % 1071 | 1.1102 % 1075
3 | 7.0045 %107 | 2.2204 % 107'° | 1.1102 x 107!
4 | 55521 x 107 | 2.2204 x 107 | 2.2204 = 107!
5 [ 6.6807 x 1071 | 2.2204 x 10716 | 2.2204 = 1071¢
6 | 6.4046 x 1071 | 2.2204 x 10716 | 2.2204 % 10716
7 | 6.8944 %1071 | 2.2204 « 1071% | 2.2204  1071°
8 | 5.2126 %107 | 2.2204 x 1076 | 2.2204 x 1076
9 | 1.0334 10713 | 2.2204 »107'¢ | 3.3307 + 1071

10 | 2.0037 % 1071% | 3.3307 » 107!¢ | 3.3307 % 10716

11 | 2.7005 % 107! | 3.3307 % 107'¢ | 3.5527 x 1015

12 | 36116107 | 3.5527 % 10715 | 5.3201 10718

13 | 4.3575 %1071 | 3.5527 % 107%° | 5.3291 % 1015

Table 5.2.  upper bound for |k, | from Lemma 5.13, random starting vector

The propagation of the roundoff error in H, described by (5.1.40), can
nicely be seen in Figure 5.1. In order to follow the error propagation we
have computed Z = H — Jp. In each step ofthe symplectic Lanczos method
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two symplectic Lanczos vectors are computed. Hence looking at the principal
submatrices of Z of dimension 2m, m = 2,3,4,... we can follow the error
propagation as these submatrices grow by two additional rows and columns
representing the error associated with the two new Lanczos vectors. In Figure
5.1 the absolute values of the entries of the principal submatrices of Z of
dimension 2m, m = 3,4,5,6 are shown. For m = 3, the entries ofthe 6 x 6
principal submatrix of Z are of the order of 107'%. The same is true for the
entries of the 8 x 8 principal submatrix, but it can be seen that the error in
the newly computed entries is slightly larger than before. The next two figures
form =5 and m = 6 show that the error associated with the new computed
entries is increasing slowly.

12

The next test reported here was done using the starting vector
vy =[1,1,1071 107 )T e RO

This starting vector is close to the sum of the eigenvectors corresponding to the
largest and the smallest eigenvalue of Mp. Hence, it can be expected that an
invariant subspace corresponding to these eigenvalues is detected soon. Table
5.3 and Figure 5.2 give the same information as the Table 5.2 and Figure 5.1.
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Obviously, the J-orthogonality is lost already after two steps of the sym-
plectic Lanczos method. This has almost no effect on the computed values for
K.
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The next section will discuss loss of J-orthogonality versus convergence. It will
be seen that under certain conditions, loss of J-orthogonality is accompanied
by the convergence of Ritz values, just as in the last example.

5.1.4 CONVERGENCE VERSUS LOSS OF
J-ORTHOGONALITY

It is well-known that in the symmetric Lanczos procedure, loss of orthog-
onality between the computed Lanczos vectors implies convergence of a Ritz
pair to an eigenpair, see, e.g., [113]. Here we will discuss the situation for the
symplectic Lanczos algorithm, following the lines of Section 4 of Bai’s analysis
of the unsymmetric Lanczos algorithm in [11]. We will see that a conclusion
similar to the one for the symmetric Lanczos process holds here, subject to a
certain condition.

From the previous section, we know that the computed symplectic Lanczos
vectors obey the following equalities:

Mpgi)njk — ST?)n,ngfjk,Qk
-~ —~ s —~2k,2k
— [denifeneho, — B (N 7)p,  (5.147)

Tir2n2k  _ 1r2n2k Zk 2k\T
MEWE = WERBET
2,2k, _p

A Jprieh + B (BT, (5.1.48)

with
(SepiyT piangnth g = R L o A - O, (5.1.49)
"/'V\}Z)n,Qk - g 2n§”n 2% 123k,2k’ (5.1.50)
where sz 2k (I’ "2k)1§1(]/\/;%'2k)p, the rounding error matrices Ej and

F}. are as in (5.1.26) and, resp., (5.1.37), Ay is a block diagonal matrix with
2 x 2 block on the diagonal,

. 0 0
Ak:dlag([ a ’Bl],,,.,[ K()k])’

—Kk

and Cy is a strictly lower block triangular matrix with block size 2. That
is (Ck)g‘] =0for ¢ =1,...,2k,5 = ¢,...,2k, and (Ck)gg’gg_l = Qfor
¢=1,... k.

To simplify our discussion, we make two assumptions, which are also used
in the analysis of the symmetric Lanczos process [114, p. 265] and in the
analysis of the unsymmetric Lanczos process [11]. The first assumption is
local J-orthogonality, that is, the computed symplectic Lanczos vectors are



5.1 THE SYMPLECTIC LANCZOS FACTORIZATION 211

J—orthogonal to their neighboring Lanczos vectors:

ot 0 1 0 0
j=1 S —
[ @]T—l ] { 1 0 } [v; w;] [ 0 0 } . (5.1.51)
This implies that the 2 x 2 block on the subdiagonal of C are zero
0 0 0 - --- 0 0 0T
O 0 0 --- - 0 00
X 0 0 0 00
X X 0 0 00
C=lx x x 000}
X X X - X 0 00
X X X .- X X 0 0|

where the X denote 2 x 2 blocks.
The second assumption is that the eigenvalue problem for the 2k x 2k

butterfly matrix 5%}“‘% = (f(.'; ' )I_,I(Nu ')p is solved exactly, that is,
YL BERY, = diagOh, AT Ak AR D (5.1.52)

This implies that the computed Ritz vector for A; is given by

o §2n,2k )
2 =wp  Y25-1,

while the computed Ritz vector for )\]._1 is given by

_ o2n2k
Ij = SP Y25-

Our goal is to derive expressions for ij JpTi41 and xf JpT 11 that describe
the way in which J—orthogonality is lost. In exact arithmetic, these expressions
are zero. Our approach follows Bai’s derivations in [11, Proof of Theorem 4.1].
Premultiplying (5.1.48) by ( §,23"’2k)T and taking the transpose yields

(,W\gn’zk)TMPS:E)n,Qk
— Ei}k,Qk(W}%ﬂ,?k)Té\%ﬂ,Qk

—=2k2k _q [~ ~ T con2k
+ (K, )PI [dk+1Jp’Uk+16§k +Fk] Spn .

Premultiplying (5.1.47) by (Wf,"’%)T we obtain
(W;n,:zk)TMPg?Dan
90,26\ T G2n.2k 2k, 2k
— (WPTI,2 )Tsi)n Bi) 2
—~ 2k,2k

— (Wpk)T {Jkﬂ?kﬂeszq - Ek] (N )P
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Subtracting these two equations, we obtain
TI20,2k\T G202k R2k.26  B2k,2k 520,26 T &2n,2k
(R SEmek Bk — B2 ()T 5

~ 2k 2k 2k
S2R2k | T G202k
= dpp1 (I )p €mVis1JIpS

i T2n,2k\T~ T
= di41 (Wp ) Tk+1€9

—~2k,2k o~ .
+ R O (5.1.53)

T p (R 22k
(W) Ex(Ny  )p
We are most interested in deriving an expression for
22K\ T 7 ~ T 2n,2k\T 7 ~ T
(Sp ) Iprhsrea (or (Wp™™) " Jpfiieg 1)

from the above _equation. From this we can easily obtain expressions for

Jp; k41 0F.T5 T Jpry41 as desired. In order to do so, we note that most of the
matrlces in (5. 1 53) have a very special form. Let us start with the left-hand
side. From (5.1.49) we have

(SZn Zk) J SZn 2k - K = JIZDk,Qk + Ck + Ak . C]’{
This implies

T2 2k\T o2n2k ?.k 2k G2n,2k\T 12n.2n &2n,2k
(W22 TGzt (§Zm2K)T pomn G2

P
. 2k 2%,
= Jp K

: 2k 2k 2k 2k 2k 2k ~T
IR RO+ TR A - TR

where Jp2*Cy, and (J2**CT)T have the same form as Cy, and J22¥ Ay is
a diagonal matrix,

2%, 2k -k 0 -k 0
Jp Ak—dlag([ 0 _KIJ,...,[ 0 _Kk}).

Therefore, we can rewrite the left-hand side of (5.1.53) as
(W\ﬁn,zk)q‘gin,%gzmk _ B‘?k,Qk(WQn,'Zk)Tg?n,Qk
_ [_I‘Zk,Qk+J12)k,2kck+J123k,2kA +J1k chk]sz 2k
_ B?)kzk [__12k,2k _+_J}23k,2kck +Jg’k,2kAk +J’2)k,2kaTJ
[J;z)k,QkaélQ)k,Qk _ é?}k,?k.]}%k,%ck]
N [J?)kaAkE?)k,?k _ g?)k,?kJIQJk,ZkAk]
+

2k 2k ~T R2k 2k »2k.2k 2k 2k
32l By - By cf].



5.1 THE SYMPLECTIC LANCZOS FACTORIZATION 213

By the local J—orthogonality assumption (and, therefore, by the special form
of Jp 2k,2k Cy), it follows that

(1) . j2k2k 52626 _ f2k,2k 26,2
L, = Jp""CyBp By "I Cy,

is a strictly lower block triangular matrix with block size 2. With the same
argument we have that

(1) 2k2k T 52k,2k n2k,2k y2k,2k ~T
Ul . CT R _ pik2k y2k2k ol

is a strictly upper block triangular matrix with block size 2. Since the 2 x 2
. 2%k,2k A D2k2k 52,2k 12,2k .
diagonal blocks of Jp" " Ay Bp"™" — Bp“"Jp *" Ay are zero, we can write

J12)k 2kAk§}23k,2k _ E%k,szgk,QkAk _ ng) " U,E2),
where L,(CQ) is strictly lower block triangular and U,£2) strictly upper block

triangular. Hence,

(Wzn,zk)ngn,szszk,zk B2k,2k(W2n,2k) §2n 2k
P P

= LM+ 1P +ud + Ul
Now let us turn our attention to the right-hand side of (5.1.53). The row vector

o JESEF =[x % 00]

o .. —~2%k,2k, _;
has nonzero elements in its first (2n — 2) positions. As (K, ) p €2k =
brear_1 + agegr, we have that

—~2k,2k
§2n,2k

() = dp (Ko )5 plewti b

is a strictly lower block triangular matrix with block size 2. Similarly we have
that

U = it (W) 1€l
is a strictly upper block triangular matrix with block size 2. Hence, we can
rewrite (5.1.53) as

Lg) n Lff) _ LECB) N U}El) + U(2) _ U;SB)

= (K5 S pr Sk (W T B (N5 b, (5.154)

This implies that the diagonal blocks of

—~ 2k, 2k n, n . =~ 2k,2k
(K ) FLSE™ — (W MTE(N T )p
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must be zero. Therefore, we can write

— k
(K, FT 822k (W T B (N5 = 14y

where Lfs) is strictly lower block triangular and U ,£4) is strictly upper block

triangular. By writing down only the strictly upper block triangular part of
(5.1.54) we have

3) _ UIEI) v U;EQ) 3 U,E“)

or

~ o ok\Ta T

Ay 1 (Wp ™) Ty ey
L 0k2k AT B2k2k  52k2k 12k.2k ~T | 71(2) (4)
= JARCT R _ B2 g2k on 4 () _ ()

This is equivalent to
Jk+ (:Sf\?)n 2k)fJ2n 2“?k+1€gk
- _ le:)k,:Zk [J]k szTsz 2k E;k,?kJ%kaCg‘
+ U - U,E“)]

= CIBYF™ — (B Tel - s Ul - uf], 5159

where we have used the fact that Ef)“’“ is symplectic.
From (5.1.52) we get

22k,2k B2k, -
By ysi_1 = Ajyaj—1 and Bj = A 'y
This implies
T [ [2k,2ky - £2k,2k T
y?.j—l(BP ) /\ 1123 , and y2](B ) = ’\jy2j'

Hence, premultiplying (5.1.55) by yg; and postmultiplying by y2;_1 yields

a2n,2k 2n,2
dk+l!12](5 YT TR g1 (ehpy2-1)

k
= ijCk BQ“ Y231 — 92](3% 2k) TCZyzj_l
J2k 2k [U(z (4)] Yai1
= /\ijjCk Y25-1 — /\ijjCk Y251
’2]J2k 2 [U(Q U;Sﬂ Y251

= 3, Jp [Ué4) -U? ] y25-1.
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Similarly, premultiplying (5.1.55) by y%}_l and postmultiplying by s, yields

n S2n.26\T 120,20~ 2,2k [ (4 2
ds1ya; 1 (SP ) T IR Prgrengy; = v 1 I [U;E ) -y )] Y2j-

Therefore, with the assumptions (5.1.51) and (5.1.52) we have

THEOREM 5.15 Assume that the symplectic Lanczos algorithm in finite-
precision arithmetic satisfies (5.1.47) — (5.1.50). Let

Lf) + U;EQ) - JIQDk,%Ak’BBIQDk,Qk _ B\?gk’szf;.k‘%Ak
—~2k,2k. _ _poon —~ —~ 2k,2k
L+ Ul = (KSR RS - (W BN, p

where LECQ) and Lgi) are strictly lower block triangular matrices, and U ,52) and

U ,£4) are strictly upper block triangular matrices with block size 2. Then the
; _ 2n.2k _ a2k
computed symplectic Lanczos vectors x; = S p a5 and z; = Sp 7 Y21
satisfy
2k,2k [7r(4 2
vsilp [U;i "= U] o
dy+1(e34y2-1)
= 7—%—— (5.1.56)
dk+1(ezky2j—l)
T 2k, 2k [7:(4) (2)
Y2;19p [Uk -U; ] Y25

T 2r.2n~ _
x; Jp Ty =

T y2n2n~ _
Z] JP Tk+1 =

dicr1(epy25)

S - (5.1.57)
i1 (€3 ya4)

The derived equations are similar to those obtained by Bai for the unsymmet-
ric Lanczos process. Hence we can interpret our findings analogously: Equa-
tions (5.1.56) and (5.1.57) describe the way in which the J-orthogonality is
lost. Recall that the scalar dj,, 1 and the last eigenvector components (egk Y2j—-1)
and (eg,c y2,) are also essential quantities used as the backward error criteria for
the computed Ritz triplets {\;, z;, (Jz;)T} and {)\] L2, (J2;)T} discussed in
Section 5.1.2. (Also recall that by Lemma 3.11 |eZ, y¢| > 0 if B?%?¥ is unre-
duced.) Hence, if the quantities |¢;] and |¢2| are bounded and bounded away
from zero, then (5.1.56) and (5.1.57) reflect the reciprocal relation between
the convergence of the symplectic Lanczos process (i.e., tiny (?k+1(e§ky2j_ 1)
and c?k“(egkyg])) and the loss of J—orthogonality (i.e., large 77 ,.Jpz; and
The1Tp2;)
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EXAMPLE 5.16 Here we continue the numerical tests with the test matrix

(5.1.45).  The first test reported was done using a random starting vector
v1. Table 5.4 illustrates the loss of J-orthogonality among the symplectic
Lanczos vectors in terms of 2T JpTk+1 and the convergence ofa Ritz value in
terms of the residual dy11(el,y2). As predicted by Theorem 5.75, the loss of
J—orthogonality accompanies the convergence of a Ritz value to the largest
eigenvalue \| (and the convergence ofa Ritz value to the smallest eigenvalue
/\1—1 ) in terms of small residuals. When the symplectic Lanczos process is

Lanczos step 25 JpFis diyr(edey2)
1 Z9.1290 « 107 | —6.4278 x 10~ °F
2 1.6751 x 1077 3.5949 = 10~%!
3 —8.4297 107 '® | —8.1016 * 1072
4 2.6083 % 10717 | —1.7984 x 10792
5 28513 % 10716 | —1.3822 % 1079
6 4.7089 x 107" | ~8.3119 % 1079
7 6.8569 + 1071 | —5.7074 » 10796
8 —8.3995 % 10712 | —4.6590 x 10~%
9 —9.3850 * 10712 | —4.1698 » 107%8
10 9.0525 » 107! | —4.3229 » 107°°
11 ~4.1822 % 10710 9.3571 % 10710
12 6.8361 x 107%° | —5.7230 x 10~ !
13 —2.9881 % 1077 1.3010 1072
14 5.7946 « 107 6.5210 * 1014
15 —1.0299 * 10~ 2.6478 x 10712
16 15128 1072 | ~1.0015 % 10712

|

Table 5.4. loss of J—orthogonality versus convergence of Ritz value, random starting vector

stopped at k = 16, the computed largest Ritz value X1 has the relative accuracy

1200 — Ay
200

We note that in this example, the Ritz value corresponding to the largest eigen-
value of M is well conditioned, while the condition number for all eigenvalues
of M is one, the condition number of the largest Ritz value is ~ 1.08. The
results for wlTJpr'kH and C?k+1 (eQTkyl) are almost the same.

Using the special starting vector vy = [1,1,1071 ... 1077, the results
presented in Table 5.5 are obtained. As already seen in Example 5.14, J—
orthogonality is lost fast. This is accompanied by the convergence of a Ritz
value to the largest eigenvalue Ay (and the convergence of a Ritz value to the
smallest eigenvalue /\1_1 ) in terms of small residuals. When the symplectic
Lanczos process is stopped at k = 10, the computed butterfly matrix has two
eigenvalues close to 200 and one eigenvalue close to 100. Hence the loss of
J-orthogonality results, as in the standard unsymmetric Lanczos algorithm,

2~ 1.5632 % 10715,
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Lanczos step 2 IpTha1 dipi(edy2)
1 1.2839 10 °° | —5.4906 = 10~ ©
1.1915 % 107%7 | —5.9165 10712

~N DU A WD

4.0409 % 1077
—~2.3952 % 1076
—3.0405 » 107%
—4.0010 » 107%

1.5373 % 107°3

1.7423 + 10712
—2.9338 x 107 1*
2.3785 » 10714
3.2861 x 107 1°
~1.1173 x 1074

217

Table 5.5. loss of J—orthogonality versus convergence of Ritz value, special starting vector

in ghost eigenvalues. That is, multiple eigenvalues of B**?* correspond to
simple eigenvalues of M. The eigenvalues close to 200 have relative accuracy
1.4211 % 10718, resp. 4.0767 + 10797 for its ghost, the one close to 100 has the
relative accuracy 9.4163 * 10710,

Let us conclude our analysis by estimating || and |¢2]. Let us assume
(again analogous to Bai’s analysis) that A; = 0, i.e., @]TJPTJJ- = —1, which
simplifies the technical details of the analysis and appears to be the case in
practice, up to the order of machine precision. Under this assumption, we have

U éz) = 0. Moreover, we have

4
el < NUS e lyay oty 2,

for £ = 1, 2. Let us derive an estimate for ||U ,54)|| r U ,54) is the strictly upper
block triangular part of

—~ 2k 2k .

—~ 2k,2k
(Ky )

SHETSINE (WM EL(N, T ) p. (5.1.58)

A generous upper bound is therefore given by

4 —~ 2k 2k
WO < WK e T 11618202
o —2k,2k
+ W22 | o | B[N L
Son .2k — 2k,2k — 2k ,2k
< 18 e Rl Fe + BN )
~, — 2k,2k —~2k,2k
< w87 RSN e
—~ 2k,2k 2k, 2k
+m5) K NG M3
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—~ 2k 2k
+4HAU ||p

+ (m+2) ”]\u HFHMHF

Fn+ 8 lu\f" M e

+ 4N e

+ (4 6) 1N ML |+ O(u?).

Summarizing, we obtain the following corollary, which gives an upper bound
for [ and [v].

COROLLARY 5.17 Assume that Ay, = 0 in Theorem 5.15. Then

—~ —~ 2k,2k
Wl < weoad(h) { (m 4 5) 1l RS el

2k 2K — 2k 2k —~ 2k 2k
+7”I\u “F“N ”F+4||I\u [
+ (m+2) HKu HPHMH:

+ (0m o+ ) IR+ U N ) e
+ (4 6) | 1M |+ O,
where 3 € {1, } and
cond(},) = cond(A, ") = [IS% |3 {lya; 2125 1]l

is the condition number of'the Ritz values A, and /\;l

Note that this bound is too pessimistic. In order to derive an upper bound for

"o ,£.4) ||, an upper bound for the matrix (5.1.58) is used, as U’,E4) is the strictly
upper block triangular part of that matrix. This is a very generous upper bound

for |IU£4)||p. Moreover, the term

o 2k2k| | e 2k2k
WA el NG e

2k, 2k

— 2K,2k
is an upper bound for the norm of Bp"“". The squared terms ||Ku2 2k[lfw and

2k 2
[| Ny Hp are introduced as the original equations derived in (5.1.27) and

. . -~ 2k 2k —2k,2
(5.1.34) are given in terms of /', and N, but not in terms of BQIC 2k,

Unfortunately, for the symplectic Lanczos process (as for any unsymmet-
ric Lanczos-like process), near-breakdown may cause the norms of the vec-
tors [|v5]]2 and |{w;]]2 to grow unboundedly. Accumulating the quantity
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kzl(nﬁjng + ||@;|3), which costs about 4nk flops, we can obtain a com-
putable bound for cond(};) and cond()\j"l) in practise. Theorem 5.15 and
Corollary 5.17 indicate that if the J—orthogonality between 7, and x; (and
z;) is lost, then the value c?kH (el y2j_1) is proportional to |¢/1| (and the value
Ek+1(e§ky23) is proportional to |12]). Given the upper bound from Corol-
lary 5.17, and supposing that cond(/\-) is reasonably bounded, the loss of
J—orthogonality implies that dk“(e%yg] 1) (and dk+1(e2ky2])) are small.
Therefore, in the best case we can state that if the effects of finite-precision
arithmetic, Fy and Fj in (5.1.47) and (5.1.48), are small, then small residuals
tell us that the computed eigenvalues are eigenvalues of matrices close to the
given matrix.

EXAMPLE 5.18 Example 5.14 and 5.16 are continued. Table 5.6 reports the
value for 1 and its upper bound from Corollary 5.17 using a random starting
vector. The upper bound || is too pessimistic, as already discussed above.

[ Lanczos step | s bound for []
1 5.8670 10~ 4.0869 * 10~
2 6.0217 1078 | 3.6108 » 10797
3 6.8293 « 1077 | 8.4543 % 1097
4 —4.8526 x 1071° | 1.5203 x 1076
5 —3.9411 x 107'° | 2.3792 %« 107
6 ~3.9140 % 107'° | 3.5814 % 107°°
7 —3.9135 « 107%° | 4.7835 « 107
8 3.9133 % 1071 | 6.0405 « 1078
9 3.9133%107'° | 8.5821 = 107°¢
10 —3.9133 % 107° | 1.4113 % 107%°
11 —3.9133 %1079 | 1.0338 x 10~
12 —3.9123 %1071 | 4.9373 % 107
13 —3.8875 « 1071° | 8.9149  107%
14 3.7786 x 10™'° | 9.3192 % 10~
15 —2.7270 x 10™° | 9.5668 » 107%¢
16 —1.6512 %108 | 9.7898 x 10~%*

Table 5.6.

When using the special starting vector vi = [1,1,107t, ...,

results are similar.

5.2

LANCZOS ALGORITHM

|12| and its upper bound from Corollary 5.17, random starting vector

THE IMPLICITLY RESTARTED SYMPLECTIC

In the previous sections we have discussed two algorithms for computing
approximations to the eigenvalues of a symplectic matrix M. The symplectic
Lanczos algorithm is appropriate when the matrix M is large and sparse. Ifonly
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a small subset of the eigenvalues is desired, the length 2k symplectic Lanczos
factorization may suffice. The analysis in the last chapter suggests that a strategy
for finding 2k eigenvalues in a length 2k factorization is to find an appropriate
starting vector that forces the residual 744+ to vanish. The SR algorithm, on
the other hand, computes approximations to all eigenvalues and eigenvectors
of M. From Theorem 5.1 (an Implicit-Q-Theorem for the SR case) we know
that in exact arithmetic, when using the same starting vector, the SR algorithm
and the length 2n Lanczos factorization generate the same symplectic butterfly
matrices (up to multiplication by a trivial matrix). Forcing the residual for the
symplectic Lanczos algorithm to zero has the effect of deflating a sub-diagonal
element during the SR algorithm: by Remark 5.2 rgy) = Mpviy; and from
the symplectic Lanczos process we have dixy1 = |lvg+1ll2. Hence a zero
residual implies a zero dy,; such that deflation occurs for the corresponding
butterfly matrix.

Our goal in this section will be to construct a starting vector for the symplectic
Lanczos process that is a member of the invariant subspace of interest. Our
approach is to implicitly restart the symplectic Lanczos factorization. This
was first introduced by Sorensen [132] in the context of unsymmetric matrices
and the Arnoldi process. The scheme is called implicit because the updating
of the starting vector is accomplished with an implicit shifted SR mechanism
on B%% j < n. This allows to update the starting vector by working with
a symplectic matrix in R**?7 rather than in R?"*?" which is significantly
cheaper.

5.2.1 THE IMPLICIT RESTART

The iteration starts by extending a length 2k symplectic Lanczos factorization
by p steps. Next, 2p shifts are applied to B2(¥+P):2(k+P) ysing double or
quadruple implicit SR steps. The last 2p columns of the factorization are
discarded resulting in a length 2k factorization. The iteration is defined by
repeating this process until convergence.

For simplicity let us first assume thatp = 1 and that a 2n x 2(k + 1) matrix

M, 2k+2
S ,)"‘2 *2 is known such that

2n,2k+: 2n,2k+2 52k+2,2k+2
A/[[’Spn +2 :Spn + BP+ +

+ dk+2rk+23%;c+g (5.2.59)
as in (5.1.5). Let p be a real shift and
@(BH+22%+2) — gR.

where
@(B) = (B —ul)(B—p ' 1)B™".
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Then (using Theorem 4.2) S,Zle;kH‘%wSp will be a permuted symplectic
butterfly matrix and Sp is an upper triangular matrix with two additional
subdiagonals.

Now postmultiplying (5.2.59) by Sp yields

MP(SI?DH,QIC+QSP) — (SQTL 2k+25 )(S B2k+2 2k+'28 )

+ dk+27'k+232k+25}°'

yields

&2n,2k+2 &2n,2k+2 52k+2,2k+2 T
MpSp =Sp Bp + diy2rkt2€0; 25pP. (5.2.60)

The above equation fails to be a symplectic Lanczos factorization since the
columns 2k, 2k + 1 and 2k + 2 of the matrix

dyy2(Bk 420k 12 + Gkt2Why2)€dk 4 SP
are nonzero. Let s;; be the (7, j)th entry of Sp. The residual term in (5.2.60) is

di12(bry2Vks2 + app2wiio)
T T T
S0k 4+2,2k€2% + 52k42,2k+1€25 41 + S2+2,2k+2€2% 42)-

Rewriting (5.2.60) as
&2n,2k+2 5202k o
Mp S okt [S N Uk41s Wit1s Vit Wt2]Z

where Z is blocked as

B2k 0 diy1(break—1 + dreax)
bk+1dk+162Tk b +1 eG4t — iy
djr1dyy1ed, d+1 Ag41Ck+1

di+20k+252k+2.2k€, | Qkr20k+252k+2.26+1  Dht20k+252k+2. 2642
dk+2ak+252k+2,2k62k dk+2&k+252k+2,2k+1 dk+2ak+232k+2,2k+2

we obtain as a new Lanczos identity

S2n,2k _ &2n,2k 152k ,2k
MpSphe® = S BR ™+ Fryiedy (5.2.61)
where
Tert = dppr(bpp1Orgr + Grp1Wryr)

+ d 252k 42,2k (bk42Vk42 + Gpj2Why2).
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Here, d;, b,, d; denote parameters of B3%

,while a;,b;,d; are parameters
of Bf'™. Tn addition, ;,w; are the last two column vectors of $4%, while
vj,w; are the two last column vectors of Sa"% .

As the space spanned by the columns of

2n,2k+2 _ [ p2n,2n\T o2n,2k+2 p2(k+1),2(k+1)
S = (P ) Sp P

is J—orthogonal, and Sp is a permuted symplectic matrix, the space spanned
by the columns of

S?n 2k __ (P2n 2n)TSZn 2k P2k 2k

is J—orthogonal. Thus (5.2.61) is a valid symplectic Lanczos factorization.
The new starting vector is 1 = pge(Mp)v; for some scalar p € R. This can
be seen as follows: First note that for unreduced butterfly matrices B2k+2.2k+2

we have QQ(B2k+2 2k+2) # 0. Hence, from q (B2'C+2 QHQ) = SpRp
we obtain q2(82k+2 2k+2)6 = pSpe, for p = el Rpe; as Rpis an upper
triangular matrix. As qg(BQ’C+2 k426, £ 0, we have p # 0. Using (5.2.61) it
follows that

&2n,2k 2n,2k+2
Spn’ e = Spn +Spel

I on2k+2 2%42,2k+2
"SPY Q2(BP ' Je1

1 2n,2k+2, p2k+2,2k+2 %42,2k+2 -
_SPn, +(BP+, + __MI)(BP+. + - II)

. (B?)k+2,2k+2)_161

1 2,2k +2 T 2n,2k+2
= ;(MPSP — dk42Tk 4262542 — HSp )

. (I _ M—I(B?)k+2,2k+2>—l)el

1 ; _ -

_ 2k+2,2k+2 —
(B AR

P e; = 0. Thus using again (5.2.61) we

T
as Tk+2€2k+2(1 -
get

S%n 2kel — (MP _ /l])(S2n 2k+2 #~15123n,2k+2(B]2)k+2,2k+2)—l)el
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1 P E 3

1 .
—la-1 T 2k+2,2k+2y — 1
‘;/‘ Mp ditorki2eai2(Bp ) el

1
= SMp—uD)(I = p MEHSH ey
1
= —q(Mp)y
p
as e%“k+2(BI2)k+2,2k+2)7181 = 0.

Note that in the symplectic Lanczos process the columns v; of § 123"’% satisfy
the condition ||v;||2 = 1 and the parameters b; are chosen to be one. This is
no longer true for the odd numbered column vectors of Sp generated by the
SR decomposition and the parameters lu)j from Bik’% and thus for the new
Lanczos factorization (5.2.61). Both properties could be forced using trivial
factors. Numerical tests indicate that there is no obvious advantage in doing
s0.

Using standard polynomials as shift polynomials instead of Laurent polyno-
mials as above results in the following situation: In

p2<B}2)k+2,2k+2) — (B?;k+2’2k+2 . 'UI)(B%IH—Z?IH—Q _ M_II) — SPRP

the permuted symplectic matrix Sp is upper triangular with four (!) additional
subdiagonals. Therefore, the residual term in (5.2.60) has five nonzero entries.
Hence not the last two, but the last four columns of (5.2.60) have to be discarded
in order to obtain a new valid Lanczos factorization. That is, we would have to
discard wanted information which is avoided when using Laurent polynomials.

This technique can be extended to the quadruple shift case using Laurent
polynomials as the shift polynomials. The implicit restart can be summarized
as given in Table 5.7. In the course of the iteration we have to choose p shifts
A = {p1,..., pup} in order to apply 2p shifts: choosing a real shift p implies
that ,u,;l is also a shift due to the symplectic structure of the problem. Hence,
ugl is not added to A as the use of the Laurent polynomial ¢, guarantees that
u;l is used as a shift once p € A. In case of a complex shift g, (x| = 1,this
implies that fzz is also a shift not added to A. For complex shifts g, |px]| # 1,
we include g, [y in A.

Numerous choices are possible for the selection of the p shifts. One pos-

sibility is to choose p "exact" shifts with respect to ij(k“’ 12AP) - Tpat is,

first the eigenvalues of B%Hp )20k+8) are computed (by the SZ algorithm

as the symplectic Lanczos algorithm computes the parameters that determine

Bf,(kﬂ’ )2k+p )), then p unwanted eigenvalues are selected. One choice for this
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Algorithm: k-step Restarted Symplectic Lanczos Method

Given an initial vector o; € R?",7; # 0, and a symplectic matrix
M € R?™2"_ this algorithm computes the parameters ay, ..., ag,
bi,..., bk, c1, ..., cky da, ..., dy that determine a 2k x 2k symplectic
butterfly matrix B2%2¥ with the property o(B%*2¢) C o(M) if no
breakdown occurs.

perform & steps of the symplectic Lanczos algorithm to compute
2n,2k 2k, 2k
Sy and Bp
obtain the residual vector vy
while H"‘k+l” > tol
perform p additional steps of the symplectic Lanczos method
to compute S?)n’Q(Hp) and B%(Hp)’Q(Hp)
select p shifts p,
52k, 2k g2n,2k .. . . .
compute By, """ and Sp " via implicitly shifted SR steps
set S]?)n,?k _ g}z)n,yc and B}Q)k(zk _ B?)k,?k
obtain the new residual vector 744
end while

Table 5.7.  k-—step Restarted Symplectic Lanczos Method

selection might be: sort the eigenvalues by decreasing magnitude. There will
be k + p eigenvalues with modulus greater than or equal to 1 which can be
ordered as

Ml 22 Al 2 (Al 2 - el 21

jA;ipf > Dl 2 Iz > A

>
>
Select the 2p eigenvalues with modulus closest to 1 as shifts. If Ay is complex

with [Ag] = |Ak1] # 1,then we either have to choose 2p+2 shifts orjust 2p—2

shifts, as Apy; belongs to a quadruple pair of eigenvalues of Bf,(k“’ )2(ktp)

and in order to preserve the symplectic structure either both Ay and Ag4) have
to be chosen or none of them.

A different possibility of choosing the shifts is to keep those eigenvalues that
are good approximations to eigenvalues of M. That is eigenvalues for which
(5.1.15) is small. Again we have to make sure that our set of shifts is complete
in the sense described above.

Choosing eigenvalues of B;‘),(k“’ )2EP) o shifts has an interesting con-
2(k+p),2(k+p) .

sequence on the next iterate. Assume for simplicity that Bj is
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diagonalizable. Let

U(Bfn(kﬂ)’z(“p)) ={01,...,00} U{p1, .., pop}

be a disjoint partition of the spectrum of B?J(kﬂ’ )2k+p) Selecting the exact

shifts y1q, ..., pop in the implicit restart, following the rules mentioned above
yields a matrix

< 2(k+p), 2k +p) BEA* X
[k 2kt z[ P X

where o(BE%) = {1,...,0}and o(Y) = {u1,...,pap}. This follows
from Theorem 4.2. Moreover, the new starting vector has been implicitly
replaced by the sum of 2k approximate eigenvectors:

’Ul = 5123”’2(k+p)5p€1
1
— ;Si;n’2(k+p)q(Bf)(k+p))2(k+p))61 forp — e?RPel
1 ok 2k
2n,
_ _SPn ( +P)Z<]yj
p =1

where ij(k“’ )2(ktp )yj = 0y, and (; is properly chosen. The last equation
follows since q(BfJ(k“’ ):2k+p) Jey has no components along an eigenvector
of B%(k“))‘?(“p) associated with p;,1 < j < 2p. Hence ¥ is a linear
combination of the 2k Ritz vectors associated with the Ritz value that are kept

2k

v 2n,2(k+

Dy =p E Gjxj where Sp" ( p)yj = ;.
J=1

It should be mentioned that the k—step restarted symplectic Lanczos method
as in Table 5.7 with exact shifts builds a J—orthogonal basis for a number of
generalized Krylov subspaces simultaneously. The subspace of length 2(k + p)
generated during a restart using exact shifts contains all the Krylov subspaces
of dimension 2k generated from each of the desired Ritz vectors. We have
already seen that after the implicit restart the new starting vector of the Lanczos
recursion is a combination of Ritz vectors. Assuming as above that 2p exact
shifts are used, an induction argument using the same idea as above shows
that the first 2k columns of S;"‘Z(kﬂ) ) are combinations of the desired 2k Ritz
vectors. (The only difference to the proof above is in showing that for 2 <
j < 2k, Spe; can be written as q(Bf)(k"Lp)‘?‘(Hp))w for some vector w. Then

SIZJ"‘Z(HP 's pe; s, like 91, a combination of the desired Ritz vectors.) Hence,
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during the next Lanczos run, the subspace of degree 2k is span {1, ..., 22k}
Let the subspace generated during that run be given by

N = Span{xlv oo Lok V1, Wiyt - - 7Uk+p7 wk+P}
or equivalently,
-1 —(p—1)
N = span{xl, vy Toky Vk+1, MP Vk+1y+ > Mp(p Vk+1,
Mpvk+1, ey M;;’U/H_l}.
We will now show that this subspace is equivalent to the subspaces
M; = span{z Mp? M7 z;, Mpx; MYz, }
j P: 1y« sy T2k, P‘T]"'" p Ij PJ?],...,IP]
for all j. The Lanczos run under consideration starts from the equation

2n,2k 2n,2k 2k,2k T
MPSP = SP BP +dk+17‘k+1€2k.

For a Ritz vector x = S}?D”‘%y and the corresponding Ritz value A (that is,

Bi,k’%y = Ay) we have

Mpz = Az + dk+1Tk+1€%;cy-
Hence, with a = egky € Rand Remark 5.2 we can rewrite
Mpz = Az + adi41 Mpvgy. (5.2.62)
Therefore, for all Ritz vectors z;,j = 1,...,2k, Mpzx, € N. Then
Mz = A\Mpzx + adiy i MEvg, .

Hence, M,%;r is a combination of M px, and M};'Uk+1, and therefore for all Ritz

vectors z,,5 = 1,...,2k, Mpx, € N. Similar for other i, Mbz is contained
in the subspace For example, M5z is a linear combination of M f,_lx and
M%vi 1, and therefore for all Ritz vectors z,,j = 1,...,2k, Mbhx; € N.

Moreover, from (5.2.62)
AT = Mpl‘ - Oldk+1Mp1)k+1.
Hence

/\11/[1;11: = T — adpy1Vkt1,
AM 52

=1 -1
MP X —adk+1MP Uk+1;

APz = MpP Ve —ade  MpP Vg,
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Thus Mpta;, Mpz;, ..., MpPz; € N. As dim(V) = dim(M;), M and
M span the same space.

A similar observation for Sorensen’s restarted Arnoldi method with exact
shifts was made by Morgan in [107]. For a discussion of this observation see
[107] or [93]. Morgan infers ’the method works on approximations to all of
the desired eigenpairs at the same time, without favoring one over the other’
[107, p. 1220, 1. 7-8 from the bottom].This remark can also be applied to the
method presented here.

Moreover, the implicitly restarted symplectic Lanczos method can be in-
terpreted as a non-stationary subspace iteration. An analogous statement for
the implicitly restarted Arnoldi method is given in [91]. Assume that we have
computed

MpSE™ = GIImBIMIN L Pt €hs (5.2.63)

a length 2m = 2(k + p) symplectic Lanczos reduction. As p shifts for the
implicit restart we have chosen {ul,. , tip } where the shifts are sorted such
that first all the complex shifts are given so that for a shift p9; € C, |u2]| # lwe
have iz; -1 = paj, then all real and purely imaginary shifts are given. Hence
during the implicit restart we want to apply the Laurent polynomial

a2p(v) = Gp(V)qp-1(v) - @1 (V) = Gp(v)g2p-2(v), (5.2.64)

where
-1

Gi(v) = (v =y )v — uj Dv
and @(v) = L.
LEMMA 5.19 Assume that (5.2.63) and (5.2.64) are given. Then

Qap(Mp)SE-E™

p+i
= ST 4ap(BEM*™) + diy Z W) (Mp)rms1€mmaae—2y(Ba™"™)
=2
p+1
— dmi1 Y VP (Mp)Mp rimg 1650, (BE™ ™) ™ gye_ay (BF™*™),
o

where .
J
W) = [[a)
k=¢
with w}H(V) = 1. Moreover,

Qap(Mp)Sa* = S5 gy (BE ™ er, ea, .. ., e2k)- (5.2.65)
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PROOF: The proof is by induction. Forp= 1 we have

a2(Mp)SE"*"
= (Mp —pu])(Mp = p7 DM SE*"
= (Mp+ Mp' — (1 + p S
= SHPP B 4 P 1€ + SHYT(BAT L
— 1 My 103 (B ™) 71 =SP4 )
= SE M (BE™) + dma 1Tt 165

-1 T 2m,2my—1
= dmn 1 Mp Titregn (Bp 7)) T

As ¥} (Mp) = qo(B5™*™) = I the case p = 1 is proven. For the induction
step consider

q2j+2(jwp)5123”.2m

= Gj+1(Mp)qa;(Mp) S

= gj+1(Mp) {Sf»"’zlm%j(stm’?m)

7+1
‘ .
+ dm Z Uy (Mp)rm1€5ma2(0-2)(Bp™™)
=2

J+1
—dmy1 Y w;(MP)MEITm+legm(Bme,2m)—lq2(é_2)(B?Jm,2m)} .
=2

Similar to the algebraic manipulations performed for p = 1 we obtain

ZI\H‘(MP)S?QT” = S?)n’Qm(/l\Hl(vam’zm) + dm+17“m+1€gm
— dma1 Mp rmred,, (Bp™™) 7
As
i1 (BE*™ 4o, (BE™ ™) = qu 42 (BE™*™)
and

T (Mpy (Mp) = w3+ (Mp)



3.2 THE IMPLICIT RESTART 229

we have

Q2J+2(MP)5 A
m

2 2
— dm+1M’;17'm+1€{m(B)23m Qm) Q29'<B}2)m 2m)

Jj+1
2m,2
+ dmt1 Z’L/) (Mp) T'm+1€2mq2(( 2)(BPm’ m)

J+1
- dm+1 Z ¢z+l (MP)MI;ITm+1eg;n(B]23m’2m)_1q2(€__2) (B?)m,Qm)

2
— SQn 2m B?m, m

‘I2j+2( P)
7+2

+ dm+1 Z Wi (Mp)ro 1z 2 (BE™)

]+2
T 2m,2my — 2m,2
—dmp+1 Z ‘/} 7m+152m(BPm m) 1(12(6—2)<B1Jm m)v

which establishes the first hypothesis of the lemma.
In order to prove the second hypothesis note that
qzj(Bf?m,ZZm) — p2] (B]23m,2m + (B}?Dm,2m)41)
for 4
j
p2;(v) = H(V = (i +py ))
1=1
Since B2™*™ is an permuted symplectic butterfly matrix Ba™*™ +(Ba™>™)~!
is an upper triangular matrix with two additional subdlagonals. Therefore
q;zj(B,ﬁm’zm) is represented by an upper triangular matrix with 2j additional
subdiagonals. Hence the matrix

ZUJPH Mp )T 1 €4ma(e—2) (BE™™)
is zero through its first 2k + 2 columns, while the matrix
Z G (MpYMp v 1€, (B 2™ " aeay (BF™™)

is zero through its first 2k columns. This yields the second hypothesis. Vv
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Hence, g2, (M p) applied to the first 2k columns of S5 is equivalent to the
basis representation given by the first 2k columns of S,z,"'2mq2p(Bf,m‘2m). Ap-
plying an implicit restart to (5.2.63) using the spectral transformation function

(2p. We essentially apply the SR algorithm with shifts sy, 7', ... pp. iy O

2m,2m
BP

B;z)m‘2mSp — SPEIZ;m'Zm-
Sp € R¥MX2m s a symplectic, upper triangular matrix with m — k additional
subdiagonals. Write Sp as Sp = [Sg] SE] SE]] with SE] € R¥mx% Sg] €
R2m><27 SE] € R2mx(2mA2k-2). Then

2k, 2k
BP

Bf,m’QmS;;l] _ [Sg] Sg] SE}] ?lc+ldvk+le%1/c
ak+1dk+lezk
0

Postmultiplying (5.2.63) with Sg] and using e%;nsg] = Owhich is due to the
special form of Sp (upper triangular with m — k additional subdiagonals) we
obtain

MPS?;H’Zm Sg] _ SQPn,Qm B}Q)mﬂm S%] + Tm+le%’m5[}}]

&2n,2k 152k,2k y T
Sp " Bp ™ + Frpeg

where Sa%F = Sfj"'zmSE]. This is just the implicitly restarted symplectic
Lanczos recursion obtained by applying one implicit restart with the Laurent
polynomial go,. Applying the SR algorithm with shifts ul,,ul’l, e ,up,uljl

to Bfgm’Qm is equivalent to computing the permuted SR decomposition
q2p(BE™*™) = SpRp.
Substituting this into (5.2.65) we obtain
42p(Mp)SE* = S2 ™ SpRpler, ez, ..., eax] = STV Rp,

where Rp is a 2k x 2k upper triangular matrix. This equation describes a
nonstationary subspace iteration. As an step of the implicitly restarted sym-
plectic Lanczos process computes the new subspace spanned by the columns of
5',23"’% from S,%"’?’C the implicitly restarted symplectic Lanczos algorithm can
be interpreted as a nonstationary subspace iteration.

In the above discussion we have assumed that the permuted SR decomposi-
tion

q(BIQJ(k+P)»2(k+P)) = SpRp
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exists. Unfortunately, this is not always true. During the bulge-chase in the
implicit SR step, it may happen that a diagonal element a; of K ! (3.2.8) is
zero (or almost zero). In that case no reduction to symplectic butterfly form
with the corresponding first column ©; does exist. In the next section we
will prove that a serious breakdown in the symplectic Lanczos algorithm is
equivalent to such a breakdown of the SR decomposition. Moreover, it may
happen that a subdiagonal element d; of the (2,2) block of IV, (3.2.9) is zero
(or almost zero) such that

3202k ) _ [ By
2 -

5|
The matrix éi,(kﬂ’ )2kFP) i split, an invariant subspace of dimension j is

found. If j > k and all shifts have been applied, then the iteration is halted.
Otherwise we can continue as in the procedure described by Sorensen in [132,
Remark 3].

One important property for a stable implicitly restarted Lanczos method is
that the Lanczos vectors stay bounded after possibly many implicit restarts. Nei-
ther for the symplectic Lanczos method nor for the symplectic SR algorithm it
can be proved that the symplectic transformation matrix stays bounded. Hence
the symplectic Lanczos vectors S?,"’% computed via an implicitly restarted
symplectic Lanczos method may not stay bounded; this has to be monitored
during the iteration. During the SR step on the 2k x 2k symplectic butterfly
matrix, all but k& — 1 transformations are orthogonal. These are known to be
numerically stable. For the & — 1 nonorthogonal symplectic transformations
that have to be used, we choose among all possible transformations the ones
with optimal (smallest possible) condition number (see [38]).

As the iteration progresses, some of the Ritz values may converge to eigen-
values of M long before the entire set of wanted eigenvalues have. These
converged Ritz values may be part of the wanted or unwanted portion of the
spectrum. In either case it is desirable to deflate the converged Ritz values and
corresponding Ritz vectors from the unconverged portion of the factorization.
If the converged Ritz value is wanted then it is necessary to keep it in the
subsequent factorizations; if it is unwanted then it must be removed from the
current and the subsequent factorizations. Lehoucq and Sorensen develop in
[93, 133] locking and purging techniques to accomplish this in the context of
unsymmetric matrices and the restarted Arnoldi method. These ideas can be
carried over to the situation here.
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5.2.2 NUMERICAL PROPERTIES OF THE
IMPLICITLY RESTARTED SYMPLECTIC
LANCZOS METHOD

It is well known that for general Lanczos-like methods the stability of the
overall process is improved when the norm of the Lanczos vectors is chosen
to be equal to 1 [116, 134]. Thus, following the approach of Freund and
Mehrmann [55] in the context of a symplectic look-ahead Lanczos algorithm
for the Hamiltonian eigenproblem, Banse proposes in [13] to modify the pre-
requisite S5JpSp = Jp of the symplectic Lanczos method to

0 g1
-1 0
0 (0]
S:EJPSP = —-o2 0 — %
0 On
L _Jn 0 i
and
fv;ll2 = llwslle =1,  j=1,...,n.

For the resulting algorithm and a discussion of it we refer to [13]. It is easy to
see that Sp, ' BpSp is no longer a permuted symplectic matrix, but it still has the
desired form of a butterfly matrix. Unfortunately, an SR step does not preserve
the structure of S,:‘BPSP and thus, this modified version of the symplectic
Lanczos method can not be used in connection with our restart approaches.

Without some form of reorthogonalization any Lanczos algorithm is numer-
ically unstable. We re—Jp—orthogonalize each Lanczos vector as soon as it is
computed against the previous ones as discussed in Section 5.1. The cost for
the re—/—orthogonalization will be reasonable as k, the number of eigenvalues
sought, is in general of modest size.

Another important issue is the numerical stability of the SR step employed
in the restart. During the SR step on the 2k x 2k symplectic butterfly matrix, all
but £ — 1 transformations are orthogonal. These are known to be numerically
stable. For the £ — 1 nonorthogonal symplectic transformations that have to
be used, we choose among all possible transformations the ones with optimal
(smallest possible) condition number. But there is the possibility that one of
the Gauss transformations might not exist, i.e., that the SR algorithm breaks
down.

If there is a starting vector @, = pg(M )v, for which the explicitly restarted
symplectic Lanczos method breaks down, then it is impossible to reduce the
symplectic matrix M to symplectic butterfly form with a transformation matrix
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whose first column is ¥7. Thus, in this situation the SR decomposition of g(B)
can not exist.

As will be shown in the rest of this section, this is the only way that break-
downs in the SR decomposition can occur. In the SR step, most of the
transformations used are orthogonal symplectic transformations; their compu-
tation can not break down. The only source of breakdown can be one of the
symplectic Gauss eliminations L;. For simplicity, we will discuss the double
shift case. Only the following elementary elimination matrices are used in
the implicit SR step: elementary symplectic Givens matrices Gy, elementary
symplectic Householdertransformations Hy, and elementary symplectic Gauss
elimination matrices L; as introduced in Section 2.1.2.

Assume that k steps of the symplectic Lanczos algorithm are performed,
then from (5.1.5)

MpSEWE — G2k g2h2k L g ey (5.2.66)
Now an implicit restart is to be performed using an implicit double shift SR
step. In the first step of the implicit SR step, a symplectic Householder matrix
Hy is computed such that

H,lI‘q(BQk’zk)el = «eq.

H, is applied to B2k
HTB22%

introducing a small bulge in the butterfly form: additional elements are found
in the positions (2, 1), (1,2), (n+2,n4+1), (n+1,n+2), (1,n+3), (3,n+1),
(n+1,n+3), and (n + 3,n + 1). The remaining implicit transformations
perform a bulge-chasing sweep down the subdiagonal to restore the butterfly
form. An algorithm for this is given in Section 3; it can be summarized for the
situation here
for{=1:n-1

compute Gy such that (Gep1 B2}, 10110 =0

B2k2k _ Gl+132k,2kG’lI‘+1

compute L¢y such that (Lg+182"'2’°)g+1,( =0

k, _ kp—
B2 2k —L B2 ,2 Lt+1

compute G1+1 such that (B** %Gy, )e001 =0
R2ka2k _ GeT+1BZk’2kG£+1
compute FH¢y such that (B2*2* Hy | Ypnqeqa =0
A t
BZk, k — H[I—:*,IBZk'ZkH(?l
end

Suppose that the first 3 — 1 Gauss transformations, j < k, exist and that we
have computed

S=HGIL'Gy.. H; »GY LG, 1 H; G
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Note that, using the same convention as in the previous chapter, the two G;
that appear in the formulae denote matrices of the same form but with different
entries for ¢; and s;. In order to simplify the notation, we switch to the permuted
version and rewrite the permuted symplectic matrix S P as

[ Sp 0
P = 0 [??2i-22n-25-2 |»

where Sp € R(ZI2%(22+2) making use of the fact that the accumulated
transformations affect only the rows 1 toj and n + 1 to n 4+ j. The leading
(27 4+ 2) x (25 + 2) principal submatrix of

S;BR*Sp

is given by §?,j+2’2j+2, that is

r Bij—4,2]—4 0 5]’—2(1:]’—162]—5 7
0  d;.9dj_1e9j-4
bj_ldvj_leg}_‘t bj—l b]_lé]‘_l—éj__ll 0 T
éj_ldj~le%}_4 &]_1 dj_léj_l 0 T , (5.2.67)
0 0 b ©|2 2
0 Yo a; T|T T
0 T T2 T|ZT T
I 0 0 0 Z|% 7|

where the hatted quantities denote unspecified entries that would change if the
SR update could be continued. Next, the (2j + 1,27 — 1) entry should be
annihilated by a permuted symplectic Gauss elimination. This elimination will
fail to exist if @; = 0; the SR decomposition of g(B%*2¥) does not exist.

For later use, let us note that @; = 0 implies y2 = 0. This follows as
Eff 22742 s Jp-orthogonal: From

T R2j+2,25+2 R2j+2.2j4+2\T T
ez 2 Bp Jp(By ) e2; = €35 yJpes; =0

we obtain

[ 0]

0

0 = [0---00&j_1dj_y Gj—1 4j-1¢,-, 0 00)Jp | ¥2

a

z

z
L = |

= —&jAlyQ — xa,.
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If@; = 0 we have 7o = 0Oas d;—1 # O(otherwise the last Gauss transformation
L;_, did not exist).

Next we show that this breakdown in the SR decomposition implies a break-
down in the Lanczos process started with the starting vector ¥; = pg(Mp)v;.

For this we have to consider (5.2.66) postmultiplied by Sp. From the
derivations in the last section we know that the starting vector of that recursion
is given by ¥) = pq(Mp)uvy. As the trailing (2n — 25 — 2) x (2n — 25 — 2)
principal submatrix of Sp is the identity, we can just as well consider

20,242 _ o2n,2j+2 p2j+2,2j+2 T
MpSp = SpVTIBE T YTt djraryiaey)a,
postmultiplied by Sp
&2n,2+2 _ &2n,2542 525 +2,2j+2 T
MpSph ™= = SgWITEBETENTE L d orji0es0SP, (5.2.68)

where
5274+2,2542 _ a—11p2j+2,2j+2
By =Sp Bp Sp

corresponds to the matrix in (5.2.67) (no butterfly form!) and

$2n.254+2  o22i4+2a (v . . . ~ o - ~
SP _SP SP_[vl)wh'"7Uj—l)wj—lvU]vw],vj+1ij+1]~
&2n,2j
The columns of S P"‘ I+2 are Jp—orthogonal,
G2n,2J+2\T 72n.2n &2n,25+2 _ 72(3+1),2(j+1)
(Sp Yo Jp SE =Jp . (5.2.69)

The starting vector of the recursion (5.2.68) is given by ©; = pg(Mp)uvr.
Deleting the last four columns of 5',23"’23 *2 in the same way as in the implicit
restart we obtain a valid symplectic Lanczos factorization of length 2j — 2.

In order to show that a breakdown in the SR decomposition of g(B) implies
a breakdown in the above symplectic Lanczos recursion, we need to show

@y =0 = 4 =19 Jp"*"Mpi; = 0.
From (5.2.67) and (5.2.68) we obtain

Mp'tf)j_l = Bj_gdj_lﬁj_z + Elj_gcij_llbj_g
+(bj_18-1 — 851,)05 (5.2.70)
+flj_1éj_11f)j_1 + gﬁ)} + @\2@1 + E@-H
and .
Mpi, = by + agy, k<j—1. (5.2.71)
Further we know from the symplectic Lanczos algorithm

“

N S g s . g1 pr—ly
U = —d;_10j9 — &j_10j_1 + W, + aj_lMP Vi1, (5.2.72)
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all of these quantities are already known. Now consider
i, = v JpMpd,

71

e

i sT o o =T o
= —dy7 JpMpv]_g—cj_lvj JpMpv
=

~

xy T2

T o o1 «T 7 ~
+U; JpMpi,_; +a;_ 47, Jpdi_y.

.
g T4

Due to Jp—orthogonality, x4 = 0. Using (5.2.71) we obtain
vl JpMpiy, = byl Jpiy, + gl Jpily =0

fork = j— 1,7 — 2, Hence xry = x5 = 0. Using (5.2.70) end (5.2.69) we can
show that x3 = 0:

o . ¥ S T g o 3Ty
v, JpMpi, .y = bjkgd];ll)] Jpvj 2+ (Lj_gd]_lvj Jpw,_o
Y el \eT 7~
+ (b]-lcj__] — a]_l)uj JPU_]—l
N
+ ay-16;-10; Jpw;_q

AT 7~ | ~T g ~ | ~ Ty ~
+ Y17 Jpu; + y2v, Jpw; + V5 Jpujq1

It

AT~ s Ty s Ty
yi10, Jpvj + ot Jpw; +x10; JpUy41
S———
2 4] 3
As @, = 0, y» = 0 andtherefore 2o = 0. With (5.2.72) we get
~ T o
n = - Jpy,
= Gi(d,_ 107 Jpvj_p — & 107 Jpv;
Yty 1Yy JpUj—2 j—1Y; JPVj—1
STy «—1 =T —1,
~ U, Jpwj_1 — 4540, JpMp 9, 1)
T R Y o A
= —Y1a,_,; MpJpv;_1.
From (5.2.68) we obtain
Mpﬁj = bﬁj +ajﬂ}] + C/E\zf)\J_H.
Hence using (5.2.69) yields
~ -1 /7 ~T < ~ ~T < ~ AT o
z] = —yla]-_l(b]-v] Jpt,_1 + ajw; Jpt;_1 + IQU]_HJPUJ,I) =0.

Similar, it follows that z3 = 0. Hence 3 = 0, and therefore ﬁjTJpMpf)j =0.
This derivation has shown that an SR breakdown implies a serious Lanczos

breakdown. The opposite implication follows from the uniqueness of the

Lanczos factorization. The result is summarized in the following theorem.
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THEOREM 5.20 Suppose the symplectic butterfly matrix B*2% correspond-
ing to (5.1.5) is unreduced and let u € R. Let L; be the jth symplectic
Gauss transformation required in the SR step on

p~ N (B2)=L Ifthe first j — 1 symplectic Gauss transformations of this
SR step exist, then L; fails to exist ifand only if EJTJ pMpv; = 0 with ¥; as in
(5.2.61).

5.3 NUMERICAL EXPERIMENTS

Some examples to demonstrate the abilities of the (implicitly restarted)
symplectic Lanczos method are presented here. The computational results are
quite promising but certainly preliminary. All computations were done using
MATLAB Version 5.1 on a Sun Ultra 1 with IEEE double-precision arithmetic
and machine precision € = 2.2204 x 10716,

Our code implements exactly the algorithm as given in Table 5.7. In order
to detect convergence in the restart process, the rather crude criterion

resl] < ||M]|* 1078

was used. This ad hoc stopping rule allowed the iteration to halt quite early.
Usually, the eigenvalues largest in modulus (and their reciprocals) ofthe wanted
part of the spectrum are much better approximated than the ones of smaller
modulus. In ablack-box implementation ofthe algorithm this stopping criterion
has to be replaced with a more rigorous one to ensure that all eigenvalues are
approximated to the desired accuracy (see the discussion in Section 5.1.2).
Benign breakdown in the symplectic Lanczos process was detected by the
criterion
lomii]] < € [IM]] or |[wmi]| < ex||M]],

while a serious breakdown was detected by

Ums1 0, Wit # 0, |amsr| < € [|M]].

Our implementation intends to compute the k& eigenvalues of M largest in
modulus and their reciprocals. Hence, in the implicit restart the 2p eigenvalues

of Bf)(k“’ )2k+p) with modulus closest to 1 are chosen as shifts. That is, the

eigenvalues of B;“),(Hp )2k+) gre computed (by MATLAB’s eig function, a

better choice here would be to use the butterfly SZ algorithm as discussed in
Section 4.1), then the eigenvalues are sorted by decreasing magnitude. There
will be k + p eigenvalues with modulus greater than or equal to 1,

A2 > Pl 2 gl > ksl > 1 (5.3.73)

> Ayl 2 2 PR 2 I 2 2 T

We select the 2p eigenvalues with modulus closest to 1 as shifts.
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Our observations have been the following.

a Re-J-orthogonalization is necessary; otherwise after a few steps J—ortho—
gonality of the computed Lanczos vectors is lost, and ghost eigenvalues
(see, e.g., [58]) appear. That is, multiple eigenvalues of B2¥:2¥ correspond
to simple eigenvalues of M. See also the discussion in Section 5.1.4.

a The implicit restart is more accurate than the explicit one.

» The leading end of the *wanted’ Ritz values (that is, the eigenvalues largest
in modulus and their reciprocals) converge faster than the tail end (closest
to cut off of the sort). The same behavior was observed by Sorensen for
his implicitly restarted Arnoldi method [132]. In order to obtain faster con-
vergence, it seems advisable (similar to the implementation of Sorensen‘s
implicitly restarted Arnoldi method in MATLAB’S eigs) to increase the
dimension of the computed Lanczos factorization. That is, instead of com-

puting 5123"‘% and Bf,k’% as a basis for the restart, one should compute a

slightly larger factorization, e.g., of dimension 2(k + 3) instead of dimen-

sion 2k. When 2¢ eigenvalues have converged, a subspace of dimension

2(k 4 3 + ¢) should be computed as a basis for the restart, followed by p

additional Lanczos steps to obtain a factorization oflength 2(k + 3+ ¢+ p).

Using implicit SR steps this factorization should be reduced to one of length

2(k + 3 + ¢). If the symplectic Lanczos method would be implemented

following this approach, the convergence check could be done using only

the k Ritz values of largest modulus (and their reciprocals) or those that
yield the smallest Ritz estimate

k1] ledxyy ] 11brs1Pks1 + Qb1 @il

where the y; are the eigenvectors of B2k,

a ]t is fairly difficult to find a good choice for &k and p. Not for every possible
choice of & there exists an invariant subspace of dimension 2k associated
to the k eigenvalues A, largest in modulus and their reciprocals. If Ay is
complex and A;;, = Ax then we can not choose the 2p eigenvalues with
modulus closest to 1 as shifts as this would tear a quadruple of eigenvalues
apart resulting in a shift polynomial p such that p(B?,(Hp)’z(k“’)) is not
real. All we can do is to choose the 2p — 2 eigenvalues with modulus
closest to 1 as shifts. In order to get a full set of 2p shifts we add as the
last shift a real eigenvalue with largest Ritz estimate. Depending on how
good that real eigenvalue approximates an eigenvalue of M, this strategy
works, but the resulting subspace is no longer the subspace corresponding
to the k eigenvalues largest in modulus and their reciprocals. If the real
eigenvalue has converged to an eigenvalue of M, it is unlikely to remove
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that eigenvalue just by restarting, it will keep coming back. Only a purging
technique like the one discussed by Lehoucq and Sorensen [93, 133] will be

able to remove this eigenvalue. Moreover, there is no guarantee that there is
a real eigenvalue of B2* P25 4P) hat can be used here. Hence, in a black
box implementation one should either try to compute an invariant subspace
of dimension 2(k—1) or of dimension 2(k+1). As this is not known a priori,
the algorithm should adapt & during the iteration process appropriately. This

is no problem, if as suggested above, one always computes a slightly larger
Lanczos factorization than requested.

EXAMPLE 5.21 Tests were done using a 100 x 100 symplectic matrix with
the eigenvalues

200, 100, 50,47, ... ,4,3,2 1,
1 1 11 1 1
2443447750’ 100° 200°

(See also the tests reported in Examples 5.14 — 5.18.) A symplectic block-
diagonal matrix with these eigenvalues was constructed and a similarity trans-
formation with a randomly generated orthogonal symplectic matrix was per-
formed to obtain a symplectic matrix M.

The first test performed concerned the loss of J-orthogonality of the com-
puted Lanczos vectors during the symplectic Lanczos method and the ghost
eigenvalue problem (see, e.g., [58]). For a more detailed discussion see Sec-
tion 5.1.4. As expected, when using a random starting vector M’s eigenvalues
largest in modulus (and the corresponding reciprocals) tend to emerge right
from the start, e.g., the eigenvalues of B 1010 e

199.99997, 100.06771, 48.71752, 26.85083, 8.32399

and their reciprocals.  Without any form of re—J—orthogonalization, the J-
orthogonality ofthe Lanczos vectors is lost after a few iterations as indicated
in Figure 5.3.

The loss of J-orthogonality in the Lanczos vectors results, as in the standard
Lanczos algorithm, in ghost eigenvalues. That is, multiple eigenvalues of
B2k correspond to simple eigenvalues of M. For example, using no re-J—

orthogonalization, after 17 iterations the 6 eigenvalues largest in modulus of
B3434 4pe

207.63389, 200, 100, 49.99982, 47.04542, 45.85367.

Using complete re—J—orthogonalization, this effect is avoided:

200, 100, 49.99992, 47.02461, 45.93018, 42.31199.
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Figure 5.3.  loss of J—orthogonality after k symplectic Lanczos steps

The second test performed concerned the question whether an implicit restart
is more accurate than an explicit one. After nine steps ofthe symplectic Lanczos
method (with a random starting vector) the resulting 18 x 18symplectic butterfly
matrix B'®'® had the eigenvalues (using the MATLAB function eig)

200.000000000000
99.999999841718
50.070648930465
41.873264094053
35.891491504806
23.654512559868
13.344815062428
3.679215125563 +5.7508837792401

and their reciprocals. Removing the 4 complex eigenvalues from B ysing
an implicit restart as described in Section 5.2, we obtain a symplectic butterfly
matrix levi';? whose eigenvalues are

200.000000000000
99.999999841719
50.070648930464
41.873264094053
35.891491504806
23.654512559868
13.344815062428
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and their reciprocals. From Theorem 4.2 it follows that these have to be the
14 real eigenvalues of B*®'8 which have not been removed. As can be seen,
we lost one digit during the implicit restart (indicated by the underbar under
the ’lost’ digits in the above table). Performing an explicit restart with the
explicitly computed new starting vector 9, = (Mp — pnI)(Mp — I} (Mp —
p D (Mp - ﬂ_ll)Mgzvl yields a symplectic butterfly matrix B;Q‘l

4
: pl whose
eigenvalues are

200.000000000000
99.999999841793
50.070648885030
41.873247045627
35.891922701991
23.654509163541
13.344810484061

and their reciprocals. This time we lost up to nine digits.

The last set of tests performed on this matrix concerned the k—step restarted
symplectic Lanczos method as given in Table 5.7. As M has only one quadruple
of complex eigenvalues, and these eigenvalues are smallest in magnitude there
is no problem in choosing k & n. For every such choice there exists an
invariant symplectic subspace corresponding to the k eigenvalues largest in
magnitude and their reciprocals. In the tests reported here, a random starting
vector was used. Figure 5.4 shows a plot of ||rgy1]| versus the number of
iterations performed. lIteration step I refers to the norm of the residual after
the first k Lanczos steps, no restart is performed. The three lines in Figure
5.4 present three different choice for k andp: k = p =8,k = 8§,p = 16
and k = 5,p = 10. Convergence was achieved for all three choices (and
many more, not shown here). Obviously, the choice k = 8,p = 2k results in
faster convergence than the choice k = p = 8. Convergence is by no means
monotonic, during the major part of the iteration the norm of the residual is
changing quite dramatically. But once a certain stage is achieved, the norm of
the residual decreases monotonically. Although convergence for k = 8,p = k
or p = 2k was quite fast, this does not imply that convergence is as fast for
other choices of k and p. The third line in Figure 5.4 demonstrates that the
convergence for k = 5,p = 10 does need twice as many iteration steps as for
k=28,p=16.

EXAMPLE 5.22 Symplectic generalized eigenvalue problems occur in many
applications, e.g., in discrete linear-quadratic optimal control, discrete Kalman
filtering, the solution of discrete algebraic Riccati equations, discrete stability
radii and Hs,—norm computations (see, e.g., [83, 104] and the references
therein) and discrete Sturm-Liouville equations (see, e.g., [27]).
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Symplectic matrix pencils that appear in discrete-time linear-quadratic op-
timal control problems are typically of the form

. [ F 0 I -BBT
I\—/\N_[CTC I}—/\[O e }

where FF € R"*" C € RP*™ and B € R**™, (Note: For F # I, Kand N
are not symplectic, but K —~ AN is a symplectic matrix pencil.) Assuming that
K and N are nonsingular (that is, F is nonsingular), solving this generalized
eigenproblem is equivalent to solving the eigenproblem for the symplectic

matrix |
. I -BBT |~ F 0
—1 _
N I“{o FT ] {CTC 1}'
If one is interested in computing a few of the eigenvalues of K — AN, one
can use the restarted symplectic Lanczos algorithm on M = N~ K. In each
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step of the symplectic Lanczos algorithm, one has to compute matrix-vector
products of the form Mz and M¥z. Making use of the special form of K
and N this can be done without explicitly inverting N: Let us consider the
computation ofy = Mx. First compute

K o F 0 X1 _ Fxl . 21 -
T=Vete 1 ||z | T | CTCay+ae | T 20 | T

where z € R* is written as = = [z, .Z'Q]T,.Z'I, 29 € R™. Next one has to solve
the linear system Ny = z. Partition y € R** analogous to x and z, then from
Ny = z we obtain

Y2 = F~T22, Y1 =21+ BBTyQ.

In order to solve yy = F~Tzy we compute the LU decomposition of F and
solve the linear system FTyy = 2y using backward and forward substitution.
Hence, the explicit inversion of N or F is avoided. In case F is a sparse matrix,
sparse solvers can be employed. In particular, ifthe control system comes from
some sort of discretization scheme, F is often banded which can be used here
by computing an initial band LU factorization of F in order to minimize the
costfor the computation of ye. Note that in most applications, p, m <€ n such
that the computational cost for CTCxy and BBTy, is significantly cheaper
than a matrix-vector product with an n x n matrix. In case of single-input
(m = 1) or single-output (p = 1) the corresponding operations come down to
two dot products of length n each.

Using MATLAB’S sparse matrix routine sprandmn sparse normally dis-
tributed random matrices F, B, C (here, p =m= n) of different dimensions
and with different densities ofthe nonzero entries were generated. Here an ex-
ample of dimension 2n = 1000 is presented, where the density of the different
matrices was chosen to be

matrix , & nonzero entries

F 0.5n2
B 0.2n?
C 0.3n?

MATLAB computed the norm of the corresponding matrix M = N™'K to be
~ 5.3 x 10°.
In thefirst set oftests k was chosen to be 5, and we testedp = k andp = 2k.
As can be seen in Figure 5.5, for thefirst 3 iterations, the norm of the residual
decreases for both choice of p, but then increases quite a bit. During the first
step, the eigenvalues of B'%1 are approximating the 5 eigenvalues of K — AN
largest in modulus and their reciprocals. In step 4, a ‘wrong’ choice of the
shifts is done in both cases. The extended matrices B**?° and B3%30 poth
still approximate the 5 eigenvalues of K — AN largest in modulus, but there
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Figure 5.5. k—step restarted symplectic Lanczos method, different choices of the shifts

is a new real eigenvalue coming in, which is not a good approximation to an

eigenvalue of K — AN. But, due to the way the shifts are chosen here, this new
eigenvalue is kept, while an already good approximated eigenvalue — a little

smaller in magnitude — is shifted away, resulting in a dramatic increase of
lIrk+1]|- Modifying the choice of the shifts such that the good approximation is
kept, while the new real eigenvalue is shifted away, the problem is resolved, the

‘good’ eigenvalues are kept and convergence occurs in afew steps (the 'o’-line

in Figure 5.5).

Using a slightly larger Lanczos factorization as a basis for the restart, e.g.,
afactorization of length 2(k + 3) instead oflength 2k and using a locking tech-
nique to decouple converged approximate eigenvalues and associated invariant
subspaces from the active part of the iteration, this problem is avoided.

Figure 5.6 displays the behavior of the k—step restarted symplectic Lanczos
methodfor different choices of k and p, where k is quite small. Convergence is
achieved in any case.
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So far, in the tests presented, k was always chosen such that there exists
a deflating subspace of K — AN corresponding to the k eigenvalues largest
in modulus and their reciprocals. For k = 20, there is no such deflating
subspace (there is one for k = 19 and one for k = 21). See Figure 5.7
for a convergence plot. The eigenvalues of B¥*+P)2k+P) in the first iteration
steps approximate the k+ j eigenvalues oflargest modulus and their reciprocals
(where5 < 3 < p)quite well. Our choice ofshifts is to select the 2p eigenvalues
with modulus closest to 1, but as A1 is complex with |Ag+1| = |Ak] # 1 we
can only choose 2(p — 1) shifts that way. The last shift is chosen according to
the strategy explained above. This eigenvalue keeps coming back before it is
annihilated. A better idea to resolve the problem is to adapt k appropriately.

The examples presented demonstrate that the implicitly restarted symplectic
Lanczos method is an efficient method to compute a few extremal eigenvalues
of symplectic matrices and the associated eigenvectors or invariant subspaces.
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The residual of the Lanczos recursion can be made to zero by choosing proper
shifts. It is an open problem how these shifts should be chosen in an optimal
way. The preliminary numerical tests reported here show that for exact shifts,
good performance is already achieved.

Before implementing the symplectic Lanczos process in a black-box al-
gorithm, some more details need consideration: in particular, techniques for
locking of converged Ritz values as well as purging of converged, but unwanted
Ritz values, needs to be derived in a similar way as it has been done for the
implicitly restarted Arnoldi method.



Chapter 6

CONCLUDING REMARKS

Several structure-preserving algorithms for the symplectic eigenproblem
have been discussed. All algorithms were based on the symplectic butterfly
form.

First different aspects of the symplectic butterfly form have been considered
in detail. The 2n x 2n symplectic butterfly form contains 8n —4nonzero entries
and is determined by 4n — 1 parameters. The reduction to butterfly form can
serve as a preparatory step for the SR algorithm, as the SR algorithm preserves
the symplectic butterfly form in its iterations. Hence, its role is similar to that
of the reduction of an arbitrary unsymmetric matrix to upper Hessenberg form
as a preparatory step for the OR algorithm. We have shown that an unreduced
symplectic butterfly matrix in the context of the SR algorithm has properties
similar to those of an unreduced upper Hessenberg matrix in the context of the
OR algorithm. The SR algorithm not only preserves the symplectic butterfly
form, but can be rewritten in terms ofthe 4n — 1 parameters that determine the
symplectic butterfly form. Therefore, the symplectic structure, which will be
destroyed in the numerical computation due to roundoff errors, can be restored
in each iteration step.

We have presented SR and SZ algorithms for the symplectic butterfly
eigenproblem based on the symplectic butterfly form. The first algorithm
presented, an SR algorithm, works with the 8n — 4 nonzero entries of the
butterfly matrix. Laurent polynomials are used to drive the SR step as this
results in a smaller bulge and hence less arithmetic operations than using
standard shift polynomials. Forcing the symplectic structure of the iterates
whenever necessary, the algorithm works better than the SR algorithm for
symplectic J-Hessenberg matrices proposed in [53]. The convergence rate
of the butterfly SR algorithm is typically cubic; this can be observed nicely
in numerical experiments. Making use of the factorization of the symplectic

247
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butterfly matrix Binto K~ N as in (3.2.7), we developed a parameterized SR
algorithm for computing the eigeninformation of a parameterized symplectic
butterfly matrix. The algorithm works only on the 4n — 1 parameters that
determine the symplectic butterfly matrix B. Finally a second algorithm that
works only on the parameters was developed. Making once more use of the
fact that the symplectic butterfly matrix B can be factored into B = K~'N
as in (3.2.7), the idea was that instead of considering the eigenproblem for B,
we can just as well consider the generalized eigenproblem (K — AN)x = 0.
An SZ algorithm was developed to solve these generalized eigenproblems. It
works with the 4n — 1 parameters that determine K and N. The algorithm
reduces K and N to a form that decouples into a number of 2 x 2and 4 x 4
symplectic eigenproblems. There is no need to force the symplectic structure of
K and N. The algorithm ensures that the matrices K and N remain symplectic
separately.

We have derived a connection between the HR iteration for sign-symmetric
matrices and the SR algorithm for symplectic butterfly matrices. Transforming
symplectic butterfly matrices into the canonical form introduced in Section 3.3,
it was shown that the SR iterations for the so obtained matrices with a special
choice of shifts are equivalent to an HR iteration on a sign-symmetric matrix
of half the size. The result is mainly of theoretical interest, as the resulting
method suffers from a possible loss of half the significant digits during the
transformation to canonical form.

While the butterfly SR and SZ algorithms are suitable for small to medium
sized dense matrices, they should not be the methods of choice when dealing
with large and sparse symplectic matrices. Therefore we presented a sym-
plectic Lanczos method for symplectic matrices based on the butterfly form.
The symplectic Lanczos method can be used to compute a few eigenvalues
and eigenvectors of a symplectic matrix. The symplectic matrix is reduced
to a symplectic butterfly matrix pencil K — AN of lower dimension, whose
eigenvalues, computed, e.g., via the butterfly SZ algorithm, can be used as
approximations to the eigenvalues of the original matrix. We discussed condi-
tions for the symplectic Lanczos method terminating prematurely such that an
invariant subspace associated with certain desired eigenvalues is obtained. The
important question of determining stopping criteria was also considered. An
error analysis of the symplectic Lanczos algorithm in finite-precision arithmetic
analogous to the analysis for the unsymmetric Lanczos algorithm presented by
Bai [11] was given. As to be expected, it follows that (under certain assump-
tions) the computed Lanczos vectors loose J-orthogonality when some Ritz
values begin to converge. In order to deal with the numerical difficulties inher-
ent to any unsymmetric Lanczos process we proposed an implicitly restarted
symplectic Lanczos method. Employing the technique of implicitly restarting
for the symplectic Lanczos method using double or quadruple shifts as zeros of



6. CONCLUDING

extremal eigenvalues of symplectic matrices and the associated eigenvectors or
invariant subspaces. The residual of the Lanczos recursion can be made to zero
by choosing proper shifts. It is an open problem how these shifts should be
chosen in an optimal way. The preliminary numerical tests reported here show
that for exact shifts, good performance is already achieved.

Numerical tests for all methods presented here show very satisfactory results.
Future tests will demonstrate the usefulness of the proposed methods for real
life problems. In close cooperation with users black-box implementations will
be developed to suit their needs.
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